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<��J�dÇm@�?6Áw�WV¿�B<hAJ��<hAJ���n�n��<hAUAq��@¿�U¢h��@Z�B@B�h<hA>�B?6@BAJ��@B<����qùhAJ��<����n�q<��q��ó�����@/?6���q�����>�d�Ê�Ú���n@��>��<�¢h��@��|?�¢��3CÚ�n�F<hA��
����A|A��n����<���<4Á}�m�����n��Aq<��U�-?&¢qè�?#_�@B<}��<����n�n��<hAU��?6�>��@�<�@BAq<�Á�����<w��<4Á7?�AqAq<hAJ����@B¢����B<��n��<hA

m = 4πρR3/3
ÐÏ�67

ρ<hA����-? ��<�@BAq�n�q� ��< ¢qè�? V¿�B< ���n�n��<�<��
R
��<����Ñ�|?3Ç§��@ ÓÖC��q<��n���h<hA�<�@����q<H<��n��<hA���?6�Ù��<hAÙ�q<hAqAq�����qAÑ@B��@7�n�n@B�3?6�n�q<hA����Ú����AqA|?6@¿�

�w�®£¥��V¿��?6������@���<+ïJ<����\[)� ¤�@B<+�q<����q�hA|<�@��|?6������@/Aq¢|èB��Á7?6���WV��B<4��<+¢h<����q������ù�Á}<4<hA��H���q�hA|<�@��q�h<4A����J�-? �Bó����q< T � ÂZ�
KM<����q<�?6�����q�m¢qèB<J�Ú<����ÙA3£ ?6�����n�WV¿�B<��M�B?6@BA���<H¢3?�AM�f£ ��@B<HAq���n�n��¢��n�|?6������@ø�dÇm@�?6Áw�WV��B<�Aq���BA��q�hAq<���¦§<uV¿�B< �-? ����@�ó��B<����
�f£¥��@B��<}�B?6@BA ��<}Á7?6�q�����-?6�1¢h��@BA����n����?6@¿����<hA>���n�n��<hA+�q<hA��q<w���qùhA+ó��|?6@B��<}��<�¦�?6@¿�

R
��KM<h¢��M?�A|A����q<4��<4Î®?6�n��V��B<4��<hA

��èB��@B��Á}ù�@B<hAé�dÇ¿@�?6Áw�WV¿�B<hAéAq��@���V���?�Aq� Õ
A��|?6���WV��B<hAÔ?6�&@��n¦§<3?6�&��<hAM¢h��@��|?�¢��qAjCm<���V¿�B< �-?�¢h��@����|?6�n@��q<><hAq�Ù��@�� Îp����Á}<
�w�®£¥�h¢|èB<��n��<w�f£ ��@B<+���n�n��<s��GH�n@BAq�®C���<hA�Á}�¿��<hAU��<��
�q<hA����n�|?6������@�������Á}�¿��<hAUA����Ú������<����qAU��<hAH���n�n��<hA>?6����?6�|?6��AqA|<�@����
��<hAéÎÏ�q��V��B<�@B¢h<hAÔ���n�BAHè�?6���q<hA V¿�B< ¢h<��n��<hA ¢h��@BA��������q�h<hAH��¢��®C��q�����H¢h��ÁwÁ}<>��<hA ��¦§<�@¿���B<��n��<hA���@B��<hA���<>A����ÆÎ®?�¢h<s�
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;�?²�q<��-?6������@AV����Ù�n��<}������A|?6������@#<�� @B��Á+���q<��f£¥��@B��<}�Ú�����+��@/Áw�n�n��<��#��<w���q����?6ó�?6������@#����@�@B��<hA���?6���Ú<����h<
�q<��-?6������@���<U�d��A���<��qAq����@H�m;á?�¢h��@�@�?6��A|A|?6@B¢h<>��<U¢h<����q<U�q<��-?6������@ø��<���Á}<��é��?6�Ô<Öëd<�Áw����<>��<U���h¢����n�q<U�-?������Ú<�@B�B?6@B¢h<
Î �q��V¿�B<�@�����<��n��<+��<hA ¦m�n�q<hAqAq<hAÔ��<>��è�?�Aq<><�����<Uó��q������< �f£ ��@B<+��@B��<+?�¢h���BA����WV¿�B< �B?6@BAÔ��<>Áw�n�n��<��H�

�������U��<hA�����@�ó��B<����qAU�f£¥��@B��<hAJó��|?6@B��<hAJ��<�¦�?6@��J��<���?�A��d���q�hAq<3?6��C �-?}�dÇm@�?6Áw�WV��B<���<+�-?7¢qè�?6�n@B<��Ú<����ÆÕ �����q<
���h¢����n�q<>��?6�H¢h<����q< ��V¿��?6������@��d�Rff���q<�@�����<��n��<+@B��@��n�n@B�3?6�n�q< � KM��A a)^dC�KM��AKasa � �

ün =

√
2RE

3m(1 − ν2)
{[δ0 − (un − un−1)]

3/2 − [δ0 − (un+1 − un)]3/2} Ð T � g Ó
�67

un
<hA��Ù��<J�������-?�¢h<�Á}<�@�� ��<��-? ���n�n��<

n
��?6�M�|?6��������� �+A|? �Ú��A��n������@²�f£¥��V����n�n�n���q<�C

ün
�®£ ?�¢h¢h�������|?6������@���<H�-?+���n�n��<

n
Cm<��

δ0
�-?4�d��A��|?6@B¢h<+?6���q<��Ú��A <�@¿���q< ��<hA ��<��dëø¢h<�@����q<hAJ��<U���n�n��<hA�?��6Åq?�¢h<�@��q<hA!�

;Ñ£ ?6�����q�3ëm�nÁ7?6������@\�n�n@B�3?6�n�q<���<&�®£¥��V���?6������@`Ð T � g Ó�<hAq�4�����q<�@¿�B<��B?6@BAw�-?Ê�n�nÁw�n�q<ø��<hAw�Ú<����n�q<hAw���ÖÎÏ����Á7?6������@BA
�dÇ¿@�?6Áw�WV¿�B<hA |un − un−1| � |δ0|

��Gá¦§<h¢+¢h<����q<4?6�����q�hëd�nÁ7?6������@�C ��@B<�¢h��@BA��|?6@¿�q<���<+�|?6����<������Ú�����J��<hAH�q<hAqA|�����qA
<hA��Ô���q����¦§�h< ��ó�?6��< ���

K =

(
∂δ0

∂F0

)−1

=
3

4
(RF0)

1/3

(
4E

3(1 − ν2)

)2/3 Ð T � a§Ó
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F0
<hA��F�-? Îp���q¢h<ÔA��|?6���WV¿�B<Ô?6�����n�WV��B�h< Aq�����-?J¢|è�?#_�@B<�C§<��

δ0
��<Ô�������-?�¢h<�Á}<�@¿�ÙA��|?6���WV¿�B< ?�AqAq�m¢����s��¤H@B<é<hA����nÁ7?6������@

��<��-?$�|?6����<����
K
�f£ ��@�¢h��@¿�|?�¢����Ú�����

R = 0.5 cm
C
F0 = 10 N

C
E = 6 1010 Pa

<��
ν = 0.21

����@�@B<
K ' 5 106 N/m

CF¢h< V����Ô¢h�����q<hA��Ú��@B� ����@#Á}�m�d����<ø�f£ �Ù����@�ó/< ff<h¢���� ÎJ��<
E ' 5 108 Pa

C����qùhA��n@dÎp������<����
��¢h<��n�����d�1Á7?6�q�����-?6�#�n��� Õ®Á���Á}<s��;�?��q<��-?6������@#��<��d��A��Ú<��qA�����@1<�@¿���q<���<7@B��Á+���q<&�f£¥��@B��<

k
<��+�-?�������A|?6������@

ω�B?6@BA�¢h<����q<�?6�����q�3ëm�nÁ7?6������@�A3£¥��������<�@¿�J<�@�A����BA����n����?6@¿����@��������-?�¢h<�Á}<�@�� ��< �-?wÎÏ����Á}<
un = Aeiωt−k2Rn �B?6@BA�®£ ?6�����q�3ëm�nÁ7?6������@Ê�n�n@B�3?6�n�q<+��<U�®£¥��V¿��?6������@#Ð T � g Ó �

ω = 2

√
K

m
| sin(kR) | Ð T � T Ã§Ó
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;�?J������A|?6������@7��< ¢h���������q<H��<Ô�-?U¢qè�?#_�@B<�C�������A|?6������@}Á7?×ëd�nÁ+��ÁR?6�7��<�� � ��<é�-? V��B<��n��<Ô��<hAÑÁ}�¿��<hAÙ?�¢h���BAq���WV��B<hA
����@�ó��n���B�d�n@�?6�dë�¢h��@BAq�������q�hA ��<�¦¿��<�@�@B<�@¿�J��¦�?6@B<hAq¢h<�@¿�qA3C�¦�?6���H?6�����qA3C

ωc = 2

√
K

m

Ð T � TsT Ó
;�?ÊÎ �q��V¿�B<�@B¢h<ø��<ø¢h���������q<���<²�-?$¢|è�?6�n@B<�?�AqAq�m¢����h<�C�<Öëm�����nÁ}�h<�<�@aÎÏ��@B¢�������@ ��<hAw��?6�|?6Á}ù����q<hA&?�¢h¢h<hAqA��n����<hA

<Öëd�Ú�����nÁ}<�@��|?6��<�Á}<�@��U<hA�� ����@�@B�h<>��?6� �

fc =
1

π

√
K

m
=

3F
1/6
0

4π3/2ρ1/2R4/3

(
4E

3(1 − ν2)

)1/3 Ð T � T Â§Ó
G ¢h<����q<øÎ �q��V¿�B<�@B¢h<�CÑ��<�@B��Á+���q<��f£¥��@B��<���<�¢h���������q<�¢h�����q<hA��Ú��@B� �$�-?$�n�nÁw�n�q<���<ø�-?$���q<�Áw��ù��q< [3��@B<���<

êM���n�n�������n@�<��+¦�?6���
kc = π

2R

��¤H@B<w<hA����nÁ7?6������@#��<w�-?&ÎÏ�q��V��B<�@B¢h<7��<}¢h���������q<7�f£ ��@B<}¢|è�?#_�@B<7�67
R = 0.5 cm

C
F0 = 10 N

C
ρ = 4000 kg/m3 C E = 6 1010 Pa

<��
ν = 0.21

����@�@B<
fc ' 16 kHz

��â¿���U�-?=�Bó����q< T � Ä�CÚ<hA��
�q<����q�hA|<�@��q�h<��-?������Ú<�@B�B?6@B¢h<&��<7�-?ø������A|?6������@aA�������<}@B��Á+���q<²�f£¥��@B��<&�B?6@BA+�-?����q<�Áw��ù��q< [3��@B<&��<7êM���n�n�������n@H�
;�<��|?6���Ú�����

ω/k
����@�@B<��-?/¦¿�n�q<hA|Aq<���<���è�?�A|<���<ø�®£¥��@B��<$?�¢h���BA����WV¿�B<��B?6@BA��-?/¢qè�?#_�@B<�<��}�-?/�|?6@�ó§<�@��q< ���-?

¢h�������Ú<��q<����q�hAq<�@��q�h<wA����J�-? �Bó����q< T � Ä
∂ω/∂k

����@�@B<��-?}¦m�n�q<hAqAq<���<+ó��q�����Ú<s��KM<hAJ¦¿�n�q<hAqA|<hAJA|��@��U�q<����q�hAq<�@��q�h<hA
<�@²Îp��@B¢�������@���<>�-?�������A ?6������@�A���� �-? �Bó����q< T � d0�

;�?}¦m�n�q<hAqAq<���<���è�?�Aq<4?�¢h���BA����WV��B<4�B?6@BAJ�-?&¢qè�?#_�@B<�CÚ�B?6@BAU�-?7�n�nÁw�n�q<���?�A|Aq< ÎÏ�q��V¿�B<�@B¢h<�C�<hAq������<�@$���n�BA�Îp?6�n����<
V¿�B< �-?7¦m�n�q<hAqAq<+��<+���q����?6ó�?6������@/��<hA���@B��<hA>?�¢h���BA����WV¿�B<hAU�B?6@BAJ��< Á7?6�q�����-?6��¢h��@BA����n����?6@��>��<hA����n�n��<hAU�d��Î®?6�n�J��<
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ω/ωc
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cg(ω)

� � &
��
&�
"! #
$�
�  �
% &�

c 

� ω

=
0
)

� ���
	 ����	 ��	�
�� ����	
cφ(ω)

������� 9�É � ��S 

�M�����1���A���"! 9 ���1�+�4�U���WV��^��$I!��T
5�H��$����T���A�O�*�'�4�O���

����P������
5�/!��4�H��

���PQ07�Q0R07

�-?��q<��-?6���n¦§<�Á}<�@���Îp?6�n����< �|?6����<����H��<hA ¢h��@��|?�¢��qAJ¢h��Áw��?6�q�h<+?6��Á7?6�q�����-?6����<hAÔ���n�n��<hA3CB<�� <��n��<+A3£¥�h¢����n� �

c1D = lim
k→0

ω

k
= 2R

√
K

m
= Rωc =

3F
1/6
0

2
√

πρR1/3

(
4E

3(1 − ν2)

)1/3 Ð T � T Ä§Ó
;�?�¦m�n�q<hAqAq<U��<U��è�?�Aq<>��<U�®£¥��@B��< ?�¢h���BA����WV¿�B< <�@&Îp��@B¢�������@���<U�-?�Î �q��V¿�B<�@B¢h<>�B?6@BAé�-?4¢qè�?#_�@B<+Aq<>���h�d���n� ��<U�-?

�q<��-?6������@���< �d��A��Ú<��qA�����@�Ð T � T Ã�Ó �
cφ(ω) =

ω

k
=

ωc

k
| sin(kR) | Ð T � T d¿Ó

G`�-?�Î �q��V¿�B<�@B¢h<>@����n��<�C ¢h<����q<>¦m�n�q<hAqAq<J¦�?6���H����<�@ �
cφ(0) = Rωc

Ð T � T À§Ó
�f£¥�67���@B< ?6�����q< <Öëd���q<hAqA�����@������n��< �������Ô�-?4¦m�n�q<hAqAq<U��<>��è�?�A|< <�@²ÎÏ��@B¢�������@Ê��<>�-?�Î �q��V¿�B<�@B¢h<��

cφ(ω) = cφ(0)
ω/ωc

arcsin(ω/ωc)

Ð T � T Y§Ó
�á������<hA����nÁ7?6������@�Cf�-?²¦m�n�q<hAqAq<

cφ(0)
¦�?6���+<�@¿¦¿�n�q��@

500 m/s
Ð
R = 0.5 cm

C
F0 = 10 N

C
ρ = 4000 kg/m3 C

E = 6 1010 Pa
<��

ν = 0.21
Ó

;�?4¦m�n�q<hAqAq<U��<>ó��q�����Ú<�C7V¿��?6@�� �4<��n��<�C ?4�-?�ÎÏ����Á}<+A����n¦�?6@¿�q<��

cg(ω) = cφ(0)

√
1 − ω2

ω2
c

Ð T � T ^�Ó
;����qA V¿�B<

ω
�q<�@B��¦§<��qA

0
Cf��<hA ¦m�n�q<hAqAq<hA ��<4ó��q�����Ú<7<�����<4��è�?�Aq<}Aq��@¿����ó�?6��<hA!��;����qA V��B<

ω
�q<�@B��¦§<��qA

ωc
�-?

¦¿�n�q<hA|Aq<U��<>ó��q������< �q<�@B�ø¦§<��qA
0
C��®£¥��@B<���ó���<>@B< A|<U���q����?6ó§<>���n�BAH�B?6@BAÔ�-?}¢qè�?#_�@B<s�

KM<hA��q<��-?6������@BA+����<�@a¢h��@�@��B<hA4<�@���è¿ÇmAq�WV��B<��d�#Aq���n����<�Aq<��q��@��������n�n��Aq�h<hA��B?6@BA+�-?�A����n�q<7�d�#���¿¢���Á}<�@¿�!�FL�@
< fÚ<��3C��-? ¢h��@�@�?6��AqA ?6@B¢h<J��<�¢h<hAÙ�q�hAq���n�|?6�qA��B?6@BAM��<H¢3?�AM�f£ ��@&�q�hAq<3?6�7��@����d�nÁ}<�@BA�����@�@B<���<hAq�Ù�nÁw�Ú�����|?6@��q<��������M��@B<
?6�����n��¢3?6������@���¦§<�@����B<��n��<+?6�dë�Áw�n�n��<��dë��������d�nÁ}<�@BA�����@�@B<���A!����<�����<JÁ}�¿��ù���<hAÔ���²�f£¥<Öëd��������<�@B¢h<hA ��<J�d��A��Ú<��qA�����@ø��<
¦¿�n�q<hA|Aq<é<Öëm��A��q<�@¿�Ù�B?6@BAÑ¢h<é� Ç¿�Ú< ��<éÁw�n�n��<��dëfC�?6�n@BA��®C��-?U�d��A��Ú<��qA�����@7��<é¦m�n�q<hAqAq<MÁ}�m�����n��Aq�h< <�@w��@B< �d�nÁ}<�@BA�����@7@B���BA
����@�@B<>��@ø�Ú���n@��H��< ������?6��� �4�®£¥�����B��< ��<U�®£ ?6@��q<�@�@B<���?6�|?6Á}�������WV¿�B<+< ff<h¢����B�h< �B?6@BAÔ��<hA ¢|è�?6���n���q<hA�A����n¦�?6@��qA+�

¤�@B<+�q<��-?6������@���<��d��A���<��qAq����@ � ¢h��Áw����ù��q< �|CÚ���q<�@�?6@¿�><�@$¢h��Áw���q<���<hAJÁ}�m��<hAJ��¦�?6@B<hAq¢h<�@¿�qA�V�����?6����?6�|?6��AqAq<�@¿�
?6�dÕ
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KM<hA ��<���@���ù��q<hA�?6@�@B�h<hA���@�� ¦m�ø��@ø@B��Á+���q<�¢��q����AqA|?6@����f£¥<Öëm�Ú������<�@B¢h<hAH�B?6@BAÔ��<+����Á7?6�n@B< ��<>�-?����q����?6ó�?6������@
?�¢h���BAq���WV��B<��B?6@BA ��<hA �q�hA|<3?6�dë���@����d�nÁ}<�@BA�����@�@B<���AU��<>���n�n��<hA � ¡U<hêÔÃ�Ã�C KM��AKa)^mC�KM��A asa�� � L��n��<hAH�d�Rffù��q<�@��J��<hA ��@B<hA
��<hA�?6�����q<hA���?6���-?#@�?6�����q<���<hA�A��nó�@�?6�dë¯�����B�d���hA1Ð ÎÏ�q��V��B<�@B¢h<�C ?6Áw���n�n���B��<�C ÎÏ����Á}<jÓ&<���Aq���ø��<hAø< fÚ<��qA���<$�-?
���q����?6ó�?6������@#¢h��@BA��������q�hA²Ð @B��@dÕ®�n�n@B�3?6���n�q��Cá¢h��@¿¦§<��qA�����@BA4��<wÁ}�¿��<hAjC��d��A��Ú<��qA�����@���<w¦m�n�q<hAqAq<jÓ �áKM<����|?6�n@B<hA���<}¢h<hA
<Öëd�Ú������<�@B¢h<hA3C1V¿���Ú��<���¦§<�@¿�MÎÏ������@��n� ��<hAé������Á}<�@��qAH��<H�q� w�<Öëd����@�<��M��<U¢h��Áw���q��èB<�@BA�����@�Aq���M��<hAé¢3?6�|?�¢��q������A����WV¿�B<hA
��<U�-?w���q����?6ó�?6������@��������d�nÁ}<�@BA�����@�@B<��n��<�C ¦§��@��������q<�?6�����q���h<hA �B?6@BAH�-?4A����n�q<s�

;Ñ£ �����h<+���q<�Áw��ù��q<���<+¢h<+�
Çm��<hA��f£¥<Öëm�Ú������<�@B¢h<hAJ<hA����f£ �����3?6�n��Aq<��J��< ���q������ù�Á}<���< �-?}���q����?6ó�?6������@$?�¢h���BAq���WV��B<
�B?6@BA7��<hA}Áw�n�n��<��dëPó��|?6@����-?6�n�q<hA²<�@]���n�nÁw�n@�?6@��&��@�¢h<����|?6�n@�@B��Á����q<Ê��<�¢h��Áw�Ú�����q<�Á}<�@��qA&��?6������¢����n��<��qA&�n���hA�?6�
¢3?6�|?�¢��qù��q</����� Õ
�d�nÁ}<�@BA�����@�@B<��+��<hAøÁw�n�n��<��dë ó��|?6@����-?6�n�q<hA � ?6���|?6@�ó§<�Á}<�@���?6���3?6�q���n�q<���<hAøó��|?6�n@BA3CÔ¢qè�?6��ó§<�Á}<�@¿�qA
�d�Rff���q<�@��qA���<hA ¢h��@��|?�¢��qAjC�<��q¢s� � �

9 ÉWqfÉ i É>9 ÝC�($B83;t$B8F;+&2 �� 4J')8
=D�Ú¡U<4ê��n�n�nÇ � ¡U<hêÔÃ�Ã �Ù?&Á}<�@B�w��<hA><Öëm�Ú������<�@B¢h<hA �B?6@BA ��<hA>¢|è�?#_�@B<hA+¢h��Áw�Ú�����|?6@�� � Ç¿���WV¿�B<�Á}<�@��+��<4��@B< �

��@B<w�d� [j?6�n@B<���<4���n�n��<hA3Cf�Ú����� ��<hAUÎÏ�q��V��B<�@B¢h<hA��f£¥<Öëd¢��n�|?6������@/����<�@1A�����������<����q<hA �&�-?�Î �q��V¿�B<�@B¢h<}��<}¢h���������q<
fc��<hA+Á}�¿��<hA�?�¢h���BA����WV¿�B<hA ����@�ó��n���B�d�n@�?6�dë]Ð ���n�n��<hA�Á}���|?6�n�n�WV��B<hA���<}�d�-?6Á}ù����q<

8 mm
CÚÎÏ���q¢h<7A��|?6���WV��B<���<

30 N
C

ÎÏ�q��V¿�B<�@B¢h<H�f£¥<Öë�¢��n�|?6������@
2.2 MHz

Ó �m¡U?6@BAM¢h<����q<J¢h��@Z�Bó����|?6������@��677���n�BA���<����qAM����@�ó��B<����qAÔ�f£¥��@B��<hAÔ?�¢h���BA����WV¿�B<hA
A|��@���¢h��@��q<�@¿�B<hAÙ�B?6@BA���@w�d�-?6Á}ù����q< ��<M���n�n��<�C���<hA���@B��<hA���<ÔA����ÆÎ®?�¢h<é��<MEJ?hÇm��<��nó�è}Aq��@���ó§��@B���q�h<hAÑ��?6�F¢h��@¿¦§<��qA�����@
��<�Á}�m��< �²¢qè�? V¿�B<w¢h��@��|?�¢��+<�@¿���q<4���n�n��<hA!�f���n�BA���<����qA>Á}�jÇ§<�@BA>�Ú<���Á}<����q<�@��+��<wA3£ ?�A|A����q<��>��<��-?&@�?6�����q<w��<4¢h<hA
��@B��<hAjC�¢h��ÁwÁ}< �-?4Aq<�@BA��n���n�n�n�q�+�d��A��nó�@�?6� ���®£¥���|?6����<>Aq���ÆÎp?�¢h<>��<hAH���n�n��<hA ������<>������è�?�A|?6ó§<���<

π/2
��<hAH��@B��<hA �

¢|è�? V��B<4¢h��@¿�|?�¢��!��I����q��@BA�V¿�B<�¢h<�� Ç¿�Ú<4�f£¥��@B��<hA ��<4A����ÆÎ®?�¢h<�Aq��èB�����WV��B<w?&���ìÅ �����q�w���BAq<���¦§� ���®£¥�h¢qèB<��n��<w�f£ ��@B<
A|<�����<U���n�n��<>��?6�H<Öë�¢��n�|?6������@������q�6Õ ?�¢h���BA����WV¿�B<+<�� �����q<h¢�������@Ê�������WV¿�B< � E��3Ç g ^�� �

G è�?6���q<hA�ÎÏ�q��V¿�B<�@B¢h<hAÑ�f£¥<Öëd¢��n�|?6������@$Ð
f � fc

ÓÖC����n�BA���<����qA�� Ç¿�Ú<hAÑ��<éÁ}�m��<hAÑ��<Ô¦m�n���|?6������@7��<hA����n�n��<hA��Ú<���¦§<�@��
?6����?6�|?#_����q< � ïH�-?�Ã�Â � �

• ��<hA Á}�m��<hAH��< EJ?hÇm��<��nó�è��Ú����� ��<hA V¿�B<���A ��@B<+��@B��<+��<+A����ÆÎ®?�¢h< Aq<>���q����?6ó§<�?6���q��������<+�-?4���n�n��<�?6�����qA V��B<��< ¢h<�@����q<>�q<hAq�q<>�nÁwÁ}�����n��<s�
• ;�<hAÔÁ}�m��<hA ��< � �Ôè���A��Ú<����n@�ó}ó�?6�n��<���Ç � �
• ;�<hAÔÁ}�m��<hA ��<>�q<hA����n�|?6������@�C7V¿����¢h�����q<hA��Ú��@B��<�@�� ����@B<>¦m�n���|?6������@��|?��d�-?6��< ��<>�-?����n�n��<s�
;�<hA>ÎÏ�q��V��B<�@B¢h<hA���<}�q�hA|��@�?6@B¢h<7��<7¢|è�? V��B<�Á}�m��<7?6�n@BA��QV¿�B<}��<hA+@B��Á+���q<hA4�f£¥��@B��<�?�A|Aq�¿¢����hA+��<���¦§<�@¿� �����q<

¢3?6��¢������hA�@���Á}�����WV¿�B<�Á}<�@��Ô��?6�M�-?>Á}����èB�m��<H��<hAM������Á}<�@��qA �B@���A � ï��-?�Ã�Â�� ���F?6�é¢h��@BA|��V��B<�@¿�3C¿�B?6@BA���@B<H¢|è�?#_�@B<J��<
���n�n��<hAM¢h��ÁwÁ}<J¢h<��n��<���<H�-? �Bó����q< T � Â�C¿?3Ç�?6@��é��@B< �Ú�������¿�d��¢��n�q�J��<

2R
C¿�n� <hA�������A|A��n����<H�f£¥�����q<�@��n�M��<hAÙ�q<��-?6������@BAé��<
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¡4£ ?6�����q<hAÙ<Öëd��������<�@B¢h<hAÑ�q<�@��q<�@��é��<é¦§�����R��<��Ñ�-?U�Ú<������n@B<�@B¢h< �d�}Á}�m��ù���< �d�}¢h��@¿�|?�¢�����< ïJ<����\[Ô�����������h¢����n�q<Ô��<

¢h��Áw�������q<�Á}<�@¿�����-?�A����WV¿�B<Ô��<é�-?U¢qè�?#_�@B<���<é���n�n��<hA!���F?6��Áw� <��n��<hA3C��®£ �n@ZwB�B<�@B¢h<���<é�-?�ÎÏ���q¢h<ÔA��|?6���WV¿�B< ?6�����n�WV¿�B�h<
�J�-?
¢qè�?#_�@B<>��<U���n�n��<hAÔA����é�-?�¦m�n�q<hAqAq<U��<J���q����?6ó�?6������@�?�¢h���BA����WV¿�B<>?4���q���������n���h<U��?6��K �BKM��A��q< �1�M7:��� � KM��A asa � �d¤�@B<
������<�@B�B?6@B¢h<7��<w�-?&¦¿�n�q<hA|Aq<w<�@

F
1/6
0

<hA��>����<�@����BA|<���¦§�h<�C�¢h��ÁwÁ}<w���q�h�d�n� ��?6� �®£¥��V¿��?6������@\Ð T � T Ä�Ó ��KM<��Ú<�@B�B?6@��3C
�����qA V¿�B<H��<hAMÁ7?6�q�����-?6�dë²?3¦§<h¢���<hAé���|?6�qAé��<�Aq���ÆÎp?�¢h<U?6�n�q���q�hA>Ð ��?6�M<Öë�<�Áw����<H��?6�é�hëdÇd�B?6������@ ÓÙA|��@��é�����n�n��Aq�hA3Cm¢h<����q<
������<�@B�B?6@B¢h<+A3£¥�h¢3?6���q< ��<

F
1/6
0

�BÒ �f<�@�<hA�� ��<UÁ���Á}< �B?6@BA �-? [3��@B<>��<>���-?�A�����¢��n�q� ��<hAH¢h��@��|?�¢��qA!�B�������H��<hA ���n�n��<hA
��<U¦§<����q<�C��B?6@BAÔ��@B<Uó�?6ÁwÁ}< ��<JÎp���q¢h<>A��|?6���WV¿�B< ?6�n�-?6@��H��<

F0 = 44 N
�

F0 = 578 N
Cd��@B<>�����Ú<�@B�B?6@B¢h< ��<U�-?

¦¿�n�q<hA|Aq<4��<4���q����?6ó�?6������@�<�@
F

1/6
0

<hA��>����<�@/���BAq<���¦§�h< � KM��A asa � �f;�?&��èB�h������<}��<4ï�<����\[}<hAq� ����@B¢4����<�@�?��B?6���q�h<
�B?6@BA ¢h< ¢3?�A!�

¡U<�Îp?65h��@/��V¿���n¦�?6��<�@¿�q<�CÚ��@B<w������<�@B�B?6@B¢h<7��<��-?�ÎÏ�q��V¿�B<�@B¢h<���<w¢h���������q<w��<hAUÁ}�m��<hA>����@�ó��n���B�d�n@�?6�dë/��<��-?
¢qè�?#_�@B< Aq��� �-?�ÎÏ���q¢h<>Aq�|?6���WV��B<

F0
<hA�� ���BAq<���¦§�h<+<�@

F
1/6
0

C�¢h��ÁwÁ}< ���q�h�d�n�H��?6�Ô�-?4��èB�h������< ��< ïJ<����\[ � KM��A a�À � �
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¡>?6@BA���<hA�¢qè�?#_�@B<hA���<Ù���n�n��<hAF���-?�A����WV��B<hAjC3�®£¥<Öëd��A��q<�@B¢h<���<MAq���n�n�q��@BAéÐ �
Çm��<M�f£¥��@B��<M����@��F��<Ñ���q�5�B�m�q<hA��q<�����<�@����WV¿�B<
�����qAÔ��<>A|?����q����?6ó�?6������@��B?6@BAÔ��@øÁw�n�n��<��ø@B�h¢h<hA|A|?6�n�q<�Á}<�@���@B��@ø�n�n@B�3?6�n�q< <�� �d��A��Ú<��qA�� ÎÖÓÙ?4���q�U���q�h�d�n�q< ��?6�ÔØO�dD��
I�<hAq�q<��q<�@ �§� � IJ<hA g Ä�� �B;�<����U���BAq<���¦�?6������@Ê<Öëd�������nÁ}<�@¿�|?6��<�?w���q� Îp?6�n�q<+��?6�JK ��KM��Aq�q< �4�U��� 7 � KM��AKa)^�� ��KM<hA���@B��<hA
@B��@/�n�n@B�3?6�n�q<hA�Aq��@�� ó§��@B���q�h<hA���?6� ��@1�nÁw��?�¢��+Á}�h¢3?6@��WV¿�B<7A���� �-?ø���q<�Áw��ù��q<}���n�n��<7��<}�-?ø¢qè�?#_�@B<�<��+ó�� � ¢h<7?6�dë
¢h��@��|?�¢��qAÙ@B��@}�n�n@B�3?6�n�q<hA!�§¤�@B<Ô��<hAÑ��?6������¢����-?6���n�q�hA���<hAÙAq���n�n�q��@BAÑ<hAq�:V���£ �n��A��Ú<���¦§<�@��MAq<é���q����?6ó§<��Ñ�����qA V¿�B<Ô�-?�Îp���q¢h<
A��|?6���WV¿�B<J?6�����n�WV¿�B�h<>A����M�-?�¢|è�?#_�@B<><hA��M@����n��<}Ð

F0 = 0
ÓÖCm¢h< V¿����<hAq�M�nÁw�Ú��AqA��n����<��Ú�����M��<hAMÁ}�m��<hAM����@�ó��n���B�d�n@�?6�dë

�n�n@B�3?6�n�q<hA�ÐÏAq<�����@ø�®£¥��V¿��?6������@#Ð T � T Ä¿ÓMA��
F0 → 0

?6�����qA
cφ → 0

Ó � ïJ?�A asa�� �
¡U<hAÑ�����B��<hAÑ@¿��Á}�����WV��B<hAMA����Ù¢h< Á���Á}<Ô�
Çm��<H��< ¢h��@Z�Bó����|?6������@7Á}<����q<�@¿�M<�@�?3¦�?6@¿�Ù�®£ �����n�n��A|?6������@�����A|A��n����<Ô��<

Aq���n�n�q��@BAM�������é�����q<h¢��q<�� ��<hAM�nÁw�����q<��q�hAÔ�B?6@BAé�-?+¢|è�?#_�@B<>��<J�
Çm��<J���ÖÎp?6���Ô��<�Á7?�AqAq< � âm<�@Na g CdïJ?�A Ã�Ã�� �¿;Ñ£¥< ff<��Ô�d�
¢��q����Aq<�Á}<�@�����<éAq���n�n�q��@BA�?����q�M�����B�d���M@¿��Á}�����WV��B<�Á}<�@¿� � =�?6@�Ã�Ã � �×¡>?6@BA���@B<é¢h��@Z�Bó����|?6������@}��<�¢|è�?#_�@B<é¦§<�������¢3?6��<�C
�®£¥< fÚ<�� ��< �-?�ó��|?h¦m�n�q�+A����Ô�-?����q����?6ó�?6������@���<hAHAq���n�n�q��@BAH?w?6�BA|A��ÚÎp?6�n�H�®£¥���dÅÆ<�� �f£ ��@B< �����B��<+@���Á}�����WV¿�B< � ïJ��@�Ã�Ã � �

L�@¯¢h��@B¢��n�BA�����@�CM��@¯¢h<����|?6�n@ @B��Á+���q<���<�Á}�¿��ù���<hAjC�<Öëd��������<�@B¢h<hAø��� ���|?3¦�?6�dë]@���Á}�����WV¿�B<hAø<Öëm��A��q<�@¿�øA����
�-?����q����?6ó�?6������@\�f£¥��@B��<hAw���-?�A����WV��B<hAw�B?6@BA���<hAw¢|è�?#_�@B<hA}��<7���n�n��<hA+��;Ù£¥<�@BAq<�Á+����<���<²¢h<hA��q�hA����n�|?6�qA�Îp������@��n�w��<hA
������Á}<�@��qA>��<��q� w�<Öëm����@�<��U��<4¢h��Áw���q��èB<�@BA�����@�A�������<hAJ��èB��@B��Á}ù�@B<hA>���n�BAU¢h��Áw����<Öë�<hAU<��JÁ}���n@BAJÁ7?#_�������Aq�hA V¿���
?6����?6�|?6��AqAq<�@¿�F�B?6@BAá��<hAáÁw�n�n��<��dë������ Õ
�d�nÁ}<�@BA�����@�@B<���A!��¡U<����n�BA3C3�n��A��5f��q<�@¿�F�-? �Ú��AqA��n���n�n�n�q�Ù���n�BAáó§��@B���|?6��<M��<��®£¥�����B��<
�f£ ��@��q�hAq<3?6��@B��@��n�n@B�3?6�n�q<�C ¢h��Áw�Ú�����|?6@��>��<hAJA����h¢��R��¢��n�q�hAU¢h��ÁwÁ}<��®£¥<Öëm��Aq�q<�@B¢h<��f£ ��@�ó��|?6@B��@B��Á����q<4��< Á}�m��<hA
��<&���q����?6ó�?6������@`ÐÏ��@B��<hA}��<øE�?3Ç¿��<��nó�è�CFÁ}�m��<hAw��<&�q<hA����n�|?6������@�C � � � Ó����P<�@B¢h���q<²��@B<²@B��@dÕ®�n�n@B�3?6���n�q����<øïJ<����\[
Ðp?h¦§<h¢U�-?+����A|A��n���n�n�n�q�U��<��Ú<����q<U��<U¢h��@��|?�¢�� <�@����q<U��<hAM���n�n��<hA ��¢3?6�BAq<U��<J�®£¥��@B��<U���-?�A����WV��B<jÓ ��KM<����|?6�n@BAé���q������ù�Á}<hA
�f£ ?�¢h���BA����WV¿�B<}¢h��@B¢h<���@�?6@��4��<hA < ff<��qA @B��@/�n�n@B�3?6�n�q<hA�� ¢��-?�AqA��WV¿�B<hA���Ð ó§��@B���|?6������@#�f£ è�?6��Á}��@��WV¿�B<hA�A�����������<����qA����
��<²Aq���BAÆÕ®è�?6��Á}��@��WV¿�B<hA3C��n@��q<��|?�¢�������@BA���?6�|?6Á}�������WV¿�B<hA Ó4���PÁ}���n@BA}¢��-?�AqAq�WV��B<hA�Ð ���|?6@BAÆÎp<����}��<²Á}�m�d���-?6������@ ��?6�
<Öëd<�Áw����<jÓé�q<hA��q<�@��H����¦§<����qA+�



9 � 9 ñ:81;=<�*>6>*?81&(@A-0 #47�%&B6?47*? #81;C')"0<D<E8F<D*>6?*?8G&H@.<�*?') 5"JIK*>�BL("�<E"0-NM1�283;O$QPR/3�+&($B8

� � � _ � ������� � 
 ��� ����� � � �q�q� ��� � � � � � ��� � �Ú���W� � � � � �������q��� 	�������������� ��������� � °
����� �

¤H@/Áw�n�n��<��1ó��|?6@����-?6�n�q<&���hAq���q����@�@B��Cá�������d�nÁ}<�@BA�����@�@B<��M<��+@B��@1¢h��@BAq���n�����7���q�hAq<�@��q<���@/ó��|?6@B�/@B��Á����q<���<
¢h��Áw�Ú�����q<�Á}<�@��qAé��?6������¢����n��<��qA+��Ò
� ��<����ÆÕ �����q<�Î®?�¢��n��<�Á}<�@�� �����q<�@��ø<�@²<�@��|?�AqA ?6@�� ��<hAM���n�n��<hAé�B?6@BA���@&�q�h¢��n����<�@�� ��<
Î®?65h��@�?6���3?6�q���n�q<s�¿;�<�wB������<HA ?6�����|?6@��Ù��<hAÙ���n�n��<hAÙA������Ú��Aq�h<hAÙ���nó�����<hAÑ�Ú<���� �����q<H��<Ô�®£ ?6�n�����7��<Ô�®£¥<3?6�7��?6��<Öëd<�Áw����<s�
;Ù£ �n@ZwB�B<�@B¢h<>��<J¢h< wB������<>A|?6�����|?6@¿� <hA��Ô�����q<���Áw�n@�?6@��q< Aq���M�-?�@�?6�����q<U��è¿ÇmA��WV¿�B<U��<J�-?+���q����?6ó�?6������@�?�¢h���BAq���WV��B<
ÐÏ�d�RfÚ�BA�����@�C�?6�BA|������������@�C�¦m�n�q<hAqAq<}��<}���q����?6ó�?6������@ Ó <�@�ÅÆ����?6@¿��<�@���?6������¢����n��<���A����+��<hA�¢h�������-?6ó§<hA�?�¢h���BAq���WV��B<hA
V¿���F<Öëm��A��q<�@¿�><�@����q<4¢h<�wB������<4<��U��<hAJ���n�n��<hA!�ÚÒ
��<hA��U����@B¢�@B�h¢h<hA|A|?6�n�q<4��<��d��A����n@�ó��B<��>��<hAU¢3?�AU�67���<�¢h�������-?6ó§<4<hA��
@B��ó��n�nó§<3?6����<���<hA ¢3?�A �67�¢h<>¢h�������-?6ó§<+@�£¥<hA��Ô��?�AÔ@B��ó��n�nó§<3?6����<s�

¡U?6@BA���@����q<�Áw��<����q<�Áw�BAÊAq��@������q�hA|<�@��q�hAkV��B<��WV¿�B<hA�¢h��Áw�Ú�����q<�Á}<�@��qA$���-?�A����WV¿�B<hA�¢3?6�|?�¢��q������A����WV¿�B<hA���<hA
Áw�n�n��<��dë\Á}�hAq��Aq¢h�����WV¿�B<hA²Áw��A&<�@¯��¦m����<�@B¢h<$¢h<hA&��<���@���ù��q<hA�?6@�@B�h<hA+�MLÑ@BA����n�q<�CM��<Ê��èB��@B��Á}ù�@B<$��?6������¢����n��<�����<
�-?��d�Rf��BA�����@a?�¢h���BA����WV¿�B<7�B?6@BA���<hA Áw�n�n��<��dë/ó��|?6@����-?6�n�q<hAw<hAq�+�d��Aq¢����q�s��LÑ@Z�B@�Cá�B?6@BA+��@B<7��<���@���ù��q<&Aq<h¢�������@�C���<hA
@B��@dÕ®�n�n@B�3?6���n�q�hA ?�¢h���BAq���WV��B<hA V¿����A|��@��ÔA��BAq¢h<������n����<hAé�f£ ?6����?6�|?#_����q< �B?6@BAM��<hAMÁw�n�n��<��dë�ó��|?6@¿���-?6�n�q<hA Aq��@��é���h¢����n�q<hA!�
�����0� � 5)(+3�� "-( � 3 ! , . ! , *&, , !���� � *���! , ��3 *,&���� * 
 3 ! ,

9 É � É>9�É>9 	�*?6>*?81&(@  #/1-0&B6>*,81 #;�
 <�*>6>*?81&(@U476?/14Z�!"0*? #81;
���n�BA���<����qA��
Çm��<hA���< Áw�n�n��<��dë��q��ó����n��<��qAJ��<���¦§<�@¿� �����q<+�q�3?6�n��Aq�hAJ?3¦§<h¢���<hAH���n�n��<hAH����<�@¿���WV��B<hA+� ;�<hAJA������B¢������q<hA

�q��ó����n��ù��q<hA��Ú��AqA��n����<hAHA|��@��>?6��@B��Á+���q<���<�V¿��?6���q<�CB�®£ ?6���|?6@�ó§<�Á}<�@¿� ¢������WV��B<�A��nÁw����<�C�¢������WV��B<�¢h<�@����q��C�¢������WV��B<
Î®?�¢h<hAé¢h<�@����q�h<hA3C�<��éèB<ÖëB?6ó§��@�?6�f¢h��Áw��?�¢�� � G�A�è�Ã�ÂdCdEH��¢3Ã�Ã�� �m¤�@B<��n�n�n�BA����|?6������@���<U¢h<hA ?6���|?6@�ó§<�Á}<�@��qAÔ�q��ó����n��<��qA ��<
��?�A|<><hA��Ô�q�3?6�n��Aq�h< A����Ô�-? �Bó����q< T � YZ�

¡U?6@BA+��@�Áw�n�n��<��1ó��|?6@����-?6�n�q<��q��ó����n��<���Aq����Áw��A+��?6��<Öë�<�Áw����< �²��@B<�¢h��@����|?6�n@¿�q<���A|�����q����<�C���<hA+¢h��@����|?6�n@¿�q<hA
A|��@��7��ó�?6��<hA7�������7¢|è�? V��B<Ê¢h��@��|?�¢��&�d� Áw�n�n��<��H�Ù¡>?6@BAw��<ø�|?6����<3?6� T � d7� T � T CÑAq��@¿�}�q<�ó��q�����Ú�hA}��<hA}@B��Á����q<hA���<
¢h�m���q�d�n@�?6������@1Ð @B��Á����q<���<>¢h��@¿�|?�¢��H��?6� ���n�n��<jÓé<��H��<hA ¢h��Áw��?�¢��n�q�hA�Ð �|?6���Ú�����H�d��¦§���n��Á}<��¿¢h¢����Ú�U��?6� ��<hAÔ���n�n��<hA
?6�ø¦§���n��Á}< �q���|?6� ÓÔ��<>¢qè�? V¿�B< A������B¢������q<s�

� ��
�'������&��'(	����(� � ��
�'�� �%�&����� ����� � ��
�'�������� 

����� ����� ���������

� ���%
������ 
�� ����	�� 

�"�
� �����������

� ��������� )

� �������%� �

��� ��� 9 É � �iL �M!&�.���1�4���/���

����P�����T��
 \]���.�������T�����^���%V���)*�������T�'��V�$%�_
��4�H�"!��G�H��
���� ���I7

KM<���<�@B�B?6@¿�3Cj<�@>�|?6��Aq��@+��<hA��nÁw��<��ÆÎp<h¢�������@BA���<hA����n�n��<hA3C3�d�>Á}�m��<Ñ��<�¢h��@B¢h<���������@���� ��<Ñ�-?éA��|?6���n�n�n�q�Ñ�d� Áw�n�n��<���C



Q07�� { ,.��$%���

�D4$��F�����=)+
5�_
��4$�2+V��'���?$>�O��
5�.���A�&���C,.�����4���_
������A�
��

��
�)*������

�����@���l� 9JS

��<hA�?6���|?6@�ó§<�Á}<�@¿�qAÑ��<MA���èBù��q<hAFAq��@��F���qùhAFAq����¦§<�@������hAq���q����@�@B�hA+�6¡>?6@BAF¢h<M¢3?�A3Cj��<hAá���q�����������q�hA���<hA�?6���|?6@�ó§<�Á}<�@��qA
Aq��@��á�d�RfÚ���q<�@¿�q<hA���<Ñ¢h<��n��<hAá�f£ ?6���|?6@�ó§<�Á}<�@��qA��q��ó����n��<��qA!�j;�<�@B��Á+���q<���<Ñ¢h�¿���q�d�n@�?6������@�<����-?é¢h��Áw��?�¢��n�q�M������<�@B��<�@¿�
��<+�-?�¢h��@Z�Bó����|?6������@/�d�$Áw�n�n��<���<��JAq��@¿�J¢h��Áw������A><�@¿���q<4��<hA�¦�?6��<����qAJ�n�nÁw�n�q<hA><�Áw���n���WV��B<hAjC ���q�hA|<�@��q�h<hA>�B?6@BAJ��<
�|?6����<3?6� T � d7� T � T �

ðÙÇ¿�Ú<>�f£ ?6���|?6@�ó§<�Á}<�@�� I���Á����q<+��<>¢h�m���q�d�n@�?6������@ KM��Áw��?�¢��n�q�
K������WV��B< Aq�nÁw����< Y

π/6 ' 0.52K������WV¿�B< ¢h<�@����q� g
π
√

3/8 ' 0.68K������WV¿�B<UÎ®?�¢h<hA ¢h<�@����q�h<hA T Â
π
√

2/6 ' 0.74ïJ<ÖëB?6ó§��@�?6��¢h��Áw��?�¢�� T Â
π
√

2/6 ' 0.74¡J�hA|���q����@�@B� d}Õ g
0.56 → 0.64

����� � 9�É>9 � p �^��!@��
/�4�M���T�����T��
 \]�4�'���&���A�
cH!?���T�id �����'���%V%��)*�������T���+��
��5� ����
��������

�D4$?���17

9�É � É>9 É i õ L24�� �(81;C$B8 � "0 #')8
¡>?6@BA+��@#Áw�n�n��<��#ó��|?6@����-?6�n�q<²���hAq���q����@�@B��C���<hA�¢h��@¿���|?6�n@��q<hA4@B<&Aq��@�����?�A��d��A������n���B�h<hA���@�� ÎÏ����Á}��Á}<�@¿�!��L�@

< fÚ<��3CÙ��<�Áw�n�n��<�� A3£¥�h¢3?6���q<��d���q�hAq<3?6�\�q��ó����n��<��&��<Ê���n�n��<hA��67\��<hA�¢h��@¿���|?6�n@��q<hAøAq��@¿����<hA�Á���Á}<hA��������&¢qè�? V¿�B<
���n�n��<�C��Ú�����U��<hA��|?6��A|��@BA�ó§�h��Á}�������WV¿�B<hA>��<����¿¢3?6�n��A|?6������@���<hAJ���n�n��<hA!����?6�>��<hAU<Öëd��������<�@B¢h<hAJ@���Á}�����WV¿�B<hA>���$��<hA
<Öëm�Ú������<�@B¢h<hA+��<}Á}�h¢3?6@��WV��B<�A��|?6���WV��B<�C���<hA>�q�hAq<3?6�dë/��<}¢h��@����|?6�n@¿�q<hA4���1¢qè�?#_�@B<hA���<}¢h��@����|?6�n@¿�q<hA4��@������q�}Áw��A
<�@ø��¦¿����<�@B¢h<s�BÒ ��?6����?6�|?6�n�uV¿�B<J¢h<hA �q�hAq<3?6�dë&Aq��@¿�Ô���qùhA Aq<�@BA��n����<hA ?6�dë²��?6�|?6Á}ù����q<hAH�d�øA�ÇdA��qù�Á}<><��ÔAq��@¿� ��<U���n�BA
A��BAq¢h<������n����<hA �f£ �n@ZwB�B<�@B¢h<��U��<JÎ®?65h��@��nÁw�������|?6@¿�q< �-?����q����?6ó�?6������@$?�¢h���BA����WV��B< � ï�<�� a g � �

�F?6�²<Öë�<�Áw����<�CMAq���BA7�®£¥< ff<��²��<��-?/ÎÏ���q¢h<Ê��<�ó��|?3¦¿�n�|?6������@�Cé��<��q�hAq<3?6� ��<Ê¢h��@¿���|?6�n@��q<hAø�n@¿�q<���@B<hA²��<���� �����q<
¢3?6��¢������Ù@¿��Á}�����WV��B<�Á}<�@¿���������á��@�Á7?6�q�����-?6�4ó��|?6@¿���-?6�n�q<M�B?6@BA��d�Rff���q<�@��q<hA�¢h��@Z�Bó����|?6������@BA �3@B��Á����q<é��<Ù¢h���B¢qèB<hA
��<����n�n��<hAU¦�?6���-?6����<�Cf?6���|?6@�ó§<�Á}<�@��qA+�q��ó����n��<��qA3C�?6���|?6@�ó§<�Á}<�@��qA�?6���3?6�q���n�q<hA3C�Îp����Á}<hA�Á7?�¢��q��A|¢h�����WV��B<hA �d�Rff���q<�@��q<hA
� êÔ?6�|Ã�ÃdCÔKé?6� a g CMLÙ� �uasa�Cé;f�B�7a)^dCé=�? ��Ã�ÃdCÔâ¿�n�-Ã�Â � �é�á�����ø��<hA�?6���|?6@�ó§<�Á}<�@¿�qAø�q��ó����n��<��qA���<$�d��A V¿�B<hA&<�@¯��<��dë
�d�nÁ}<�@BA�����@BAF���w��<�A���èBù��q<hAF<�@����q����AF�d�nÁ}<�@BA�����@BA3C6��<hAF¢h��@����|?6�n@��q<hAÙ���BAq<���¦§�h<hA�Aq��@�������<�@wA������Ú�����q�h<hA���<��-?HÁ���Á}<
Îp?65h��@���?6� �q�����q<hA ��<hAH���n�n��<hA!�BL�@��q<�¦�?6@B¢qèB<�C �����qA V¿�B<U��<hA�?6���|?6@�ó§<�Á}<�@¿�qAJAj£¥�������nó�@B<�@��U�d���q�hAq<3?6���q��ó����n��<�����?6� �-?
���q�hAq<�@B¢h<7��< � ���ÖÎp?6���qA �w��<7���¿¢3?6�n��A ?6������@1��<}���n�n��<hAjC���<hA+¢h��@¿���|?6�n@��q<hA4@B<�Aq��@������n�BA+A������Ú�����q�h<hA+��@�� Îp����Á}��Á}<�@��
� E�?��7asY�� �ÚÒ ��?6����?6�|?6�n���B?6@BAU��<4Áw�n�n��<���ó��|?6@����-?6�n�q<�C���<hAU�n�nó�@B<hA �����n¦¿�n����ó����h<hA ��<�Îp�����q<hA>¢h��@����|?6�n@¿�q<hA!��KM<w¢|è�?6Áw�
��<²¢h��@����|?6�n@��q<hA&?���@B<øAq�����B¢������q<����qùhAw¢h��Áw����<Öë�< � êM�-?�Ã T C�=��B<!a g �
CF�d� �7¢��n��< ��¢3?6�|?�¢��q������Aq<��}A��|?6����Aq���WV��B<�Á}<�@¿�
� KM���NasY�C6LÑ� �uasa �
C6<���¢h��Áw�Ú�����q<���<hAF¢h�����q���-?6������@BA�A���?6���-?6��<hA��nÁw�Ú�����|?6@��q<hA � âm�m¢!a g C�K��-?sa)^�� �×;á? �Bó����q< T � ^ �n�n�n�BA����q<
¢h<>¢3?6�|?�¢��qù��q<+��<hAÔÁw�n�n��<��dëøó��|?6@¿���-?6�n�q<hA!�

¤�@�?�A��Ú<h¢�� V���������Aq< ��@7���q������ù�Á}<HÎÏ��@B�B?6Á}<�@¿�|?6� �Ú�����Ù�-?UÁ}�m�����n��A|?6������@²�d�}�q�hAq<3?6�&��<H¢h��@����|?6�n@¿�q<hAMÁ7?�¢��q�6Õ
Aq¢h�����WV¿�B< <hA��uV¿�B<>�®£¥< ff<��H��< �Ú<����n�q<hA wB�B¢�����?6������@BA �4��@Ê<�@B�d�q���n�J�d��Áw�n�n��<���ó��|?6@¿���-?6�n�q<+�Ú<����J?3¦§���n����<hA�¢h��@BAq�ÖÕ
V��B<�@BA|<hA��nÁw�Ú�����|?6@��q<hA�A����á��<Ù�q�hA|<3?6����<ÙÎÏ���q¢h<�Á���Á}<M�������nó�@B�M��<M¢h<Ñ�n��<��w��<:wB�B¢�����?6������@BA � âm�¿¢!a g C�K��-?sa)^dC�K��-?sa g � �
KM< ¢h��Áw�Ú�����q<�Á}<�@��>¢qè�?������WV¿�B<+�nÁw���n�WV¿�B< ��@�¢h<����|?6�n@�@B��Á����q<���<�¢h��Áw�������q<�Á}<�@¿�qAJAq���h¢��R�NV¿�B<hA � êé<�èNasa � �����q�ÖÕ
�d��¢��|?6���n�n�n�q� �n�nÁw�n�q�h<�C�ó��|?6@B��< Aq<�@BA��n���n�n�n�q��?6�dë&��?6�|?6Á}ù����q<hAJ<Öëm�Ú�����nÁ}<�@��|?6�dë1Ð ���q<hA|A�����@�C��q<�Áw�Ú���|?6�����q<�CBè���Áw���d�n�q�
�����|Ó � ;f�n�Na�Â � �

¡>?6@BA�¢h<����|?6�n@B<hA�<Öëd�Ú������<�@B¢h<hA��67���@B<��nÁ7?6ó§<��d�n�q<h¢��q</�d�¶¢qè�?6Áw����</¢h��@����|?6�n@¿�q<hAÊ<hAq���d��A��Ú��@��n����<�Ð ��?6�
���-?�A��q��ó��|?6��è���<ø�f£ ��@aÁw�n�n��<�� Â×Õ
¡­��?6�4<Öëd<�Áw����< ��� ?�<!asY�? � ÓÖC��n�é?����q��Á}��@����q� V¿�B<���<hA4¢|è�?#_�@B<hAw��<&¢h��@¿���|?6�n@��q<hA
��@�����@B< ����@�ó��B<����U��< ¢h�����q���-?6������@ V�����<hAq� ��@��WV��B<�Á}<�@¿���n�nÁw�n�q�h<���?6�H�-?w�|?6�n�n��<��d��AqÇmA��qù�Á}<�C ����@B¢ ���qùhAHó��|?6@B��<
��<�¦�?6@¿���-?7�|?6�n�n��<���<hA����n�n��<hA+� ¡>?6@BA���@B<�¢h��@Z�Bó����|?6������@�¦§<�������¢3?6��<4��<�Áw�n�n��<���ó��|?6@¿���-?6�n�q<�CÚ�67Ê�-?7ó��|?h¦m�n�|?6������@�<hA��
�-?�Aq<�����<�¢3?6�BAq<}�nÁw�Ú�����|?6@��q<²��<�¢h��@����|?6�n@��q<øAq�|?6���WV��B<�Cá��<}�q�hAq<3?6�#��<7¢h��@¿���|?6�n@��q<hA}<hA���������<�@��q�������n@B¢��n��?6��<�Á}<�@��
¦§<�������¢3?6��<�Á}<�@�� � L����-Ã�Â � ��;�<J¢qè�?6Áw�ø��<J¢h��@����|?6�n@��q<hAéÁ}�jÇ§<�@/ÐÏA����Ù��@B<��q��ó�����@�ó��|?6@B��<U��<�¦�?6@��M�-? �|?6�n�n��<J��<hA����n�n��<hA
Á7?6��A4��<����n�q<²��?6�4�|?6���Ú����� ���®£¥<�@BAq<�Á+����<��d�#Áw�n�n��<�� Ó4@�£¥<hA��4��?�A4��<²Á���Á}<ø�B?6@BA4�q�����w��<²Á7?6�q�����-?6�H��Ò
�Ô<Öëd��A��q<



9�� 9 ñ:81;=<�*>6>*?81&(@A-0 #47�%&B6?47*? #81;C')"0<D<E8F<D*>6?*?8G&H@.<�*?') 5"JIK*>�BL("�<E"0-NM1�283;O$QPR/3�+&($B8

������� 9�É � �iL ���1�'��$C����, 9 ��;��@���T�%� [1���',H�+,4�.�.�q!#���A�'d ��!0!&�_
�,.���

����C�:d $>�@��,.�����
�'��
����M�����/���

�D4$?�A$%�?
��I2�
���� �I7

��@B<U�����Ú<�@B�B?6@B¢h<>��<J�-?�¢h��@¿���|?6�n@��q<�A��|?6���WV��B<U<�@&Îp��@B¢�������@���<��-?����q�6Îp��@B��<����
z
��KJ£¥<hA��é��<J���q������ù�Á}<U@B��@ø�����n¦¿�-?6�

��<hA>¢h��@¿���|?6�n@��q<hA�A������Ú�����q�h<hA>��?6�>��@�Á7?6�q�����-?6�/ó��|?6@����-?6�n�q<��B?6@BA>��@/A��n��� � K��-?sasa�C�à�¦�?�Ã�Â�C�ØÙ?6@�Ã�Ã � �f¡U<�Îp?65h��@
ó§��@B���|?6��<�C��-?1¢h��@����|?6�n@��q<$Á}�jÇ§<�@�@B<�?6��ó�Á}<�@��q<$<�@�Îp��@B¢�������@ ��<��-?����q�6ÎÏ��@B��<�����Åì�BA V���£ �/��@\Á7?×ëd�nÁ+��Á ���-?
���q�6Îp��@B��<����

zm
Cd������AÔ�q<hA��q<�V���?�A�� Õ
¢h��@BAq�|?6@��q<�?6����<�� �}��<U�-?4���q�6ÎÏ��@B��<����

zm
��;á?4Á7?�AqAq< ?6����?6�q<�@¿�q<��d�øÁw�n�n��<��

ó��|?6@¿���-?6�n�q<>Á}<hA����q�h< ?6�²Îp��@B�²�d�ø�q�h¢��n����<�@��H<hA��é�n@dÎp������<����q< ��A|?�Á7?�AqAq<J�q�h<��n��<>�q���|?6��<s��KM<>Aq<����n�f<hA�� ?6�������n���B�+?6�
Î®?6�n� V¿�B<Ô��<hAÙ¢h��@¿���|?6�n@��q<hAé¦§<�������¢3?6��<hAéAq��@¿�Ù<�@�����ù��q<�Á}<�@¿� A������������q�h<hA �>��?6�����n�M��<

zm
��?6�Ù��<hAÙ��?6�q����A��d�7�q�h¢��n����<�@��

¢h��@¿�q<�@�?6@�����<4Áw�n�n��<���ó��|?6@¿���-?6�n�q<}@B��@�¢h��@BAq���n�����s�á;�<hA ó��|?6�n@BAjC��B?6@BA ¢h<}¢3?�A3C�A3£¥����ó�?6@���Aq<�@�����<�Îp?65h��@ �&ÎÏ����Á}<��
��<hA �
¦§�����q<hA��|Cm¢�£¥<hA�� �+�d�n�q<J��<hA�¢|èB<�Áw�n@BAÔ��<�¢h��@¿���|?6�n@��q<hA ������<�@¿�q�hAé¦§<��qAÙ��<hAM�Ú���q��A��d�&�q�h¢��n����<�@��!�m��<hAé¢h��@����|?6�n@¿�q<hA
¦§<�������¢3?6��<hA�Aq��@��J?6�����qA A������Ú�����q�h<hA ��?6�éÎÏ����¢�������@�A����Ô��<hA �Ú���q��A �d�ø�q�h¢��n����<�@¿� � K��-?sasaBCdØÙ?6@�Ã�ÃBC�ê����7a�Ä � �

;�<4Áw�n�n��<���ó��|?6@¿���-?6�n�q<7<hA�� ¢h��Áw�Ú��Aq�}��<4ó��|?6�n@BA�<��3C��B?6@BA>@B�����q<}¢3?�A3Cf�f£ ��@EwB������<}A|?6�����|?6@���¢h<hA>ó��|?6�n@BA!�áâ¿�
��@�Á7?6�q�����-?6�1ó��|?6@����-?6�n�q<���<}¢h<w�
Çm�Ú<w<hA�� <Öëd¢��n�q�}��?6� ��@����|?6@BAq�d�B¢��q<�����?6�1¢h��@��|?�¢�����<hA ó��|?6�n@BA3C���<w�®£¥��@B<���ó���<
?�¢h���BAq���WV��B<&<hA������|?6@BA�Áw��Aq<&�B?6@BA4��<hA+ó��|?6�n@BAw<��4�B?6@BA���<CwB������< V¿������<hA4A|?6�����q<�@¿�!��Ò �Ô?6����?6�|?6�n�w?6�����qAjCá¢h��ÁwÁ}<
�B?6@BA7�q������Áw�n�n��<��\�����q<��dë �����qA V��B<ÊA|?�A������B¢������q<�<hA���<Öë�¢��n�q�h<�CÑ��@]¢h�������-?6ó§<Ê��<�Á}�¿��<hA&<�@����q<Ê��<�Á}�m��<��d�n�
� A|���n���d��<�@��²Ð �®£¥��@B<���ó���<}?�¢h���BA����WV¿�B<4���|?6@BA��n�q<������n@B¢��n��?6��<�Á}<�@�� �7���|?3¦§<��qA>��<hAU���n�n��<hA Ó�<��U��<�Á}�¿��<4�d�n� �ì?�������<�@��4���
wB������<&Ð �®£¥��@B<���ó���<����|?6@BA��n�q<+�����n@B¢��n��?6��<�Á}<�@¿� �B?6@BAH�®£ ?6�n�U����?6�����q<�wB������<�A|?6�����|?6@��J��<hAH���n�n��<hAÖÓ �ÚKM<�¢h�������-?6ó§<�<hA��
�f£ ?6���|?6@¿�+���n�BA <��7¢3?�¢h<=V��B<}��<hA>�nÁw���h�B?6@B¢h<hA�?�¢h���BA����WV¿�B<hA+��<}¢|è�? V��B<�¢h��@BA����n����?6@���Aq��@�� ���q�m¢qèB<hA+���á�������|?6@¿�3C
¢h< ��èB��@B��Á}ù�@B<���< ¢h�������-?6ó§<4?w���q�����BAq<���¦§�+<�@¿���q<+��<>�®£ ?6�n�J<�����<hA ���n�n��<hA���< ¦§<����q<�?h¦§<h¢ ��@B<�¢h��@Z�Bó����|?6������@���<
� Ç¿�Ú<�?6@¿�q<�@�@B<J��?6�|?6Á}�������WV��B< � =�����Ã T � �¿;�<�A��nó�@�?6����?�AqAq<ÔÎÏ�q��V¿�B<�@B¢h<���Áw��AM¢h��Áw�������|?6�n�é��<��dë7��?6������<hAé�d��A����n@B¢��q<hA
¢h�����q<hAq����@B�B?6@¿�M?6�dëw��<��dë�Á}�m��<hAÙ?�¢h���BA����WV¿�B<hAÙ¢��n�q�hA ����< Á}�¿��<ÔAq���n���d��<�@�<��Ñ��<éÁ}�¿��<�?�������<�@H�§Ò
�dÎ®?6����@B�3?6@�Á}���n@BA
¢h��@BAq�������q<��uV��B<>¢h<+¢h�������-?6ó§< <hA��Ô���qùhA �Ú<���<��7¢3?�¢h<�C�<��H?#ff<h¢��q<>�Ú<��ø�-?4���q����?6ó�?6������@Ê��<>¢|è�? V��B<+Á}�¿��<s�

9 É � É>9�ÉWq Û��(�247<�*?lH&(8h6?8G���!8��:8)pQ8)�!;C$B8 <�/1<E"�*? #8h83�=L��H;��!/1 #/1;+*?;
KM<hAM< ff<��qAé��@�� ���q�U���BAq<���¦§�hAé�B?6@BAé��<hAMÁw�n�n��<��dë&ó§�h������ó��WV¿�B<hAé�Ú��������<hAÔ��@B��<hAÔA���AqÁw�WV��B<hA �+��?6�����n�é�d�²Áw�n�n��<��

��<hA>?6@�@B�h<hA�^�Ã � =Ê¢ ��^#dBC�â¿è�?sa5d � ��¡U<�������AJ��@B<��d� [j?6�n@B<4�f£ ?6@�@B�h<hA3CÚ��<�@B��Á+���q<��BA|<hA><Öëm�Ú������<�@B¢h<hA>Aq��@��UÁ}<�@B�h<hA
�B?6@BA ��<hA>Áw�n�n��<��dë�Á}�hAq��Aq¢h�����WV¿�B<hA+<�@/ó§��@B���|?6� ��LÑ�n��<hA Á}<����q<�@���<�@���¦m����<�@B¢h<w��@/¢h��Áw�������q<�Á}<�@¿�����-?�Aq���WV��B<}��<
�dÇm@�?6Áw�WV¿�B<�����ó�?6���n��è�Áw�WV¿�B<�?3¦§<h¢ø��<hA4�q<�Áw�BAw��<²�q<��-?×ë�?6������@P���qùhA4����@�ó§Aw��<�¦�?6@��w��<hA4�q<�Áw�BAw¢3?6�|?�¢��q������A����WV¿�B<hA
��<hAé<Öë�¢��n�|?6������@BA+Ð �Ú�������¿��<U��<J�®£¥��@B��< ?�¢h���BA����WV¿�B<jÓÖC�¢h< V¿����?6Á}ù�@B<��OV���?6�n�R��<��Ô¢h<hAé��èB��@B��Á}ù�@B<hA ��<U�dÇm@�?6Áw�WV��B<
��<�@¿�q<s�

;�<hA <Öëd��������<�@B¢h<hA ��<>¢h��Áw��?�¢�������@Ê��<UÁw�n�n��<��dë²ó��|?6@¿���-?6�n�q<hA @B��@dÕ
¢h��@BAq���n�����hAH��?6� ¦m�n���|?6������@�����<Öëd¢��n�|?6������@ �
�®£ ?6����<é�f£ ��@B<é��@B��<é?�¢h���BA����WV��B<é<�@wAq��@¿�á��@w<Öë�<�Áw����< � �U@�� a�ÀBC×IJ�
�ua g � �6��@B<�<Öëd�Ú������<�@B¢h<M��<M¦m�n���|?6������@w�d��Áw�n�n��<��
ó��|?6@¿���-?6�n�q<é��?6�F�nÁw������A�����@BA�Á}�h¢3?6@��WV¿�B<hA�������<�@��q�h<hA�¦§<�������¢3?6��<�Á}<�@¿�ÑÁ}��@����q<é��@B<Ô�����Ú<�@B�B?6@B¢h<é����ó�?6���n��è�Áw�WV��B<Ô��<



Q07�� { ,.��$%���

�D4$��F�����=)+
5�_
��4$�2+V��'���?$>�O��
5�.���A�&���C,.�����4���_
������A�
��

��
�)*������

�����@���l� 9��

0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

A

B

0 20 40 60 80 100
4.7

4.77

4.84

0 20 40 60 80 100
4.7

4.77

4.84

� �	�����������

� ���������	�
�

� � 

���
� ��
� ��
�
� �
��

� � 

���
� ��
� ��
�
� �
��

� ������� � ��� ���! �#"��$� ��% �&��')(*� �,+ %�+ �

� � ���-� �������.�! �#"��#� �
% �&��')(/� �,+ %�+0�

1-2
34 � � �
5 �
5 � 

6 ��
3�� � 7
� �
8� 8

�

1-2
34 � � �
5 �
5 � 

6 ��
3�� � 7
� �
8� 8

�

9 ':�<;���%)��

% �&�=; ���

9 ')�,;���%:� 

% �&�=;����

������� 9 É � �%{ )]!&�_
��
$����U���B�.�',H�M!<�


���`e ��Q0Rqu1b �fg=���"[4���&,1�

����*���B�.d ��)]!&�_

�
$#���U�:d �'2�,4
��/�0�


��� e � ���]u4b �q�4� �0�Gu1b �fg
!#��$>�]!&�l$%��
/��$>�H�F,4c0,4� ���F�id ��$�V�)*���&�/���


��� �4�E���*��
�)�
��?$#�


���N���+�.d ��)q!@�l

�
$#�%�y�id �'20,4

�/���

����@7 r �3�6��
"D4$��0���'���


D1$��
�����}�0���?�<�.�}!���$%��,.��)]!#���'��
5�4���@7i�A���?�W�.d 
����I����� { v �6�E[1���',H�����/���

�D4$?���4�����_$��y����[1���&,1�

����`��$ �M��)]!��Hv	� �=)+
��l
/��$
�I
/�����A�id >4�
�.�T!&�.�M!#���'��vy�4�=$>� 9 cG���M�4�'����
Y�����4�A�����I�������w��$%�3�.d ��)q!@�l

�
$#�%� ��$ ��
6V��&���B�.��?1$?7E�T�����o�.d 
5���I���4�q�Uv=�6�
)@>�)*���'2�!?����
/���&,��-�'�'���l
5�1�.� ∼ 1 h

!&�_$%�w�/���^� �����}!@�'���I�����M�.�X7 r �F[4���^,H�w���/�0�


D4$?�w�1���4�/����
��l
5�1�`�4�=�.d 9 cG���M���.����
5�
��
5�/!#���'��;
�M7

�-?4¢h��Áw��?�¢��n�q� �d�øÁw�n�n��<���<�@²Îp��@B¢�������@��d�ø@B��Á+���q<+�f£ �nÁw������A�����@BAH����@�@B�h<hA � ���|?�Ã�Ã�C � ��A|Ã�Ã � ��Ò
�ÚÇø?�¢h��Áw��?�¢�������@
�d�$Áw�n�n��<���ó��|?6@����-?6�n�q<�?3¦§<h¢4��<hAU¦¿�n���|?6������@BAÔÅì�BA V¿��£ ����@B<4¦�?6��<����+?�AqÇ¿Áw���q�����WV¿�B<w��<��-?²¢h��Áw��?�¢��n�q��Cf���q�¿¢|èB<w�d�
Á7?×ëm�nÁ���Á"�Ú�����+��@/Áw�n�n��<��#���hAq���q����@�@B� V����Ù<hAq�+��<

0.64
�á;�?��dÇ¿@�?6Áw�WV¿�B<}��<7�q<��-?×ë�?6������@#<hA��+<Öëd������Á}<�Á}<�@��

��<�@��q<�<�@�ÎÏ��@B¢�������@1�d��@B��Á+���q<��f£ �nÁw������A�����@BA�����@�@B�h<hA!��KM<w@B��Á����q<7�����n�4?6���q<��n@B�d�q<}���n�BA���<����qA�Áw�n�n�n��<��qA �Ú�����
V��B<H��< Áw�n�n��<��²A3£ ?6�����q�m¢qèB<U��<HA|?+��<�@BA��n�q�u�B@�?6��<s�¿;Ñ£ �n@¿�q<�@BA��n�q�>��<hA��nÁw������A�����@BAM�n@ZwB�B<��d�n�q<h¢��q<�Á}<�@¿�éAq���Ù��<��q<�Áw�BA
��<U�q<��-?×ë�?6������@���<>¢h<>��èB��@B��Á}ù�@B< � IJ�
�ua g � �

¤�@B<UÁw��Aq<><�@���¦¿����<�@B¢h<>��V¿���n¦�?6��<�@��q< ��<>¢h<U��èB��@B��Á}ù�@B<���<>�dÇ¿@�?6Áw�WV¿�B<>��<�@��q<+<hA��é�-?�Á}<hA����q< ��<U�-?�¦m�n�q<hAqAq<
��<}���q����?6ó�?6������@P�f£ ��@B<���<�����������?6������@ ?�¢h���BA����WV¿�B<�<�@�ÎÏ��@B¢�������@a��<}�-?Ê¢h��@����|?6�n@¿�q<²A��|?6���WV��B<²?6�����n�WV¿�B�h<�A�������<
Áw�n�n��<���ó��|?6@¿���-?6�n�q< � ïJ��� gZT CB=�����Ã T � ��;�<hAH¦¿�n�q<hA|Aq<hAÔÁ}<hA����q�h<hA�@B< Aq��@¿�H��?�AH��ó�?6��<hA��Ú����� ��@B< Á���Á}<�¢h��@����|?6�n@��q<
A��|?6���WV¿�B<�Aq<�����@ V¿�B<7�®£¥��@PAq<����q����¦§<ø�B?6@BA���@B<&��è�?�Aq<²��<�¢|è�?6��ó§<�Á}<�@������a��<²���h¢qè�?6��ó§<�Á}<�@¿���d�#Áw�n�n��<��H��;�?
¦¿�n�q<hA|Aq<U��<U���q����?6ó�?6������@�@�£¥<hA��Ô��?�A A|<�����<�Á}<�@�� �q<��n���h< ���-?4¢h��@¿���|?6�n@��q<�A��|?6���WV��B< ?6�����n�WV¿�B�h< A����Ô��<UÁw�n�n��<���CBÁ7?6��A
?6�BAqA���?6�ø@B��Á����q< Á}�3Ç§<�@���< ¢h��@��|?�¢��qAH��?6� ���n�n��<�CB<��H����@B¢ ���-?w��<�@BA��n�q� � ôU�m�7a�Ã�� ��KM< ¢�Çd¢���< �f£ è�ÇdA��q���q�hA���AH��<>�-?
¦¿�n�q<hA|Aq<���<M���q����?6ó�?6������@7?�¢h���BA����WV¿�B<Ô<�@�ÎÏ��@B¢�������@w��<M�-?J¢qè�?6��ó§<ÔA��|?6���WV¿�B<MÁ}��@����q< V¿�B<M�®£ è���A��q���n�q<é�d�4¢|è�?6��ó§<�Á}<�@��
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<hAq� ¢h��@BAq<���¦§�h< �B?6@BAÔ��<>Áw�n�n��<��H�
�á��������<hA Á7?6�q�����-?6�dë�¢h��@BAq���n�����hA3Cá�f£ ?6�����q<hA�<Öëd�Ú������<�@B¢h<hA+Aq��@¿�+�Ú��AqA��n����<hA!��;á?²Á}<hA����q<7��<}�-?&Î �q��V¿�B<�@B¢h<7��<

�q�hA|��@�?6@B¢h<J�d�²Á7?6�q�����-?6������@�@B<J��@B<J�n@B�d��¢3?6������@�A����é�®£¥��¦§���n��������@ø�q<�Áw�����q<��n��<>��<JAq��@²Á}�m�d����<J�f£¥���-?�Aq����¢��n�q�s����?6�
<Öë�<�Áw����<ÔE��§ôJ��Ç§<�� �4�:��� 7 � ôJ��ÇZa�À��
C���@¿�Ñ���q�hAq<�@¿�q� ��<hA��q�hA����n�|?6�qAÑAq������<Ô���h¢3?6�-?6ó§< ��<é�-?�Î �q��V¿�B<�@B¢h<Ô��<é�q�hAq��@�?6@B¢h<
<�@²Îp��@B¢�������@Ê�d���q<�Áw�BA3CB���BAq<���¦§�+?6���qùhAH�®£ ?6�������H�f£ ��@B<+<Öë�¢��n�|?6������@Ê?�¢h���BA����WV¿�B< A��n@¿�BAq���®�B?6��<>Îp�����q<s�B;�?w¦�?6���-?6������@
��< �-?4ÎÏ�q��V��B<�@B¢h<���< �q�hAq��@�?6@B¢h<�<hA�� ����ó�?6���n��è�Áw�WV¿�B<4<�@øÎÏ��@B¢�������@$�d���q<�Áw�BAjC ?h¦§<h¢+��@��q<�Áw�BAJ��< �q<��-?×ëB?6������@���<
�®£¥���q�d�q<+��<U���n�BA���<����qA Áw�n@¿���q<hA!�

¤H@�<Öë�<�Áw����<���<Ê�dÇ¿@�?6Áw�WV¿�B<ø��<�@��q<$?�AqAq�m¢����h< �$��@B<�¦�?6���-?6������@\��<�@��q<���<��-?���<�@BA��n�q�Ê�d� Áw�n�n��<���CÑ�n@B�d���n�q<
<�@a��?6������<²��?6�w��@B<ø��@B��<�?�¢h���BA����WV¿�B<²�n@��q<�@BA|<�C�<hA��w���q�hAq<�@��q�øAq�����-? �Bó����q< T � g ��;�<²Áw�n�n��<��Pó��|?6@����-?6�n�q<�@B��@dÕ
¢h��@BA|���n������Cm¢h��Áw�Ú��Aq�U��<J���n�n��<hA ��<J¦§<����q<wÐÏ�d�-?6Á}ù����q< ∼ 0.15 mm

ÓÙ�B?6@BAé�®£ ?6�n�3Cd<hA��ÔAq����Áw��A ����@B<HÎp���q¢h<UA��|?6���WV¿�B<
�f£¥<�@¿¦¿�n�q��@

5 kN
��¤�@B<é��@B��< ?�¢h���BA����WV��B<é����@�ó��n���B�d�n@�?6��<�ÐÏ¢h��Áw����Aq�h<é��<hA�ÎÏ�q��V��B<�@B¢h<hA

45
<��

55 kHz
Óá<hA��Fó§��@B���q�h<

���®£ ?6����<��f£ ��@����|?6@BAq�d�B¢��q<��������n���|?�Aq��@B���q< ����< [3�6Õ
����<h¢������WV¿�B<s� ;Ù£ ?6Áw���n�n���B��<���< ¢h<����q<+��@B��<+<hA��H?6��ó�Á}<�@¿�q�h<+������A
�d�nÁw�n@¿�B�h<J��?6�M¢�Çd¢���<hA�Aq�B¢h¢h<hAqA�� ÎpA!�§;�? Î �q��V¿�B<�@B¢h<J�d�RfÚ���q<�@B¢h<

10 kHz
C¿¢��q�h�h<���?6�M< ff<��qA�@B��@��n�n@B�3?6�n�q<hAé<hA��M¢3?6���q�h<

?6�1���������f£ ��@B<&���q����?6ó�?6������@a��< ∼ 20 cm
Ð ��@B<���<hAq¢����n��������@a���n�BA����q�h¢���Aq<&�d�����q���q�m¢h����<�<Öëd�������nÁ}<�@¿�|?6�Ô<hA��

< ff<h¢����B�h<&�B?6@BA���<hA4¢|è�?6���n���q<hA}Â�<��OdmÓ � � �BAq�q<²?6���qùhA��-?Ê¢h��@dÎÏ<h¢�������@a�d�#Áw�n�n��<��#ó��|?6@¿���-?6�n�q</Ð,�Bó����q< T � g �n@BAq<����
G>ÓÖCF�-?�Îp���q¢h<�A��|?6���WV¿�B<ø¦�?6����<�<�@PÎp��@B¢�������@��d� �q<�Áw�BA3CÑ<��7��<hA7¢�Çd¢���<hA}�f£ ?6��ó�Á}<�@��|?6������@¯<��7��<��d�nÁw�n@¿��������@]��<
�®£ ?6Áw���n�n���B��<²�f£¥<Öë�¢��n�|?6������@#<Öëdè��n�Ú<�@�����@#¢h��Áw�Ú�����q<�Á}<�@��wè¿ÇmA��q���q�����WV¿�B<²?6�n@BA��QV¿��£ ��@B<��������n¦§<s�F;Ñ£¥����?6��A|Aq<������d�
Áw�n�n��<��1���|?6@�����ë��h<�Cf�-?�Îp���q¢h<}A��|?6���WV¿�B<w¢3?6���q�h<7<hA��>�n���h< �²�-?²¢h��Áw��?�¢��n�q���d�/Áw�n�n��<��H��G���������� �f£¥<�@¿¦¿�n�q��@

1 h
C

�-?4ÎÏ���q¢h<�A��|?6���WV��B<�<hA�� ���q<hA V¿�B< A��|?6���n�n��A|�h<+<��H�-?7�dÇ¿@�?6Áw�WV¿�B<+<�@$?6Áw���n�n���B��<��d�ÊA��nó�@�?6���q< 5��Ê@�£ ?w���|?6���WV¿�B<�Á}<�@��
���n�BAÙ��<Ô¢h��Áw�������q<�Á}<�@¿�Ùè�ÇdA��q���q�����WV¿�B<+Ð,�Bó����q< T � g �n@BA|<����ÑêÔÓ ��;�<ÔÁw�n�n��<���?>?6���q<��n@��Ù��@7���|?6�Ñ�f£¥��V����n�n�n���q<�C��-?�ÎÏ���q¢h<
<Öëd�q������<����q<>@B<>�d�nÁw�n@¿�B< ���n�BA3C��-?4��<�@BAq�n�q� �d��Áw�n�n��<���Aq<>Aq�|?6���n�n��Aq<s�

KM<hAÑ�d�n¦§<��qAq<hAÙ<Öëd�Ú������<�@B¢h<hA3C�?6�dëw�q�hA����n�|?6�qAÙ���q��@�@�?6ÁwÁ}<�@¿�ÔA��nÁw�n�-?6�n�q<hA3C�@�£¥��@¿�Ù��?�AÙ��<�ÅÆ�BA����R��¢3?6������@���èB�h�����WV��B<
¢��-?6�n�q< ���®£ èB<����q<>?�¢����B<��n��<s�m;�<J���&��<hAM��èB��@B��Á}ù�@B<hAé��è�ÇdA��WV¿�B<hA�Áw��Aé<�@�Å�<���@B<JAq��@��é��?�AM����<�@����R���hAé���q�h¢���A|��Á}<�@��3C
<���Aq��@�����<����ÆÕ �����q<���<}@�?6�����q<�¦�?6���-?6����<�Aq<�����@���<7Á7?6�q�����-?6�#¢h��@BAq�������q�s�á¡U<hA�?6�����q�m¢qèB<hA���èB��@B��Á}��@B������ó��WV¿�B<hA3C
�Ú<���Á}<����q<�@����q����� ��<>Á���Á}< ��<>�q<�@B�d�q<+¢h��Áw���q<�V���?6�n�n�|?6���n¦§<�Á}<�@¿�J��<+¢h<hAÔ�q�hA����n�|?6�qA <Öëd�������nÁ}<�@¿�|?6�dë � ôJ��ÇJa�À � �

�����0��� � 3 $�"%! , , � ,/.0!#.�
�� � , 
 $'& *,"%$�� , (

�� � !

;�?��d�RfÚ�BA�����@ ?�¢h���BA����WV¿�B<�<hAq����@a��èB��@B��Á}ù�@B< V����Ô?6����?6�|?6�n�}�B?6@BA���<hA�Áw�n�n��<��dë��n@�èB��Á}��ó§ù�@B<hAw�����qA V¿�B<7�-?
����@�ó��B<������f£¥��@B��<

λ
��<é�®£¥��@B��<H?�¢h���BA����WV¿�B<Ô��<�¦m��<�@��Ù¢h��Áw��?6�|?6����<
�J�-?J�|?6�n�n��<H��<hAF�n@�èB��Á}��ó§��@B���n�q�hA����}�d�RfÚ�BAq<����qA!�

;á?4�d�Rf��BA�����@Ê<hA�� �d�n�q<UÎ®?6�n����<>�����qA V¿�B<U�®£¥< fÚ<��H��<U�-?}�d�Rf��BA�����@�<hAq�éÎp?6�n����< Aq���Ô�-?4���q����?6ó�?6������@�?�¢h���BA����WV¿�B<s� KJ£¥<hA��
A|����¦§<�@��+��<7¢3?�A �����qA V¿�B<w�-?²����@�ó��B<������f£¥��@B��<

λ
��<w�®£¥��@B��<�?�¢h���BA����WV¿�B<}�q<hAq�q<w���qùhA+A����Ú������<����q< �²�-?��|?6�n�n��<}��<hA

�n@�èB��Á}��ó§��@B���n�q�hA+��;á?7�d�RfÚ�BA�����@$<hA����d�n�q<�A��nÁw����<������qA V���£ �n�á@�£¥<hA��UA�����¦§<�@��oV���£ ��@$Aq<����F��¦§ù�@B<�Á}<�@��>��<��d�Rf��BA�����@
Aq���Ô��<>���|?×ÅÆ<�����<U�®£¥��@B��<+¢h��@BA��������q��CB<���<��n��< <hA���?6���Ú<����h<>Á+���n���n����<+�����qA V¿�B<>���n�BA���<����qAH��¦ ��@B<�Á}<�@¿�qA���<+�d�Rf��BA�����@
��@¿�Ù<��w�n��<��H�§;�< ��èB��@B��Á}ù�@B<H��<Ô�d�RfÚ�BA�����@�?�¢h���BA����WV¿�B< V¿��?6�n�R��<Ô�®£¥���|?6��<�Á}<�@��MA���?6���-?6����<é�®£¥��@B<���ó���<�?�¢h���BAq���WV��B< ��<
�®£¥��@B��<J�n@B¢�����<�@¿�q<U��?6�M��<J�d�RfÚ�BAq<����!�dÒ
�Ú<�@ø���h¢h������<���@B<J�Ú<����q<U�f£¥��@B<���ó���<>��<H�®£¥��@B��<J�n@B¢�����<�@��q<+�B?6@BA��-?��d�n�q<h¢�������@
�n@��n���-?6��<+��<>A|?����q����?6ó�?6������@�<��Ô��@B< ��<����q<>��< ¢h��èB���q<�@B¢h<��B?6@BAÔ��<hAH?6�����q<hA��d�n�q<h¢�������@BA!�

;�?��d�RfÚ�BA�����@:��?6� ��@­���BAq�|?�¢���<¶¢�Çm�n�n@B�d���WV��B<����³A���èB�����WV��B<�������@�ó§�¶�B?6@BA ��@­Áw�n�n��<��­èB��Á}��ó§ù�@B<¶��<
���q����?6ó�?6������@ <hAq����@a���q������ù�Á}<ø¢h��@�@¿�H�Ñ;Ñ£¥<Öëd���q<hAqA�����@P��<&�-?����q<hA|A�����@�?�¢h���BA����WV¿�B<&�d�RfÚ�BAq�h<�C��Ú��������@B<²��@B��<
�n@B¢�����<�@¿�q< �n@��n���-?6�n��<�Á}<�@¿�����-?6@B< <�� �f£ ?6Áw���n�n���B��<+��@��n�|?6�n�q<�C�A3£¥�h¢����n� �

p(ω,~r) = ei~k0~r + f(θ)
ei~k0~r

r(d−1)/2

Ð T � T!g Ó
�67

~r
<hA��H��<+¦§<h¢��q<������Ú��A��n������@�C

ω
�-?w������A ?6������@���<��®£¥��@B��<�?�¢h���BAq���WV��B<�C ~k0

��<+¦§<h¢��q<����U�f£¥��@B��<�C
d
�-?7�d�nÁ}<�@BA�����@

�d��Áw�n�n��<��#¢h��@BA��������q��Ð �����d�nÁ}<�@BA�����@�@B<��
d = 2

Cf�������d�nÁ}<�@BA�����@�@B<��
d = 3

ÓÖC�<��
f(θ)

�®£ ?6Áw���n�n���B��<���<}�d�RfÚ�BA�����@�C
Îp��@B¢�������@���<U�®£ ?6@�ó���< �f£¥��Á}<���ó§<�@B¢h<���<U�®£¥��@B��< �d�RfÚ�BAq�h<7Ð ¦§���n� �-? �Bó����q<�Ð T � a�Ó�Ó �
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θ

� (�� ��� ��� �������

� (�� � ���=% (�����(��#�=� � ( � � � ��� � ���	��

������� 9�É � � �=
 \"$%��
����P�id $>�@�T���&���"!&�6���@�"!#����$%�h�����4�/�0,4� �I7

;�?tV¿��?6@����n�q�+������<�@B�B?6@¿�q<+��<>�-?�ÎÏ�q��V��B<�@B¢h<�CNV����f�q<�@B��¢h��Áw���q<���<U�-?w¢3?6��?�¢��n�q� ��< �d�RfÚ�BA�����@��f£ ��@����BAq�|?�¢���<
<hA��Ô�-?4Aq<h¢�������@�<��7¢3?�¢h<+�q���|?6��< ��<>�d�RfÚ�BA�����@

σT
V¿����A3£¥�h¢����n� �

σT =

∫ 2π

0
| f(θ) |2 dθ

Ð T � T a§Ó
¡U<hA�ÎÏ����Á�����<hA�?6@�?6�nÇ¿���WV¿�B<hA²<Öëm��A��q<�@¿�²��������?�¢h¢h�h��<�� �/�®£ ?6Áw���n�n���B��<���<$�d�RfÚ�BA�����@¯<��&����@B¢ ���-?#Aq<h¢�������@

<��7¢3?�¢h<7��<��d�Rf��BA�����@1�B?6@BA+��<}¢3?�A���<7�d�RfÚ�BAq<����qA+��<wÎÏ����Á}<hA�A��nÁw����<hA ��¢�Ç¿�n�n@B�d�q<hA3CáA���èBù��q<hA!�á¡J<hA+Á}�¿��ù���<hA���<
�d�Rf��BAq����@�Á+���n���n����< � â¿èB<!a�ÀBCf;�?6ó3asY �Ñ�Ú<���Á}<����q<�@�����<}���q<�@B�d�q<}<�@/¢h��Áw���q<w�®£ �n@��q<��|?�¢�������@aA��B¢h¢h<hAqAq�n¦§<w��<4�®£¥��@B��<
?�¢h���BA����WV¿�B<}?h¦§<h¢}�d�Rff���q<�@��qA �d�RfÚ�BAq<����qA <��+?6�n@BAq�F��<w���h¢����n�q<}��<hAU�q��ó��nÁ}<hA+��<4�d�Rf��BAq����@$ÎÏ�����q<�Ð

λ ≈ R
Ó �f��?6��Áw�

¢h<hAwÁ}�m��ù���<hA3C��®£ ?6�����q�hëd�nÁ7?6������@ ��<ø�d�Rf��BA�����@��n@B������<�@B�B?6@¿�q<#Ð �n@B��<��Ú<�@B��<�@��&Aq¢3?6���q<����n@�ó1?6�����q�hëd�nÁ7?6������@ Ó7<hA��
¢h�����|?6ÁwÁ}<�@��J�����n�n��Aq�h< �Ú�����H��<hAHÁw�n�n��<��dëÊ?hÇ�?6@¿�J��<hA Îp?6�n����<hA���<�@BA��n�q�hA���<+�d�Rf��BAq<����qA � ;�?6ó3asY � ��;�<hA�¢h�����q���-?6������@BA
A���?6���-?6��<hA �����d�RfÚ�BA�����@BAÔ�q�h¢������q<�@¿�q<hA�<�@¿���q< ��<hA �d�RfÚ�BAq<����qAÔÇ²Aq��@¿� @B��ó��n�nó§�h<hA!�

;�?]�d�RfÚ�BA�����@���<aEJ?hÇm��<��nó�è�C V¿����ÎÏ������@��n�$��<hA�ÎÏ����Á�����<hA/?6@�?6�nÇ¿���WV¿�B<hA$A��nÁw����<hA$�Ú�����Ê�®£ ?6���q��@¿��?6������@���?6�
�d�Rf��BAq����@]�B?6@BA&��<hA�Áw�n�n��<��dë]¢h��@��q<�@�?6@¿�qAø��@]ó��|?6@B��@B��Á����q<���<Ê�d�RfÚ�BAq<����qA3Cé?6����?6�|?6�n�²�����qA V��B<Ê�-?�����@�ó��B<����
�f£¥��@B��<

λ
<hA��á���qùhA�Aq����������<����q<Ô?6���|?hÇ§��@

R
��<hA��d�RfÚ�BAq<����qA!��;�?��d�RfÚ�BA�����@wAq<�¢h��Áw�Ú�����q<Ô?6�����qA���<�Îp?65h��@4�d�n�����-?6�n�q<s�

Ò
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�f£ ��@B<>��@B��< ?�¢h���BAq���WV��B<jÓé<hAq�Ô��@�?6�����q<U�
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3π(1−ν2)

<hA�� ��@B<�¢h��@BA��|?6@��q<�����Aq�n���n¦§<�?h¦§<h¢
ñ
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�67
ε̃
���hA��nó�@B< �-?>���ÖÎÏ����Á7?6������@²?�¢h���BA����WV¿�B< <��

σ
�-?U¢h��@����|?6�n@¿�q<J�q���|?6��<+ÐÏA��|?6���WV¿�B<�� �dÇm@�?6Áw�WV��B<jÓ �¿â¿���®£¥<Öëd¢��n�|?6������@

��<a���ÖÎÏ����Á7?6������@W?�¢h���BA����WV¿�B<P<hA���Î®?6�n����<#��<�¦�?6@����-?]���ÖÎp����Á7?6������@�A��|?6���WV¿�B<P��<hA�¢h��@¿�|?�¢��qA |ε̃| � |ε0|
CJ��@

����¦§<���������<�Á}<�@¿����< ð�?hÇm��������<>¢h<����q< ��<���@���ù��q<�<Öëm���q<hA|A�����@ø��<���� �����q<>< fÚ<h¢����B�+?3¦§<h¢ ��<U�Ú<����n� ��?6�|?6Á}ù����q<
ε̃
�

σ = −C

[
(−ε0)

3/2 − 3

2
(−ε0)

1/2ε̃ +
3

8
(−ε0)

−1/2ε̃ 2 + . . .

]
,

Ð T � Âsa§Ó
����<�@B¢h���q<>�Ú����� �-?���?6������< �dÇm@�?6Áw�WV��B< ��< �-?4¢h��@����|?6�n@��q<���@��WV¿�B<�Á}<�@��3C

σ̃ =
3

2
C(−ε0)

1/2ε̃

[
1 − 1

4ε0
ε̃ + . . .

]
.

Ð T � Ä�Ã§Ó
�F?6��?6@�?6����ó���<�?3¦§<h¢>��@�����¦§<��������Ú<�Á}<�@���¢��-?�A|A��WV��B<+<�@ø@B��@dÕ®�n�n@B�3?6���n�q�hA���<>� Ç¿�Ú<U������AqA|?6@B¢h<hA�A��B¢h¢h<hAqA��n¦§<hAjC

σ̃ = Eε̃
[
1 + Γ2ε̃ + Γ3ε̃

2 + . . .
]

,
Ð T � Ä T Ó

�n�¿<hA��á����A|A��n����<Ù�f£ ����<�@¿���R��<�����<���?6�|?6Á}ù����q<M��<Ù@B��@dÕ®�n�n@B�3?6���n�q��V¿��?��d�|?6���WV��B<M��<hAá¢h��@¿�|?�¢��qA���<ÙïJ<����\[Ù���q�ÖÕ
¢h��@¿���|?6�n@��qA
Γ2 = − 1

4ε0

��GH�n@BAq�®C��-?�@B��@dÕ®�n�n@B�3?6���n�q� V���?��d�|?6���WV¿�B<²�f£ ��@aÁw�n�n��<��#�q��ó����n��<��3C��f£ ��@B<²¢|è�?#_�@B<&��<&���n�n��<hA3C����P�f£ ��@
¢h��@��|?�¢��7A|<����®CF¦�?6����<�¢h��ÁwÁ}<��®£ �n@�¦§<��qAq<���<²�-?$���ÖÎp����Á7?6������@\Aq�|?6���WV��B<�?6�����n�WV¿�B�h<s�Ñ=����n@BAw��<ø¢h��@��|?�¢��&<hA��w���q�ÖÕ
¢h��@����|?6�n@¿�&ÐÏ¢h��Áw�����nÁ}�jÓÖCf���n�BA>�n�ÑA|<�¢h��Áw�Ú�����q<}��<�Î®?65h��@$@B��@/�n�n@B�3?6�n�q<s���F?6� <Öëd<�Áw����<�Cf�Ú�����>��@B<w���ÖÎp����Á7?6������@
A��|?6���WV¿�B<H��<��®£¥���q�d�q<���<

ε0 ' 10−4 ?6�����n�WV¿�B�h<�<Öëd�������nÁ}<�@¿�|?6��<�Á}<�@��H�B?6@BA���<J¢3?��d�q<���<J¢h< ���|?3¦�?6�n�®Cm��<���?6�|?6Á}ù����q<��<U@B��@��n�n@B�3?6���n�q��V¿��?��d�|?6���WV��B<+¦�?6���
Γ2 ' 2500

�
KM<����q< �q<��-?6������@&¢h��@����|?6�n@¿�q<HÕ����ÖÎÏ����Á7?6������@$Ð T � Ä T ÓF<hA��Ñ��<H�����n@¿����< ������?6���M�d�}Á}�m��ù���< ��èB�h�����WV¿�B<H�f£ ?6@��q<�@�@B<

��?6�|?6Á}�������WV��B<��B?6@BA���<hA7Áw�n�n��<��dë�ó��|?6@¿���-?6�n�q<hA²���q�hAq<�@��q���B?6@BA���<�¢qè�?6���n���q<�ÂZ��L��n��<Ê¢h�����q<hAq����@B� ����@B<Ê@B��@dÕ
�n�n@B�3?6���n�q�EV¿��?��d�|?6���WV��B</¢��-?�A|A��WV��B<�CÔ���BA|<���¦§�h</�B?6@BAø��<hAøÁw�n�n��<��dë¯èB��Á}��ó§ù�@B<hA!�UKM<���<�@B�B?6@¿�3C �n�UÎ®?6���øó�?6�q��<�� �
�®£¥<hA������n��V��B<H��<H��?6�|?6Á}ù����q<J@B��@&�n�n@B�3?6�n�q<U?�A|Aq�¿¢���� �+¢h<����q<�@B��@��n�n@B�3?6���n�q� V���?��d�|?6���WV¿�B<wÐ

Γ2 ∼ 103 − 104 ÓÙ<hA������qùhAA����Ú������<����H?6�dë²��?6�|?6Á}ù����q<hA�¢��-?�AqA��WV¿�B<hA+Ð
Γ2 ∼ 100 Ó �KM��ÁwÁ}<4�-?�@B��@dÕ®�n�n@B�3?6���n�q�}�d�$Áw�n�n��<���<hA��UÁ}�¿�����n��Aq�h<���?6�>��@B<�@B��@dÕ®�n�n@B�3?6���n�q�CV¿��?��d�|?6���WV��B<øÐ �����qA V¿�B< |ε̃| �

|ε0|
ÓÖCH��<hAÊ��èB��@B��Á}ù�@B<hA$�f£ ?�¢h���BA����WV¿�B<�@B��@`�n�n@B�3?6�n�q<1¢��-?�AqAq�WV��B<hAÊ��<���¦§<�@¿�$?6����?6�|?#_����q<s�>â¿�����-?U�Bó����q< T � T ÀdC
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�����qA V���£ ��@B<>¢h��@¿���|?6�n@��q<+Aq�n@��BAq���®�B?6��< <hAq�H?6�����n�WV��B�h< �B?6@BAé��@�Áw�n�n��<��ø�n�n@B�3?6�n�q<�CB¢3?6�|?�¢��q������Aq�>��?6�Ô�-?���������<>ïJ�¿� �§<
ÐÏ¢h��@¿���|?6�n@��q< <�� ���ÖÎp����Á7?6������@�Aq��@¿�Ô���q��������������@�@B<��n��<hA ÓÖCB�-?+�q���Ú��@BAq<U�d�²Áw�n�n��<��

ε
<hA��ÔA��n@¿�BAq���®�B?6��<s��L�@ø�q<�¦�?6@B¢qèB<�C

Aq���Ñ�-?��Bó����q< T � T Y�C§�����qA V���£ ��@B<�@B��@dÕ®�n�n@B�3?6���n�q� V���?��d�|?6���WV¿�B<�<hAq�ÙA����Ú<�������Aq�h< �>�-? ����� ��<Jï��m� �§<�C§��@B<�<Öëd¢��n�|?6������@
σ
Aq�n@��BAq���®�B?6��<J�nÁw���n�WV¿�B< ��@B<��q������@BAq<

ε
@B��@�A��n@¿�BAq���®�B?6��<s�¿LÑ@���?6������¢����n��<��3C¿��< Áw�n�n��<��&��?�AqAq<�<�@7Á}�3Ç§<�@�@B<J�f£ ��@B<

���ÖÎp����Á7?6������@
ε0

�4��@B<>���ÖÎÏ����Á7?6������@
ε′0
��Ò �fÇ²?4�d�n�-?6�|?6������@��d��Áw�n�n��<���CB�����q<h¢����R��¢3?6������@��d��A��nó�@�?6� � EH�B�N^ g � �

;�<}Á���Á}<7�|?6��Aq��@�@B<�Á}<�@��4<hA�� �Ú��AqA��n����<�<�@/�q<���Á}<7�f£¥��@B<���ó���<������q<�@¿����<��n��<
Ep
�áKM��ÁwÁ}<

σ =
∂Ep

∂ε

Cf�-?ø@B��@dÕ
�n�n@B�3?6���n�q� V¿��?��d�|?6���WV¿�B< ��<a�-?]�q<��-?6������@�¢h��@����|?6�n@¿�q< Õ����ÖÎp����Á7?6������@W¢h�����q<hA��Ú��@B�W?6�[�q<���Á}< ¢������WV��B<P��<a�-?
�q<��-?6������@#��@B<���ó���<wÕU���ÖÎÏ����Á7?6������@H��â¿���+�-? �Bó����q< T � T ^dCf�®£¥��@B<���ó���<������q<�@¿����<��n��<�<hAq� �q<����q�hAq<�@��q�h<&<�@/Îp��@B¢�������@1��<
�-?}���ÖÎÏ����Á7?6������@H� �á�����J��< �Ú<����n�q<hAH���ÖÎp����Á7?6������@BA3CB�®£ ?6�����q�3ëm�nÁ7?6������@�è�?6��Á}��@��WV��B<²Ð

Ep ∝ ε2 ÓÔ�d�������q<�@¿����<��á<hA��Aq� �7A|?6@��q<s�§����������<ÔÎÏ�����q<hAÑ���ÖÎp����Á7?6������@BA3C¿¢h<Ô�����q<�@¿����<�� ��<�¦m��<�@���?6@�è�?6��Á}��@��WV¿�B<�C¿��<é�q<���Á}<
ε3 ¢������WV¿�B< ��<�¦m��<�@���nÁw�Ú�����|?6@��3CB��<>Áw�n�n��<���Aq<>�d�n�-?6�q< <�@�Á}�3Ç§<�@�@B<s��G`��@B<U�q�����q<+?6�����q< �h¢|èB<��n��<+��<UÎÏ�q��V¿�B<�@B¢h<�CB¢�£¥<hA��Ô��<U��èB��@B��Á}ù�@B<

��<+�-?7�d�n�-?6�|?6������@$��èB<���Áw�WV¿�B<4�B?6@BA���<hAJAq���n����<hA3CÚ?�AqAq�m¢���� �7�®£ ?6@�è�?6��Á}��@���¢��n�q�w�d�������q<�@¿����<��F�f£ �n@¿�q<��|?�¢�������@��n@��q<��ÆÕ
?6�q��Áw�WV¿�B< A�������A ��?6�Ô��<hA ��èB��@B��@BA ��èB<���Áw�WV¿�B<hA!�
9 É � ÉWqfÉ i É i 	�"%$2/G6?*?;!4Z�+*?"�� $�&b'36?4JjBj:81<�81��� ;�<¶��èB��@B��Á}ù�@B<¶��<�¢��-?6���Ú<�Á}<�@��¯?6����?6�|?#_��������qA V��B<¯�-?
���ÖÎp����Á7?6������@�?�¢h���BAq���WV��B< <hAq�HA����Ú������<����q< �4�-?4���ÖÎp����Á7?6������@ÊA��|?6���WV¿�B< �d��¢h��@¿�|?�¢��J¢h��@BA��������q�s��Ò
��¢h�����q<hAq����@B� �
�®£¥����¦§<��������q<é������A ���-? ÎÏ<���Á}<������q<Ô�d�4¢h��@��|?�¢��ÙA|���BAá�®£ ?�¢�������@w��<M�®£¥��@B��<Ô?�¢h���BA����WV¿�B<s�6G �®£¥�h¢qèB<��n��< �f£ ��@w¢h��@��|?�¢��3C�¢h<
��èB��@B��Á}ù�@B<+<hA��éÎp?�¢��n��<�Á}<�@¿�����h¢����n�H<�@��n@����q�m�d����A|?6@����-?4�d��A������n����������@Ê��<>ïJ<3?h¦m��A�����<>@B���q�h<

H
�B?6@BA �-?��q<��-?6������@

��<>ïJ<����\[ �
σ = σ0 + σ̃ = C(ε0 + ε̃)3/2H(ε0 + ε̃)

Ð T � Ä�Â§Ó
�F?6�Ô¢h��@�¦§<�@¿������@�CB�B?6@BAé¢h<����q<JA|<h¢�������@�C¿��@B<J¢h��Áw���q<hAqA�����@ø¢h�����q<hA��Ú��@B� �

σ0 > 0
<��

ε0 > 0
��â¿� |ε̃| � |ε0|

C¿�n��@�£ Ç
?7��?�AU��<4¢��-?6����<�Á}<�@¿�3CÚ�-?}�q<��-?6������@/¢h��@¿���|?6�n@��q<4ÕÔ���ÖÎÏ����Á7?6������@��Ú<����UAq<4����¦§<���������<��><�@�Aq������<���<�ð�?hÇm�����><��J�-?
@B��@dÕ®�n�n@B�3?6���n�q���Ú<���� �����q<��|?6Á}<�@B�h< �}��@B<�@B��@dÕ®�n�n@B�3?6���n�q� V���?��d�|?6���WV¿�B<s��â¿�á<�@��q<�¦�?6@B¢|èB<�C �-?}���n����?6���>�d�Ê�q<�Áw�BA
|ε̃| � |ε0|

CB?6�����qAjC
σ ' C(ε̃)3/2H(ε̃)

Ð T � Ä�Ä§Ó
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D1$��I7

;Ñ£ ?6Áw���n�n���B��< ��<a�®£ è�?6��Á}��@��WV¿�B<�Â]ó§��@B���q�h<Pó�� � ¢h< �]¢h<����q<P@B��@dÕ®�n�n@B�3?6���n�q� A��Ú�h¢��R�NV¿�B<�Ð T � Ä�Ä�Ó���<����ÆÕ �����q<
�����q<�@¿�B< <�@�¢3?6��¢����-?6@�����<>¢h�¿<��7¢���<�@¿����<U�-?4Aq������<+��<>DB��������<��H��<U�-?w¢h��@¿���|?6�n@��q<�Ð T � Ä�Ä¿Óé?�AqAq�m¢���� �w�®£ è�?6��Á}��@��WV��B<
ÂøÐ

2ω
Óé<�� <�@Ê¢h��@BA��������|?6@�����@B< <Öëd¢��n�|?6������@ÊA��n@��BAq���®�B?6��<

ε̃a sin θ
C��67

θ = ωt
�

σ(2ω) '


 1

π

2π∫

0

C(ε̃a sin θ)3/2H(ε̃a sin θ) cos(2θ)dθ


 cos(2ωt) ,

σ(2ω) '


Cε̃

3/2
a

π

π∫

0

(sin θ)3/2 cos(2θ)dθ


 cos(2ωt) ,

σ(2ω) ∝ ε̃ 3/2
a cos(2ωt) .

Ð T � Ä5d¿Ó
;Ñ£ �n@��q��ó��|?6��<1�q<hA��|?6@��q<���<����ÊA3£¥<Öëm�����nÁ}<�� �a�®£ ?6����</�f£ �n@¿�q��ó��|?6��<hA�<��n�n�n�����WV¿�B<hA!�UKM<��q�hA����n�|?6�#Ð T � Ä5ddÓ&Á}��@����q<
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ω−ω → 0
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Ð �n@B�����Ú<�@B�B?6@��q<���<
ω
Ó V���£ �n�ÚÎ®?6���H<Öëd���|?6�n�q< ��<U�-?4�q<��-?6������@1Ð T � Ä�Ä�Ó �

σ(0) ' 1

2π

2π∫

0

C(ε̃a sin θ)3/2H(ε̃a sin θ)dθ ,

σ(0) ' Cε̃
3/2

a

2π

π∫

0

(sin θ)3/2dθ ,

σ(0) ∝ ε̃ 3/2
a .

Ð T � Ä�À§Ó
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PbY6QSB9Gc='=@<>ACL�RF�a[aB9At=@?'YZ?@<>DMEHG2<XLS<X?@<bYZP>G

P0
=9ACLF?,[STchJB@<X?9Gc=:Q.YZB¶t

σin
ij = −B

(
−div~U in

)κ
δij = −P0δij .

��ka�^sj£
¹�L·[STJijGJP>ACQSQ0GJIKGJLF?k[SG�hcGJ?@?9G�B9GJPbYZ?@<>ACLµhcACLM?@B'YZ<XLF?9G�_6[STo�°ACB@I|YZ?@<>ACLµYZES?9ACESBk[SG�PbY�hcACLH[a<X?@<>ACLµ<XLS<X?@<bYZP>G�[SG

hcACLM?@B'YZ<XLF?9G4=@?'YZ?@<>DFEHGtN.GJL�hcACLH=@<>[STJB'YZLF?w[SG%QSPXEH=:ESLHG%Q0GJB@?@ESB@e.YZ?@<>ACLgYChcACEH=@?@<>DMEHG�Gc=@?:TchJB@<X?9G}=9ACEH=�PbY6�°ACB@IKG t

σij = σH
ij − σin

ij ' κB1/κP
(κ−1)/κ
0

[(
div~U

)
− κ − 1

2
B1/κP

−1/κ
0

(
div~U

)2
]

,
��ka�nm��j£

A�i |div~U | ≡ |div~UH − div~U in| � |div~U in| ����Y�hcACIVQ.YZB'YZ<>='ACL�[SGc=4TcDFE.YZ?@<>ACLH=k��ka�ryj£%GJ?k��ka�nm��F£,�°ACESB@LS<X?}P>Gc=
[STJQ0GJLH[HYZLHhcGc=%=@ESB�PbY|QSB9Gc=9=@<>ACLgRF�a[aB9At=@?'YZ?@<>DMEHG4[SG4PbY|iM<X?9Gc=9='G}[SG�QSB9ACQ.YZ�FYZ?@<>ACL�YChcACEH=9?@<>DFEHG4e.YC=9=9G��¤B9TcDMEHGJLHhcG4GJ?
[SG�PbYWLHACLa_dPX<XLHTOYZB@<X?9T­DME.YC[aB'YZ?@<>DMEHG�Go§0GchJ?@<XijGt�v¥�L·Q.YZB@?@<>hJESPX<>GJBONv[HYZLH=KP>G�hOYC=f[]\ ESLµYZB@B'YZLS�jGJIKGJLM?fQ.YZB��dYZ<X?f='YZLH=
Q0GJB@?9Gc=k[SG­hcACLM?'YChJ?9=�GJLF?@B9GWP>Gc=leS<XPXP>Gc=Wpm��GJPbs ¿ N¾�µRS<bx ¿ Nbj At='sts®z

κ = 3/2
N

c0 ∝ P
1/6
0

N
Γ2 ∝ P

−2/3
0

�wq*ACEH=
hcGJB@?'YZ<XLHGc=6hcACLH[a<X?@<>ACLH=�Gon*Q0TJB@<XIKGJLF?'YZP>Gc={N�ESLHGf[STJQ~GJLH[HYZLHhcGfQSB9AMh'RHG|[SG

c0 ∝ P
1/4
0

Gc=9?}ACeH=9GJB@ijTcGgpm�t<bYtstsZz`��j GJPbY
Q0GJES?}QSB9A{ijGJLS<XBV[SGKPbY­[STJQ~GJLH[HYZLHhcGl[aE�LHACI4eSB9GlYChJ?@<¢�w[SG|hcACLF?'YChJ?9=V=9ESB}PbY�QSB9Gc='=@<>ACL�=9?'YZ?@<>DFEHG­p A AM[Hs �®z�ACE�[SG
PbY|[STJiM<bYZ?@<>ACL"YZE�LS<XijGOYZEW[aEWhcACLF?'YChJ?%=9GJESP�[SG}PbYVP>AC<�[SG};wGJB@? >4[aEHG�YZEan­YC=@Q0TJB@<X?9Tc=,[SGc=,eS<XPXP>Gc=4p A AM[Hs �Zz`�fj G}hOYC=
hcACB@B9Gc=9Q~ACLH[Ps

κ = 2
GJ?

Γ2 ∝ P
−1/2
0

�
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¥�L�=@ESeH=9?@<X?@E.YZLF?:PbY6B9GJPbYZ?@<>ACL�hcACLM?@B'YZ<XLF?9G�_¾[STo��ACB@I|YZ?@<>ACL���ka�ryt£ [HYZLH=4��ka� =*£oN*Pd\mTcDFE.YZ?@<>ACL�[]\mACLH[SG�LHACL�PX<XLHTOYZ<XB9G
Gc=@?:[STc[aES<X?9Gxt

[
∂2

∂t2
− c2

0∆ + L̂

]
(div~U ) = −c2

0Γ2∆(div~U )2 ,
��ka�nm�m{£

A�i|ESLlACQ~TJB'YZ?9GJESB PX<XLHTOYZ<XB9G�<XLM?9TJ�tB9AZ_`[a<¢§0TJB9GJLM?@<>GJP
L̂
Gc=9? Y®�@ACES?9T:Q0ACESB¾?9GJLS<XBvhcACIVQS?9Gw[SG:PbY�Q~At='=@<XeSP>G�[a<>=@Q0GJB9=@<>ACLl[SG

iM<X?9Gc='=9GtN.[SG4Pd\^YZeH=9ACB@QS?@<>ACL�N]GJ?%[SG}PbYf[a<¢§~EH=9<>ACLW[SGc=%ACLH[SGc=2YChcACEH=@?@<>DMEHGc=O�~¥�L"=@ES<XiCYZLM?,Pd\^YZQSQSB9A*h9RHG�?@B'YC[a<X?@<>ACLSLHGJPXP>G
pmu,A{iaxjy{z`N0PbYk='ACPXES?@<>ACL�[SG�Pd\mTcDFE.YZ?@<>ACL·��ka�nm�m®£wGc=9?wQSB9Tc='GJLF?9TcGKhcACIVIKGVESLHGV=9ESQ~GJB@Q0At=@<X?@<>ACL"[]\ ESL�h9R.YZIVQ�[]\mACLH[SGc=
QSB@<XI|YZ<XB9Gc=K;hg �¤LHAC?9T ~Uω

£4GJ?V[]\ ESL²h9R.YZIVQ²[]\mACLH[SGc=|=9GchcACLH[HYZ<XB9Gc=V�wg �¤LHAC?9T ~UΩ
£oN�YOijGch ~U = ~UΩ + ~Uω

����Y
=9TJQ.YZB'YZ?@<>ACL­[SGc=,TcDFE.YZ?@<>ACLH=�Q~ACESB ~UΩ

GJ?,Q~ACESB ~Uω
=9G%�dYZ<X?:Q.YZB:IKA{�jGJLSL.YZ�jG�=@ESB�ESLHG�Q0TJB@<>AM[SG}[SG2Pd\mACLH[SG};hg�NHGJ?

GJL�LHTJ�tPX<X�jGOYZLF?wPd\mGonahJ<X?'YZ?@<>ACL­[SGc=�R.YZB@IKACLS<>DFEHGc=w=@ESQ0TJB@<>GJESB9=:[HYZLH=:P>G2h'R.YZIVQ­;hgºpmu,A{iaxjy{z`�

[
∂2

∂t2
− c2

0∆ + L̂

]
(div~Uω) = 0

��ka�nm�kj£
[

∂2

∂t2
− c2

0∆ + L̂

]
(div~UΩ) = −c2

0Γ2∆〈(div~Uω)2〉 .
��ka�nm ¿ £

�¦\mTcDME.YZ?@<>ACL²��ka�nm�kj£:[STchJB@<X?wPbYKQSB9ACQ.YZ�FYZ?@<>ACLWe.YZPX<>=@?@<>DMEHGtN8Pd\^YZeH=9ACB@QS?@<>ACL"GJ?,PbY|[a<¢§~EH=@<>ACLW[]\mACLH[SGc=2YChcACEH=@?@<>DMEHGc=
;ºg»��TJijGJLF?@EHGJPXP>GJIKGJLM?kIKAM[aESP>TcGc=KGJLµYZIVQSPX<X?@EH[SG{£6B'Yc�jACLSLHTcGc=l[HYZLH=VP>GkIV<XPX<>GJE²Q.YZBKESL²TJIKGJ?@?9GJESBO�v�¦\mTcDME.YZ?@<>ACL
��ka�nm ¿ £,[STchJB@<X?2Pd\mGonahJ<X?'YZ?@<>ACL�[SGc=2ACLH[SGc=}YChcACEH=9?@<>DFEHGc=2�wg½�tB�
ChcG�YZEWQSB9A*hcGc=9=@EH=2[SG�[STJIKA*[aESPbYZ?@<>ACL�LHACLWPX<XLHTOYZ<XB9Gt�
��YkLHAC?'YZ?@<>ACL 〈. . .〉 Gc=9?�ES?@<XPX<>=9TcGVQ0ACESB}[STc=@<X�tLHGJB�Pd\mACQ0TJB'YZ?@<>ACL�[SGKIKAO�jGJLSL.YZ�jGl=@ESB2ESLHGVQ0TJB@<>AM[SGK[SGKPd\mACLH[SG|;hg �
� ACESB4=@<XIVQSPX<¢¡.GJBON]PbYk[a<>=@Q0GJB9=@<>ACL�N]Pd\^YZeH=9ACB@QS?@<>ACL�GJ?2PbY�[a<¢§~EH=9<>ACL�[SG�Pd\mACLH[SGK�wgµ='ACLF?�LHTJ�tPX<X�jTcGc=O��qM<�P>G�?9GJB@IKGK[SG
[aB9AC<X?9G�[SG�Pd\mTcDME.YZ?@<>ACLg��ka�nm ¿ £�Gc=@?¾hcACIVQ.YZB9TwYcijGch:PbY2QSB9Tc=9GJLF?'YZ?@<>ACLk[SG:PbY2[SGJLH=9<X?9T�[]\mTJLHGJB@�t<>G:Q0AC?9GJLF?@<>GJPXP>GwTJPbYC=@?@<>DMEHG
[HYZLH=�Pd\mTcDME.YZ?@<>ACLk��ka�^�M£oNO<XPFGc=@? Q~At='=@<XeSP>G¦[]\^YZQSQSB9Acna<XIKGJB�hcG¦?9GJB@IKGv[SG¾[aB9AC<X?9GvQ.YZB − 2

ρ0
∆〈Wω〉

N{A�i
Wω

Gc=@? Pd\mTJLHGJB@�t<>G
Q~AC?9GJLM?@<>GJPXP>G2[aE�h9R.YZIVQ�YChcACEH=@?@<>DMEHG2;ºg��*¥�LkQSB9GJL.YZLF?:GJL�hcACIVQS?9GwP>G��dYZ<X?�DFEHGwPd\mTJLHGJB@�t<>GwQ~AC?9GJLM?@<>GJPXP>G}YChcACEH=@?@<>DMEHG
[aEkQ.YCDFEHGJ?�[]\mACLH[SG%Gc=@?�TJ�FYZP>G�s4='ACLkTJLHGJB@�t<>G2hJ<XLHTJ?@<>DMEHGV��GJLkIKAO�jGJLSLHG�=@ESB ESLHG%Q0TJB@<>AM[SG{£oNaGJ?�GJLl=9ESQSQ~At='YZLM?�ESLHG
�jTcACIKTJ?@B@<>G2ESLS<>[a<XIKGJLH=@<>ACLSLHGJPXP>GtN8Pd\mTcDFE.YZ?@<>ACL´��ka�nm ¿ £ Gc=@?�B9TcTchJB@<X?9G�='ACEH=�PbY6�°ACB@IKG t

[
∂2

∂t2
− c2

0

∂2

∂x2

]
UΩ = −Γ2

ρ0

∂

∂x
〈W ω〉 ,

��ka�nm�=M£
A�i

UΩ
Gc=@?�PbY�hcACIVQ0At='YZLM?9G|=9GJP>ACL

x
[aE�[STJQSPbYChcGJIKGJLM?6�wg¸GJ? 〈W ω〉 = 2〈Wω〉 = ρ0〈

(
∂Uω
∂t

)2〉 ≡ ρ0〈v2
ω〉

Gc=9?
PbY|[SGJLH=9<X?9T4[]\mTJLHGJB@�t<>G6?9AC?'YZP>G�[aEgh'R.YZIVQ�YChcACEH=@?@<>DMEHG4;hg �

Uω
GJ?

vω
=9ACLM?%B9Gc=@Q~GchJ?@<XijGJIKGJLM?2P>G4[STJQSPbYChcGJIKGJLM?�GJ?

PbYgiM<X?9Gc='=9GkQ.YZB@?@<>hJESPbYZ<XB9G­[aE½h9R.YZIVQ½YChcACEH=@?@<>DMEHG�;hg¦£o��¥�L½YChchcACB9[µYcijGch�Pd\mTcDME.YZ?@<>ACL���ka�nm�=*£oN�P>G�QSB9AMhcGc=9=9EH=K[SG
[STJIKAM[aESPbYZ?@<>ACLWY6PX<>GJE�[HYZLH=�P>Gc=�B9TJ�t<>ACLH=,[SG2itYZB@<bYZ?@<>ACL�=@Q.YZ?@<bYZP>G�[SG%PbYV[SGJLH=9<X?9T�[]\mTJLHGJB@�t<>G�;hg �

�¦\mTcDME.YZ?@<>ACL�Q0ACESB�P>G,?@B'YZLH=9Q~ACB@?:[]\mTJLHGJB@�t<>G2Q.YZB�ESL�Q.YCDMEHGJ?:[]\mACLH[SG}YChcACEH=@?@<>DMEHG%QSPbYZLHG�;hg�NM<>='=@EHG%[SGK��ka�nm�kF£oN
Y6PbY4��ACB@IKG¸t

cg(ω)
∂

∂x
〈Wωb〉 +

∂

∂t
〈Wωb〉 +

1

τ(ω)
〈Wωb〉 = 0 ,

��ka�nm À £
A�i

cg(ω)
Gc=@?kPbY�i*<X?9Gc=9=9Gg[SGg�tB9ACESQ~G"[SGgPd\mACLH[SG"YChcACEH=@?@<>DMEHG�s�PbY���B9TcDMEHGJLHhcG­Q0ACB@?9GJEH=9G

ω
N�GJ?

τ(ω)
Gc=@?kP>G

?9GJIVQH=�hOYZB'YChJ?9TJB@<>=@?@<>DMEHG}[]\^YZ?@?9TJLME.YZ?@<>ACL�N8[STJQ0GJLH[HYZLF?w[SG2PbY6��B9TcDFEHGJLHhcGtN.GJ?:DFES<�<XLHhcACB@Q0ACB9G¶s�PbY���AC<>=�Pd\^YZeH='ACB@QS?@<>ACL
�¤QSB@<>=9GKGJL�hcACIVQS?9GfYcijGch|P>GV?9GJIVQH=6hOYZB'YChJ?9TJB@<>=@?@<>DFEHG

τa(ω)
£2GJ?�PbY�[a<¢§~EH=@<>ACLº�¤QSB@<>=9G|GJL�hcACIVQS?9GfYcijGchfP>GV?9GJIVQH=

hOYZB'YChJ?9TJB@<>=@?@<>DMEHG
τs(ω)

£oN YOijGchVPbYkB9GJPbYZ?@<>ACL
τ−1(ω) = τ−1

a (ω) + τ−1
s (ω)

�
j GJ?@?9GKTcDME.YZ?@<>ACLµ��ka�nm À £wGc=@?�itYZPbYZeSP>G
Q~ACESB�ESL�Q.YCDFEHGJ?�[]\mACLH[SGtN8ht\mGc=@?ºs�[a<XB9G2P>ACB9='DFEHG

ω
Gc=@?�Q0GJ?@<X?�[SGJitYZLF?

1/τm
�SuwAC?9ACLH=�DME�\ ESL�Q0At=9=@<XeSP>G2TJ?'YZP>GJIKGJLF?

[aE�Q.YCDFEHGJ?,[]\mACLH[SG�;ºg�NShOYZEH=9T�Q.YZB:PbY�[a<>=@Q0GJB9=@<>ACL�[SG%i*<X?9Gc=9=9G2[SG2�tB9ACESQ0GtNHGc=@?�LHTJ�tPX<X�jT�[HYZLH=�Pd\mTcDFE.YZ?@<>ACL���ka�nm À £o�
�¦\ <XLH[a<>hcG ¨

b
ª�[HYZLH=�Pd\mTcDME.YZ?@<>ACL´��ka�nm À £�<XLH[a<>DMEHG4DMEHG�hcGJ?@?9G6TcDFE.YZ?@<>ACLgGc=@?�itYZPbYZeSP>G}=9GJESP>GJIKGJLM?,Q0ACESB,[SGc=,Q.YCDMEHGJ?9=
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[]\mACLH[SGc=w;hg±DFES<�=9G2QSB9ACQ.YZ�jGJLF?%e.YZPX<>=@?@<>DMEHGJIKGJLF?O�0��Gc=,ACLH[SGc=,[a<¢§0EH=9TcGc=w=9ACLF?w=@ESQSQ0At=9TcGc=�=9G}QSB9ACQ.YZ�jGJBw[SG��°Y��cACL
[a<¢§0EH=@<XijG%?9GJP�DMEHG%P>GJESB:?@B'YZLH=@Q0ACB@?�[]\mTJLHGJB@�t<>G�Gc=9?:[STchJB@<X?�Q.YZB�ESLHG�TcDME.YZ?@<>ACL�[SG�[a<¢§0EH=@<>ACL�t

∂

∂t
〈Wωd〉 = D(ω)

∂2

∂x2
〈Wωd〉 −

1

τa(ω)
〈Wωd〉 +

1

τs(ω)
〈Wωd〉 ,

��ka�nmO�j£

A�ilPd\ <XLH[a<>hcG ¨
d
ª,Gc=@? ES?@<XPX<>=9TwQ~ACESB�[STc=@<X�tLHGJB�PbY6[SGJLH=@<X?9T%[]\mTJLHGJB@�t<>G�YChcACEH=@?@<>DMEHG%DFES<]Gc=@?�[a<¢§~EH='TcGwGJ?�QSB9A{ijGJL.YZLF?�[aE

h'R.YZIVQ�YChcACEH=@?@<>DMEHGVhcACRHTJB9GJLF?};hg�N~GJ?
D(ω)

[STc=@<X�tLHG�P>G�hcA*G�r|hJ<>GJLF?}[SG�[a<¢§0EH=@<>ACL"[SG�Pd\mTJLHGJB@�t<>GV[SG6Pd\mACLH[SGV;ºg��
j G�hcAMG�r|hJ<>GJLM? [SG,[a<¢§~EH=@<>ACLfGc=@?¾TJ�FYZP	s

D = cel
∗/3

NMA�i
ce
Gc=@?¾PbY%i*<X?9Gc=9=9G�[SG:QSB9ACQ.YZ�FYZ?@<>ACLk[SG�Pd\mTJLHGJB@�t<>GtNMDMES<.Gc=@?

[STo¡HLS<>GwhcACIVIKGwP>G�B'YZQSQ0ACB@?�[aE|³HEan|[]\mTJLHGJB@�t<>G2=9ESB¾PbY4[SGJLH=@<X?9T%[]\mTJLHGJB@�t<>GtN*GJ?
l∗
Gc=@? P>G,PX<XeSB9G�Q.YZB9hcACESB9=�IKA{�jGJLk[SG

?@B'YZLH=9Q~ACB@?4��ACE�PbYV[a<>=@?'YZLHhcG}DMEHG%P>Gc=�ACLH[SGc=,[SAC<XijGJLF?wQ.YZB9hcACESB@<XBwYOiCYZLM?,DMEHG2P>GJESB�[a<XB9GchJ?@<>ACL­[SG�QSB9ACQ.YZ�FYZ?@<>ACLg=9AC<X?
hcACIVQSP>UJ?9GJIKGJLM?%B9GJLH[aEHG4YZP>TOYZ?9AC<XB9G{£}pm��YZ�Fs À N	q*h9R.sjyZz`�.� P YZQSQ.YZB'YZ<X?wDMEHG�[HYZLH=,P>Gc=:IV<XPX<>GJEan��°ACB@?9GJIKGJLF?%[a<¢§~EH=�YZLF?9=ON
PbYli*<X?9Gc=9=9GV[SGKPd\mTJLHGJB@�t<>G

ce
[a<¢§]UJB9GVP>TJ�jUJB9GJIKGJLM?4[SGVPbYki*<X?9Gc=9=9GV[SGK�tB9ACESQ~G

cg
p�q*h'R.sjy®z`����ACESB4hcGJ?@?9G|YZL.YZPX�a=9GtN]P>G

hcA*G�r|hJ<>GJLF?,[SG�[a<¢§~EH=9<>ACL�Gc=@?:=@<XIVQSP>GJIKGJLM?�QSB9Tc=9GJLM?9T�=9ACEH=�PbY6�°ACB@IKG t

D ≡ d c2
g(ω) τs(ω) ,

��ka�nm{yt£
A�i

d ∼ 1
Gc=@?�ESLHG�hcACLH=@?'YZLM?9G}='YZLH=�[a<XIKGJLH=9<>ACL��.��Gc=:TcDME.YZ?@<>ACLH=4��ka�nm À £ GJ?4��ka�nmO�j£oNHGJL�IKA*[STJPX<>='YZLM?�PbY6?@B'YZLH=@<X?@<>ACL

[aE­B9TJ�t<XIKG�e.YZPX<>=@?@<>DMEHG�YZE�B9TJ�t<XIKG}[SG4[a<¢§~EH=9<>ACL�Q.YZB�ESLg=@<XIVQSP>G4?9GJIVQH=,[SG}B9GJPbY®nSYZ?@<>ACL´�¤?9GJIVQH=whOYZB'YChJ?9TJB@<>=9?@<>DFEHG
[SG4[a<¢§~EH=9<>ACL

τs(ω)
£oN8=9<XIVQSPX<¢¡.GJLF?wPbYZB@�jGJIKGJLF?%PbYVB9TOYZPX<X?9TtN~GJL�<X�tLHACB'YZLM?%GJL­Q.YZB@?@<>hJESPX<>GJBwhcACIVQSP>UJ?9GJIKGJLM?2P>Gc=�Go§]GJ?9=

hcACRHTJB9GJLM?9=�<XLF?9GJB@IKTc[a<bYZ<XB9Gc=:pm¬ ACE � �HNZ¯%GJB��_mOYZz`��j GJQ0GJLH[HYZLF?ONChcG IKA*[SUJP>GvGc=@?�=@EH=9hcGJQS?@<XeSP>G [SG�[STchJB@<XB9G�hcACB@B9GchJ?9GJIKGJLF?
P>Gc=�hOYZB'YChJ?9TJB@<>=@?@<>DFEHGc=,DFE.YZPX<X?'YZ?@<XijGc=,[SG2e.YC=9G2[SG2Pd\mGo§]GJ?�Q.YZB'YZIKTJ?@B@<>DMEHG}TJ?@EH[a<>Tt�

GIH B,H&G ¼�a ¿�T,E�½�a
] `ba TRYu¿�Q OR[�`.¿:LN^_QUcdQU]GE�OE[UcdaIORT.¿�[

��Gc=,hcACLH[a<X?@<>ACLH=2YZEan�PX<XIV<X?9Gc=,Q0ACESB,P>G�³HEan�[]\mTJLHGJB@�t<>G�YZE­LS<XijGOYZE"[SG�Pd\mTJIKGJ?@?9GJESB�YChcACEH=@?@<>DMEHG}QSPbYChcT6[HYZLH=�P>G
QSPbYZL

x = 0
=9ACLF?5t

cg(ω)〈Wωb〉 = Iωf(t/τm) ,

Dω
∂

∂x
〈Wωd〉 = 0 ,

��ka�nmOxj£

A�i
Iω

[STc=@<X�tLHG�Pd\ <XLM?9GJLH=@<X?9T:[SGc=¦ACLH[SGc=vYChcACEH=@?@<>DFEHGc=¾;ºggTJIV<>=9Gc=�Q.YZB�ESLV?@B'YZLH=9[aEHhJ?9GJESB¾[HYZLH=¦P>G�IV<XPX<>GJEV�tB'YZLFESPbYZ<XB9G
GJ?

f(t/τm)
[STchJB@<X?�PbYlIKA*[aESPbYZ?@<>ACL�[SG�Pd\ <XLM?9GJLH=@<X?9T|[aE"Q.YCDMEHGJ?}[]\mACLH[SGK;hg �

τm
Gc=@?2P>G�?9GJIVQH=4[SG�IKAM[aESPbYZ?@<>ACL

hOYZB'YChJ?9TJB@<>=9?@<>DFEHG{£o�8��Y�=9GchcACLH[SG�hcACLH[a<X?@<>ACL­PX<XIV<X?9G2Q~ACESB�Pd\mTcDFE.YZ?@<>ACL���ka�nmO�M£

〈Wωd(x → ∞)〉→0 ,
��ka�nmOsj£

Gc=9?wES?@<XPX<>='TcG�Q~ACESB2QSB9GJLH[aB9GVGJL�hcACIVQS?9GVPbYl[a<XIV<XLMES?@<>ACL�[]\mTJLHGJB@�t<>GV?@B'YZLH=@Q0ACB@?9TcG�Q.YZB2P>Gc=2ACLH[SGc=�;hg½[aEHGxslP>GJESB
YZeH='ACB@QS?@<>ACL�� ��Gc=f=9ACPXES?@<>ACLH=k[SGc=kTcDME.YZ?@<>ACLH=W��ka�nm À £VGJ?"��ka�nmO�F£V[HYZLH=lP>Gg[SACI|YZ<XLHG���B9TcDMEHGJLF?@<>GJPdN�=9ACESIV<>=9Gc=kYZEan
hcACLH[a<X?@<>ACLH=�PX<XIV<X?9Gc=4��ka�nmOxF£ GJ?}��ka�nmOsM£�=9ACLF?»t
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〈W̃ωb〉 =
Iω

cg(ω)
f̃(Ω)e

h
− 1

cg(ω)

“
1

τ(ω)
−iΩ

”i

,
��ka��k �j£

〈W̃ωd〉 =
Iω

cg(ω)D(ω)τs(ω)
f̃(Ω)

1

1
c2g(ω)

(
1

τ(ω) − iΩ
)2

− 1
D(ω)

(
1

τa(ω) − iΩ
) ×





1
cg(ω)

(
1

τ(ω) − iΩ
)

√
1

D(ω)

(
1

τa(ω) − iΩ
)e

−

r
1

D(ω)

“
1

τa(ω)
−iΩ

”
x
− e

− 1
cg(ω)

“
1

τ(ω)
−iΩ

”
x





,
��ka��k_m{£

A�i

〈W̃ωb,d〉 ≡
∫ +∞

−∞
〈Wωb,d〉eiΩtdt ,

f̃(Ω) ≡
∫ +∞

−∞
f(t)eiΩtdt .

�¦\mTJLHGJB@�t<>G2?9AC?'YZP>G2[aE�h'R.YZIVQ­YChcACEH=@?@<>DMEHG2;ºg�NaDFES<]Gc=@?�hcACIVQ0At=9TcG2[]\ ESLHG%Q.YZB@?@<>G%e.YZPX<>=@?@<>DMEHG2GJ?�[]\ ESLHG%Q.YZB@?@<>G
[a<¢§~EH=9<XijG2Gc=@?:=@ESeH=@?@<X?@EHTcG�[HYZLH=�PbY6Q.YZB@?@<>G�[aB9AC<X?9G}[SG%Pd\mTcDME.YZ?@<>ACL���ka�nm�=*£�t

〈W ω〉 = 〈Wωb〉 + 〈Wωd〉 .��Y"='ACPXES?@<>ACL·[SGkPd\mTcDFE.YZ?@<>ACL���ka�nm�=*£�='YZ?@<>=��dYZ<>='YZLM?¸sWPbYWhcACLH[a<X?@<>ACL·PX<XIV<X?9G
UΩ(x = 0) = 0

YZE²LS<XijGOYZE·[SG
Pd\mTJIKGJ?@?9GJESBwYChcACEH=@?@<>DMEHG�;hg�GJ?hs6PbYVhcACLH[a<X?@<>ACL�[SG5q*ACIVIKGJB��°GJP>[�s6Pd\ <XLa¡HLS<dN.YVPbY4��ACB@IKG

ŨΩ ≡ ŨΩe
−i Ω

c0
x ≡ ŨΩb + ŨΩd

∼= ��ka��k�kj£

∼= Γ2Iω

ρ0c2
0cg(ω)

f̃(Ω)

1
cg(ω)

(
1

τ(ω) − iΩ
)

1
c2g(ω)

(
1

τ(ω) − iΩ
)2

+ Ω2

c20



1 +

1

τs(ω)
(

1
τa(ω) + D(ω)Ω2

c20
− iΩ

)



 ,

A�i
ŨΩ ≡

∫ +∞
−∞ UΩeiΩtdt

�~¥�LghcACLH='TcDFEHGJLH=9GtN
ŨΩ

[STc=@<X�tLHG4P>G4=9Q~GchJ?@B9G4[SG}Pd\ <XIVQSESP>=@<>ACL�YChcACEH=@?@<>DMEHG6� g²�jTJLHTJB9TcG
Q.YZB�Go§0GJ?�Q.YZB'YZIKTJ?@B@<>DMEHG�[HYZLH=�P>G2=@�a=@?9UJIKGw[SG2hcAMACB9[SACLSLHTcGc=:='Gw[STJQSPbY��OYZLM?hs4PbY4iM<X?9Gc='=9G%[SGc=�ACLH[SGc=�YChcACEH=@?@<>DMEHGc=
�wg � ��Y�=9ACPXES?@<>ACL ��ka��k�kF£|Gc=@?liCYZPbYZeSP>GWGJL¸[SGJRHACB9=k[aE ¨ hcACB@QH=@ª­[SGgPd\^YZLF?9GJLSLHGWQ.YZB'YZIKTJ?@B@<>DMEHGtN�DFES<2GJL¸YChchcACB9[
YcijGch���ka��k_mZ£oN¦Gc=@?VPX<XIV<X?9T�[HYZLH=|Pd\mGc=@Q.YChcG�Q.YZBKP>Gc=V<XLHTJ�FYZPX<X?9Tc=

x ≤ max{cg(ω)τ,
√

D(ω)τa(ω)} �¾�`P��±YW[SGJEan
hcACLF?@B@<XeSES?@<>ACLH=2YZE�=@<X�tL.YZP�Q.YZB'YZIKTJ?@B@<>DFEHG6�wgº��[STc=9<X�tLHTcGc=�Q.YZB

ŨΩb
GJ?

ŨΩd
[HYZLH=�Pd\mTcDFE.YZ?@<>ACL´��ka��k�kF£@£ ijGJL.YZLF?w[SG

PbY�[STJIKA*[aESPbYZ?@<>ACL�[SGc= h9R.YZIVQH=�YChcACEH=@?@<>DMEHGc= ;hgke.YZPX<>=@?@<>DMEHG¾GJ?�[a<¢§~EH=@<¢�SB9Gc=@Q0GchJ?@<XijGJIKGJLF?O��jw\mGc=@? P>G¦QSB9GJIV<>GJB ?9GJB@IKG
GJLF?@B9G}YChchcACPbYC[SGc=wDMES<�hcACB@B9Gc=@Q~ACLH[ s6PbYVhcACLF?@B@<XeSES?@<>ACLW[aE�h'R.YZIVQgYChcACEH=@?@<>DMEHG�;hg�e.YZPX<>=9?@<>DFEHGt�H��YZB,hcACLH='TcDFEHGJLM?ON
Pd\mTcDFE.YZ?@<>ACL���ka��k�kF£vQ~GJES?,�J?@B9G%B9TcGchJB@<X?9G}hcACIVIKG

ŨΩ = ŨΩb + ŨΩd = ŨΩb



1 +

1
τs(ω)

1
τa(ω) + D(ω)Ω2

c20
− iΩ



 .

��ka��k ¿ £
¥�LµYChchcACB9[¸YOijGch�P>Gc=l=9ACPXES?@<>ACLH=kACeS?9GJLFEHGc="��ka��k�kF£KGJ?W��ka��k ¿ £oN¾P>G�=@Q0GchJ?@B9Gg[aE½=@<X�tL.YZP%[STJIKAM[aESP>TghcACLF?@<>GJLM?�[SGc=
<XLa��ACB@I|YZ?@<>ACLH=�=@ESB�PbY6[a<>=@Q~GJB9=9<>ACL�NaPd\^YZeH=9ACB@QS?@<>ACL�NSPbY�[a<¢§0EH=@<>ACL�GJ?�P>G%B9TJ�t<XIKG2[SG2[a<¢§~EH=@<>ACL�[aE�h'R.YZIVQ­YChcACEH=@?@<>DMEHG
;ºg�� � EHGJPXP>G�Gc=@?�PbY�=9GJLH=9<XeS<XPX<X?9T�[aE�=@<X�tL.YZP�[STJIKA*[aESP>T2=@ESB:hcGc=:[a<¢§]TJB9GJLF?9=�Q.YZB'YZIKUJ?@B9Gc=ON.GJ?:hcACIVIKGJLF?�Q0GJESijGJLF?�_d<XP>=
�J?@B9G2ACeS?9GJLFEH=wGon*Q0TJB@<XIKGJLF?'YZP>GJIKGJLM? �
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GIH��EH:J 	u[UcdaIORT.¿�L E�½�a ]XOEQ ¿�L'`RLfY E�½�Q ÀRLN¿:½�M E�½�\�TRQ ORQS¿�
 a ].OEQSOEQS`ba cd`RLfe�Q
¯%YZLH=|hcGJ?@?9G�=9GchJ?@<>ACL�N�PbY"hcACLM?@B@<XeSES?@<>ACL

Ũωb
N�GonShJ<X?9TcG�Q.YZB|[STJIKA*[aESPbYZ?@<>ACL½[SGc=|ACLH[SGc=|e.YZPX<>=@?@<>DMEHGc=K;ºg�Gc=@?

YZL.YZPX�a=9TcGt�S��Gc=�LHAC?'YZ?@<>ACLH=�=@ES<XitYZLF?9Gc=,=9ACLF?�<XLF?@B9A*[aES<X?9Gc=ON

τ± ≡ τ

(
1 ± cg(ω)

c0

)
,

V0 ≡ Γ2Iω

2ρ0c2
0

,
��ka��k =M£

Q0ACESBWP>Gc=W?9GJIVQH="hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=�GJ?WPd\^YZIVQSPX<X?@EH[SG²hOYZB'YChJ?9TJB@<>=@?@<>DMEHG²[SG�PbY·i*<X?9Gc=9=9G�Q.YZB@?@<>hJESPbYZ<XB9G²[SG�Pd\mACLH[SG
YChcACEH=9?@<>DFEHG��wg��8��G�=@Q0GchJ?@B9G6[SG4PbY|i*<X?9Gc=9=9G4Q.YZB@?@<>hJESPbYZ<XB9G

ṼΩb ≡ −iΩŨΩb
Gc=@?ON]YOijGch6hcGc=wLHAC?'YZ?@<>ACLH=ON]TchJB@<X?2=9ACEH=

PbY4�°ACB@IKGxt

ṼΩb = V0f̃(Ω)τ(ω)


 1

τ−(ω)

Ω(
Ω + i 1

τ−(ω)

) +
1

τ+(ω)

Ω(
Ω + i 1

τ+(ω)

)


 .

��ka��k À £

� Yk=9TJQ.YZB'YZ?@<>ACL�[aE"?9GJIVQH=�hOYZB'YChJ?9TJB@<>=@?@<>DMEHG|[]\^YZ?@?9TJLME.YZ?@<>ACL
τ(ω)

GJL�[SGJEanW?9GJIVQH=�hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=
τ±(ω)

Gc=@?
[aEHGÁs²PbY²QSB9Tc=9GJLHhcG�[SG�PbY·[a<>=@Q~GJB9=9<>ACL�[SG�iM<X?9Gc=9='G�[SG�QSB9ACQ.YZ�FYZ?@<>ACL�[HYZLH=­P>G�IV<XPX<>GJE �tB'YZLMESPbYZ<XB9G��

cg(ω) 6=
c0
£±pm;%YC='stsaN �gACE.stxZz`�4¯%YZLH=�hcGJ?@?9G½YZL.YZPX�a=9GtN�Pd\ <XLHTJ�FYZPX<X?9T ∂cg(ω)

∂ω < 0
Gc=9?�=@ESQSQ0At=9TcG±ijTJB@<¢¡.TcGµ[HYZLH=�?9ACES?9G

Pd\mTJ?9GJLH[aEHG|��B9TcDFEHGJLM?@<>GJPXP>GlTJ?@EH[a<>TcGt��¥�L±YChchcACB9[´YcijGchfPd\mTcDFE.YZ?@<>ACL���ka��k =*£oN
τ+(ω) ≥ τ−(ω)

� � PvGc=9?4=@ESQSQ0At=9T|DMEHG
DME.YZPX<X?'YZ?@<XijGJIKGJLF?

τ+(ω)
=9G�B'YZQSQSB9A*h9RHG%[SG

τ−(ω)
P>ACB9='DFEHG

ω
='G�B'YZQSQSB9A*h9RHG2[SGwPbY��¤B9TcDMEHGJLHhcG%[SG,hcACESQSESB9G

ωc
NMGJ?

DMEHGtNtQ.YZB hcACLH=9TcDFEHGJLM?ON
cg(ω) → 0

�M�¦\^YZL.YZPX�*='G�Gc=@?¦PX<XIV<X?9TcG%YZEanKIKA*[SGc=vYChcACEH=@?@<>DMEHGc=v;hgWQSB9ACQ.YZ�FYZ?@<¢�°=w�
ω < ωc

£oN
P>Gc=:IKAM[SGc=:TJitYZLHGc=9hcGJLM?9=:LHG�=9ACLM?�Q.YC=�hcACLH=@<>[STJB9Tc=�<>hJ<d�

¥�L�=@ESQSQ~At=�YZLF?�DFE�\mGJLk�jTJLHTJB'YZPdN*Pd\ <XLHTJ�FYZPX<X?9T 1
τ+(ω) � 1

τ−(ω)

Y�PX<>GJE�Na<XP0Gc=@?�Q~At='=@<XeSP>G,[SG%=9TJQ.YZB9GJB�P>Gw=@Q0GchJ?@B9Gw[SG
Pd\mTcDME.YZ?@<>ACL���ka��k À £ GJL�?@B9AC<>=�B9TJ�t<>ACLH=�hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=:Q.YZB,[SGc=���ACB@?9Gc=:<XLHTJ�FYZPX<X?9Tc=5t

ṼΩb
∼= V0f̃(Ω) ×





2(−iΩτ(ω))
=@<

Ω � 1
τ+(ω) ≤ 1

τ−(ω) ,

(−iΩτ(ω))
=@< 1

τ+(ω) � Ω � 1
τ−(ω) ,

τ(ω)
τ−(ω)

=@< 1
τ+(ω) ≤ 1

τ−(ω) � Ω .

��ka��kt�j£

��GkB9TJ�t<XIKGk<XLF?9GJB@IKTc[a<bYZ<XB9G 1
τ+(ω) � Ω � 1

τ−(ω)

Gc=@?|YZeH='GJLF?VP>ACB9=9DMEHGkPd\ <XLHTJ�FYZPX<X?9T 1
τ+(ω) � 1

τ−(ω)

L�\mGc=@?VQ.YC=
ijTJB@<¢¡.TcGt� qM<

f(θ) ≡ f(t/τm)
Gc=@?VESLHGl��ACLHhJ?@<>ACL½[SGkIKAM[aESPbYZ?@<>ACL·[SGl? �MQ0Gk�FYZEH=9=@<>GJLSLHG�ACE±P>ACB9GJLM? >c<>GJLSLHG�Q.YZB

GonSGJIVQSP>GtNH[]\ ESLHG�[aESB9TcG2hOYZB'YChJ?9TJB@<>=9?@<>DFEHG
τm
N.YZP>ACB9=ONS[HYZLH=�P>G}[SACI|YZ<XLHG2?9GJIVQ~ACB9GJPdNHP>Gc=�B9TJ�t<XIKGc=�hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=

[SG%Pd\mTcDME.YZ?@<>ACL���ka��kt�F£�Q~GJESijGJLM?��J?@B9G�[STchJB@<X?9=�hcACIVIKG

VΩb
∼= V0 ×





2( τ(ω)
τm

)∂f
∂θ

=@<
τm � τ+(ω) ≥ τ−(ω) ,

( τ(ω)
τm

)∂f
∂θ

=@<
τ+(ω) � τm � τ−(ω) ,

τ(ω)
τ−(ω)f

=@<
τ+(ω) ≥ τ−(ω) � τm .

��ka��kjyt£

q*GJP>ACL­Pd\mTcDFE.YZ?@<>ACL±��ka��kjyj£oN.P>G�QSB9AZ¡HP�[SG�Pd\ <XIVQSESP>=@<>ACL�YChcACEH=@?@<>DMEHG}[STJIKA*[aESP>TcG4�wg²Gc=9?:�°ACB@?9GJIKGJLF?%[STJQ~GJLH[HYZLM?%[SG
PbY­B9GJPbYZ?@<>ACL·GJLM?@B9G�P>Gc=�?9GJIVQH=KhOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=|[aE±Q.YCDMEHGJ?K[]\mACLH[SG�;hg�N

τm
GJ?

τ−(ω)
�¦��GkQSB9AZ¡HP

VΩb(θ)
[SG

PbY�i*<X?9Gc=9=9GKQ.YZB@?@<>hJESPbYZ<XB9G�YC='=9AMhJ<>TcG s�Pd\ <XIVQSESP>=@<>ACL±� g B9GJQSB9AM[aES<X?�Pd\mGJLMijGJP>ACQSQ~G
f(θ)

[aE´Q.YCDMEHGJ?6[]\mACLH[SGk;hg�=@<
τ−(ω) � τm

NaGJ?�Gc=9? QSB9ACQ0ACB@?@<>ACLSLHGJP s4PbY6[STJB@<XijTcG2[SG%Pd\mGJLFijGJP>ACQSQ0G ∂f(θ)
∂θ

=@<
τ−(ω) � τm

�a��Gw?@B9AC<>=@<>UJIKG%B9TJ�t<XIKG
[SG�Pd\mTcDFE.YZ?@<>ACL±��ka��kjyj£�L�\mGona<>=@?9G}Q.YC=�=O\ <XP L�\ ��Y�Q.YC=,[SG4[a<>=@Q0GJB9=@<>ACL­[SG}iM<X?9Gc=9='G|�¤P>ACB9=9DMEHG

cg(ω) = c0
N
τ−(ω) = 0
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GJ?�Pd\ <XLHTJ�FYZPX<X?9T
τ−(ω) � τm

L�\mGc=@?��9YZI|YZ<>=�ijTJB@<¢¡.TcG{£o�Ijw\mGc=@?�P>GKhOYC=2Q0ACESB�Pd\^YZLM?9GJLSLHG|Q.YZB'YZIKTJ?@B@<>DMEHGf[HYZLH=}Pd\mGOYZE
GJL�Pd\^YZeH=9GJLHhcG�[SG�eSESPXP>Gc=�[]\^YZ<XB}pmuwAOiSxjy®z`�H��YZB,hcACLH=9TcDMEHGJLF?ON.P>Gc=:[STJQ0GJLH[HYZLHhcGc=,=@<X�tLS<¢¡.hOYZ?@<XijGc=w[aE�QSB9AZ¡HP [aE­=@<X�tL.YZP
[STJIKAM[aESP>Tl=@ESB4P>Gc=}Q.YZB'YZIKUJ?@B9Gc=V[aE�IV<XPX<>GJE��tB'YZLMESPbYZ<XB9Gk=9ACLF?6ESLHG|<XIVQ0ACB@?'YZLF?9GlI|YZLS<¢�°Gc=@?'YZ?@<>ACL±[SGc=}QSB9ACQSB@<>TJ?9Tc=
[a<>=@Q0GJB9=@<XijGc=:[SG2hcG2IV<XPX<>GJE��

¹,LHGlACeH='GJB@iCYZ?@<>ACL²GonaQ~TJB@<XIKGJLM?'YZP>G�[SGkhcGJ?KGo§0GJ?�Q0GJES?V�J?@B9GkES?@<XPX<>=9TcGkQ~ACESBVGona?@B'YZ<XB9G�[SGc=�<XLa��ACB@I|YZ?@<>ACLH=|=@ESB
P>Gc=lQ.YZB'YZIKUJ?@B9Gc=�[aE¸IV<XPX<>GJEº�tB'YZLFESPbYZ<XB9Gt�:��Gc=�hcACLH[a<X?@<>ACLH=�=@E_r|='YZLF?9Gc=�Q~ACESB�ACeH=9GJB@ijGJB�PbY�?@B'YZLH=��°ACB@I|YZ?@<>ACL�[SG
VΩb ∼ ∂f(θ)

∂θ

GJL
VΩb ∼ f(θ)

Q0GJESijGJLF?��J?@B9G���ACB@I4ESP>TcGc=�hcACIVIKGg=9ES<X? t =@ESQSQ0At=9ACLH=|Q0ACESB�hcACIVIKGJLHhcGJB�DFEHG
τa(ω) � τs(ω)

�2��ijGch�Pd\^YZL.YZPX�*='GtN%QSB9Tc=9GJLF?9TcG´Q.YZBWPbYµ=@ES<X?9GtN%[SG�PbY·hcACLM?@B@<XeSES?@<>ACL
ṼΩd

ijGJL.YZLF?�[aE h'R.YZIVQ
YChcACEH=@?@<>DMEHG4[a<¢§0EH=@<¢�¾=@ESBwP>G}=@<X�tL.YZP�?9AC?'YZPdN~<XP�YZQSQ.YZB'YZ<X?2DMEHG}hcGJ?@?9G6hcACLF?@B@<XeSES?@<>ACL�Gc=9?,hcACIVQSP>UJ?9GJIKGJLF?2LHTJ�tPX<X�jGOYZeSP>G
� |ṼΩd| � |ṼΩb|

£bs�?9ACES?9Gc=�P>Gc=���B9TcDFEHGJLHhcGc=,=9ACEH=�PbYVhcACLH[a<X?@<>ACL
τa(ω) � τs(ω)

�H��ACESB,ESLHG4YZL.YZPX�*=9G}DFE.YZPX<X?'YZ?@<XijGtN
τs(ω)

Gc=9?�YC=9='AMhJ<>T4s�ESLHGk[a<¢§0EH=@<>ACL�[SGl? �MQ0Gf«wYc�*P>GJ<X�tR��
τs(ω) ∼ 1

ω4

£|pm�t<bYtstsCz`N�GJ?4ESLHGk[STJQ0GJLH[HYZLHhcGlPX<XLHTOYZ<XB9G
GJL"��B9TcDFEHGJLHhcG�� ��B9TcDMEHGJLHhcGKhJ�*hJPX<>DMEHG{£%Gc=@?}ES?@<XPX<>=9TcGVQ0ACESB�Pd\^YZeH=9ACB@QS?@<>ACL

τa(ω) ∼ 1
ω

p �µRS<bx ¿ N�q0YZ<bstsZeSz`��¥�LH=9ES<X?9GtN
Pd\ <XLHTJ�FYZPX<X?9T

τa(ωin) � τs(ωin)
Gc=@?�=@ESQSQ~At='TcG,ijTJB@<¢¡.TcG%Q0ACESB�ESLHG2ACLH[SG2YChcACEH=@?@<>DFEHG2;hg�=@<8PbY4��B9TcDMEHGJLHhcG,<XLS<X?@<bYZP>G

ωin
Gc=@?�=@E_r|='YZIVIKGJLM?¦TJP>AC<X�tLHTcG [SG PbY:�¤B9TcDMEHGJLHhcG�[SG�hcACESQSESB9G

ωc
�
ωin � ωc

£o�C�²hcGJ?@?9Gv��B9TcDFEHGJLHhcGtNZPbY,[a<>=@Q0GJB9=@<>ACL
Gc=@?�hcACLH=@<>[STJB9TcG��°YZ<XeSP>G

cg(ω) ' c0
GJ?w[SACLHhtN

τ−(ωin) ' τa(ωin)
(
1 − cg(ωin)

c0

)
� τa(ωin)

�.¥�Lgh9RHAC<>=@<>='='YZLF?,ESL
LHACI}eSB9Gw=@E_r|='YZIVIKGJLM? �tB'YZLH[

n
[SG,Q~TJB@<>A*[SGc=¾[]\mACLH[SGc=�;hg�[HYZLH=¾P>G�Q.YCDFEHGJ?�[]\mACLH[SGw;ºgW<XLS<X?@<bYZP

τ in
m ≡ n

(
2π
ωin

) N
<XP2Gc=@?k?9ACEC��ACESB9=kQ0At=9=@<XeSP>GW[SGgB9TOYZPX<>=9GJB�PbY�hcACLH[a<X?@<>ACL

τ in
m � τ−(ωin)

��qM<�YZP>ACB9=�PbY��¤B9TcDMEHGJLHhcG"[SGgPd\mACLH[SG"[SG
Q~ACIVQ.YZ�jG

ω
Gc=9?6YZES�tIKGJLF?9TcG���GJL´�FYZB9[HYZLM?

n
¡SnaT{£oN P>Gf?9GJIVQH=V[SG|IKA*[aESPbYZ?@<>ACL

τm
[a<XIV<XLFEHGlQ~GJLH[HYZLM?VDFEHGfP>G

?9GJIVQH=�hOYZB'YChJ?9TJB@<>=@?@<>DMEHG
τ−(ω)

YZES�tIKGJLM?9Gt�®¥¦L��dYZ<X?ONO=@<jQ0ACESB Gc=@?@<XI|YZ?@<>ACL�N®PbY�B9GJPbYZ?@<>ACL�[SG¦[a<>=@Q0GJB9=@<>ACL4[]\ ESLHGvh9R.Y��>LHG
Q~TJB@<>A*[a<>DMEHGK[SGKeS<XPXP>Gc=6=@QSRHTJB@<>DMEHGc=4Gc=@?4ES?@<XPX<>=9TcG�pm;%YC='sts®zw�¤ijAC<XB6P>G|h'R.YZQS<X?@B9G�m{£oN�YZP>ACB9=

cg(ω) = c0

√
1 −

(
ω
ωc

)2

GJ? ∂τ−(ω)
∂ω = τa(ω)

|ω|
1r

1−
“

ω
ωc

”2
> 0

Q~ACESBw?9ACES?9Gc=wP>Gc=���B9TcDMEHGJLHhcGc=O�8� P GJLW[STchcACESP>G�DFE�\mGJL"YZES�tIKGJLF?'YZLM?
ω
��EH=9DME�\�s

ESLHG���B9TcDFEHGJLHhcGK¡HL.YZP>G
ωf

=@E_r|='YZIVIKGJLF?6R.YZES?9GtN�PbY�hcACLH[a<X?@<>ACL
τf
m = n

(
2π
ωf

)
� τ−(ωf )

Gc=9?�B9TOYZPX<>=9TcGt��q*GJP>ACL
Pd\mTcDFE.YZ?@<>ACLW��ka��kjyt£oNtPbY%?@B'YZLH=��°ACB@I|YZ?@<>ACLk[aEKQSB9AZ¡HP8[STJIKA*[aESP>T:�wg"[SG ∂f(θ)

∂θ

s
f(θ)

[SGJiMB'YZ<X?¾�J?@B9G,ACeH=9GJB@ijTcG�YZES?9ACESB
[SG�PbYw��B9TcDFEHGJLHhcG,hJB@<X?@<>DFEHG

ωcr
NjA�i

τm(ωcr) ∼ τ−(ωcr) ∼ τa(ωcr)
(
1 − cg(ωcr)

c0

) Gc=9?¦ijTJB@<¢¡.TcGt�F�¦\mACeH='GJB@iCYZ?@<>ACLk[SG
hcGJ?@?9G�?@B'YZLH=��°ACB@I|YZ?@<>ACLVQSB9AMhJESB9G:[SGc=�<XLa�°ACB@I|YZ?@<>ACLH=¦=@ESB�Pd\^YZeH=9ACB@QS?@<>ACLfGJ?�PbY,[a<>=9Q~GJB9=@<>ACLK[]\mACLH[SGc=vYChcACEH=@?@<>DFEHGc=¾;ºg��
�`P �dYZES?wLHAC?9GJB2DMEHG}PbYf?@B'YZLH=��°ACB@I|YZ?@<>ACL�[aEWQSB9AZ¡HP¦�wg·Gc=@?�YChchcACIVQ.YZ�tLHTcG�Q.YZB%ESLHGVYZES�tIKGJLF?'YZ?@<>ACL�=9<X�tLS<¢¡.hOYZ?@<XijG
[SG%Pd\^YZIVQSPX<X?@EH[SG}[aE�=9<X�tL.YZP�QSB9ACQ~ACB@?@<>ACLSLHGJPXP>G<s

τ(ωf )

τ−(ωf )
.
τm(ωin)

τ(ωin)
=

1

1 − cg(ωin)
c0

τm(ωin)

τ(ωin)
� 1 .

¯wE�Q0AC<XLF?V[SGliMEHGfQSRF�a=@<>DMEHGtN�Pd\ <XLF?9TJ�tB'YZ?@<>ACL½YC[S[a<X?@<>ACLSLHGJPXP>G�[aE±=@<X�tL.YZP��wg�N [HYZLH=�P>GlhOYC=�A�i�PbYg[a<>=@Q0GJB9=@<>ACL´[SG
iM<X?9Gc='=9G|Gc=@?6<XIVQ0ACB@?'YZLF?9GtN�Gc=@?4PX<>TcG s�Pd\^YZeH=9GJLHhcGk[SGf=9�MLHh'RSB9ACLS<>='YZ?@<>ACL²GJLF?@B9GlPbY­=9ACESB9hcG|LHACL´PX<XLHTOYZ<XB9Gk[aE´=@<X�tL.YZP
[STJIKAM[aESP>T ∂

∂x〈Wωb〉
��ACLH[SGc= ;hg�DMES<8=9G:QSB9ACQ.YZ�jGJLF?>s2PbY�iM<X?9Gc='=9G

cg(ω)
£oNMGJ?vP>G�=@<X�tL.YZP0[STJIKA*[aESP>T�PXES<¢_dIK�JIKG

VΩb��DFES<*=9G¦QSB9ACQ.YZ�jGws�PbY�i*<X?9Gc=9=9G
c0
£o�®¥�L}�dYZ<X?ON

τ−(ω)
Gc=9?�ESLHGvIKGc=@ESB9G¾[SGvPbY:=9TJQ.YZB'YZ?@<>ACL�?9GJIVQ0ACB9GJPXP>GvGJLM?@B9G P>Gc=���B9ACLF?9=

[]\mACLH[SGc=�YChcACEH=@?@<>DFEHGc=�;hg�GJ?v�wg�DFES<~Gc=@?vTJ?'YZeSPX<>G2YcitYZLF?�Pd\^YZ?@?9TJLME.YZ?@<>ACL�[aE|Q.YCDMEHGJ? []\mACLH[SG%;hg·��ht\mGc=@?�_�s®_`[a<XB9G2YZE
e~ACES?:[]\ ESL�?9GJIVQH=�[SG%Pd\mACB9[aB9G�[aE�?9GJIVQH=,hOYZB'YChJ?9TJB@<>=@?@<>DMEHG�[]\^YZ?@?9TJLFE.YZ?@<>ACL

τ(ω)
£o�

qMESB}PbYk¡H�tESB9Gg��ka�^�j£�Gc=@?�QSB9Tc=9GJLM?9TcG|PbY�?@B'YZLH=���ACB@I|YZ?@<>ACL´[aE�=@<X�tL.YZP [STJIKAM[aESP>TfQSB9Tc[a<X?9GKQ.YZB4PbY�=9ACPXES?@<>ACL�[SG
Pd\mTcDFE.YZ?@<>ACL���ka��k À £o�*��Gc=�QSB9AZ¡HP>=�ACeS?9GJLFEH=�LFESIKTJB@<>DMEHGJIKGJLF?,='ACLF?�?@B'YChcTc=:GJLl�°ACLHhJ?@<>ACL�[aE�?9GJIVQH=�LHACB@I|YZPX<>=9T

t/τmQ~ACESBwhJ<XLHDliCYZP>GJESB9=w[SG�PbYV�¤B9TcDMEHGJLHhcG}LHACB@I|YZPX<>='TcG4[SG}Pd\mACLH[SG4[SG}Q~ACIVQ.YZ�jG�t
ω/ωc = 0.01, 0.1, 0.2, 0.4, 0.8

� � Y
��ACLHhJ?@<>ACL�[SGwIKA*[aESPbYZ?@<>ACL

f(θ)
Gc=@? ESLHG A YZEH=9=@<>GJLSLHG%[SG%[aESB9TcGwhOYZB'YChJ?9TJB@<>=9?@<>DFEHG2TJ�FYZP>G�s4m���Q0TJB@<>A*[SGc=�[SG�Pd\mACLH[SG

;ºg�����YghcACLH=@?'YZLM?9G
C
[aE´?9GJIVQH=KhOYZB'YChJ?9TJB@<>=@?@<>DMEHG�[]\^YZeH=9ACB@QS?@<>ACL

τa(ω) = C/ω
Gc=@?Kh9RHAC<>=9<>GkQ~ACESBV='YZ?@<>=��dYZ<XB9G

Pd\ <XLHTJ�FYZPX<X?9TK<XLS<X?@<bYZP>G
τm � τ−

�]��ACESB}ESLHG���B9TcDMEHGJLHhcG��°YZ<XeSP>GV[]\mACLH[SGf[SG�Q~ACIVQ.YZ�jGf[SG
0.01

N�P>GVQSB9AZ¡HP¾GJL�PX<X�tLHG
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� |Z�b~�}Nz��p����������}��
t/τm

�h����� �N�n�� ���¤2ª�¨�¦ 9§¬�¤�¯xª�©%«%¬�¨Á²�±(¦�« ;�¨	ª�µE²´¥�¯x¬�²�±�µn¥»£	¤2¥2²�«�©:¢�£_ª�¤ µnªl¦�¬�µ ±�©%«�¬�¨ ²´¢xµ2· ¥2°�±�ª�©%«�¬�¨ 5 � ¹ ��� 7<£_¬�±�¤¸²�« �º¥
	
¤B¢�¨U©:¢�¦ 9p¤B¥2°�±�¢�¨�­�¢�¦³²´¢b£_¬�¯º£_ª ;´¢ ;,²´¢¶µ ª ­B¬�±!¤
�B¢<¨�¬�«&¤B¢:3�µnª�­�¬�±!¤
�B¢>;�¤p«&¦5­�µnª�«&¤+%

ω/ωc = 0.01, 0.1, 0.2, 0.4, 0.8
¹

LHAC<XB9Gl�¤ijAC<XB�PbYV¡H�tESB9Gl��ka�^�F£@£:Gc=@?:QSB9ACQ0ACB@?@<>ACLSLHGJPEsVPbYK[STJB@<XijTcG}QSB9GJIV<>UJB9G�[SG�PbY��°ACLHhJ?@<>ACL­[SG}IKAM[aESPbYZ?@<>ACL ∂f(θ)
∂θ

�
��ACB9=9DFEHG PbY���B9TcDFEHGJLHhcG�[SG Pd\mACLH[SG�[SGvQ0ACIVQ.YZ�jG�Gc=@?¦YZES�tIKGJLF?9TcGtNFGJL6�FYZB9[HYZLM?¦hcACLH=@?'YZLF?�P>G LHACI4eSB9G

n
[SG Q~TJB@<>A*[SGc=

[SG�Pd\mACLH[SG%;ºg�hcACLM?9GJLFEHGc=:[HYZLH=vPbY4[aESB9TcG,[SG,PbY�IKA*[aESPbYZ?@<>ACL�N*PbY�?@B'YZLH=9<X?@<>ACLl[SG ∂f(θ)
∂θ

s
f(θ)

Gc=9?¾B9TOYZPX<>=9TcG<tFQ0ACESB
PbY2�¤B9TcDMEHGJLHhcG,LHACB@I|YZPX<>=9TcG,[]\mACLH[SGw[SG,Q~ACIVQ.YZ�jG

ω/ωc = 0.1
GJL|PX<X�tLHG,�tB@<>=¦�°ACLHhcTtNO��EH=9DME�\�s

ω/ωc = 0.4
GJLfPX<X�tLHG

�tB@<>=�hJPbYZ<XBO�H��ES?9ACESB:[SG�PbY4�¤B9TcDMEHGJLHhcG
ω/ωc = 0.6

NHP>G%QSB9AZ¡HP Gc=@?�QSB9ACQ~ACB@?@<>ACLSLHGJP,s
f(θ)

�*� Y�?@B'YZLH=@<X?@<>ACL�[SG ∂f(θ)
∂θs

f(θ)
[aEHGhs�PbY�[a<>=@Q0GJB9=@<>ACLl[SG�i*<X?9Gc=9=9G:Gc=9?v[SACLHhwACeS?9GJLFEHG2YcijGch,ESLHGwYZES�tIKGJLM?'YZ?@<>ACL�[SG:PbY2�¤B9TcDMEHGJLHhcG,[SG�Pd\mACLH[SG

[SG%Q0ACIVQ.YZ�jG�;hg��
� ACESB�hcACLHhJPXESB9G%=@ESB Pd\^YZL.YZPX�*=9Gw[SG,PbY}hcACLM?@B@<XeSES?@<>ACL­YZEl=9<X�tL.YZP~[STJIKA*[aESP>TwQSB9AOijGJL.YZLF?,[SG�PbY}Q.YZB@?@<>Gwe.YZPX<>=@?@<>DFEHG

[aElh9R.YZIVQ�YChcACEH=@?@<>DMEHG,;hg�Nj<XPH�dYZES?v=9<X�tL.YZP>GJB DMEHG
ṼΩb

hcACLM?@<>GJLF?:hcGJB@?'YZ<XLHGJIKGJLF?�[SG�Pd\ <XLa��ACB@I|YZ?@<>ACL�=@ESBvPd\^YZ?@?9TJLFE.Y®_
?@<>ACLf[SGc=¾ACLH[SGc= ;ºg�NtIK�JIKG:[HYZLH=vP>G:[SACI|YZ<XLHG,[SG���B9TcDFEHGJLHhcGc=

Ω � 1
τ−(ω)

��ka��kt�F£o��j GJQ~GJLH[HYZLM?ONM[HYZLH=¾Pd\mTcDFE.YZ?@<>ACL
��ka��kjyt£oN~PbY|?@B'YZLH=@<X?@<>ACL"[aEWB9TJ�t<XIKG

τm � τ+(ω)
YZEgB9TJ�t<XIKG

τm � τ+(ω)
Gc=9?w=@ESB@?9ACES?�YChchcACIVQ.YZ�tLHTcG�Q.YZB%ESLHG

itYZB@<bYZ?@<>ACL�[SG%Pd\^YZIVQSPX<X?@EH[SG4[aE�=@<X�tL.YZP�='YZLH=�?@B'YZLH=@��ACB@I|YZ?@<>ACLg=@<X�tLS<¢¡.hOYZ?@<XijG}[SG%Pd\mGJLMijGJP>ACQSQ~Gt�
GIH��EH&G 	u[UcdaIORT.¿�L E�½�a ]XOEQ ¿�L'`RLfY E�½�QÁOR½��>T.M�½�
 QSOEQ ¿�
)a ]RORQÁORQÁ`ba
c"`.Lfe�Q

��YkhcACLF?@B@<XeSES?@<>ACL
ṼΩd

YZE�=@<X�tL.YZP�?9AC?'YZP
ṼΩ = ṼΩb + ṼΩd

Q.YZB�[STJIKA*[aESPbYZ?@<>ACL�[aE�h'R.YZIVQ�YChcACEH=@?@<>DMEHGK;hg
[a<¢§0EH=@<¢�v[a<¢§]UJB9GV[SG

ṼΩb
=9GJESP>GJIKGJLM?�Q.YZB2ESLWI}ESPX?@<XQSPX<>hOYZ?9GJESB6=@Q~GchJ?@B'YZP¦YC[S[a<X?@<>ACLSLHGJP τ−1

s (ω)„
τ−1
a (ω)+D(ω)Ω2

c2
0
−iΩ

«
�¤ijAC<XB

P>Gl=9GchcACLH[�?9GJB@IKGk=9ACEH=}Pd\^YChchcACPbYC[SGk[HYZLH=6P>Gc=�TcDFE.YZ?@<>ACLH=���ka��k�kF£}GJ?���ka��k ¿ £@£o� ¥¦L�ES?@<XPX<>=�YZLF?�PbY�LHAC?'YZ?@<>ACL���ka�nm{yj£oN
Pd\mTcDME.YZ?@<>ACL���ka��k ¿ £ Gc=9?�B9TcTchJB@<X?9G}=9ACEH=�PbY4�°ACB@IKGxt

ṼΩ = ṼΩb





1 +
1

τs(ω)
τa(ω) + d

(
cg(ω)

c0

)2
(Ωτs(ω))2 − iΩτs(ω)





.
��ka��ktxj£

¯2YZLH=�hcGJ?@?9G�TcDME.YZ?@<>ACL���ka��ktxF£oN
d ∼ 1

GJ? ( cg(ω)
c0

)2
≤ 1

�.��Y�hcACLF?@B@<XeSES?@<>ACLgQSB9AOijGJL.YZLM?,[SG%PbY�Q.YZB@?@<>G�[a<¢§0EH=@<XijG2[aE
h'R.YZIVQ�YChcACEH=@?@<>DFEHG6;hg²Gc=@?,[SACLHh�hcACIVQSP>UJ?9GJIKGJLM?2LHTJ�tPX<X�jGOYZeSP>G6=9<

τa(ω) � τs(ω)
ACEg=9<

τm ∼ 1
Ω � τs(ω)

�¤P>G
='GchcACLH[k?9GJB@IKG�GJLF?@B9G}YChchcACPbYC[SGc=,[SG%Pd\mTcDFE.YZ?@<>ACL���ka��ktxF£ Gc=@?�Q0GJ?@<X?:[SGJiCYZLM?¶m{£o�UjvR.YChJESLHG}[SG2hcGc=:[SGJEan�hcACLH[a<X?@<>ACLH=
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Y�ESL²='GJLH=4QSRM�*=9<>DFEHGkhJPbYZ<XBlt
ṼΩd

Gc=9?4LHTJ�tPX<X�jGOYZeSP>G�=9<vP>Gc=VACLH[SGc=V;hg =9ACLM?|YZeH=9ACB@e0TcGc=KYcitYZLF?K[]\m�J?@B9Gk[a<¢§~EH='TcGc=
�
τa(ω) � τs(ω)

£oN�ACE�=@<¾PbY�[a<¢§~EH=@<>ACL�L�\^Y�Q.YC=4PX<>GJE�Q0GJLH[HYZLF?6Pd\^YChJ?@<>ACL´[aE�Q.YCDMEHGJ?4[]\mACLH[SGl;ºg�=9ESB�P>GKIV<XPX<>GJE
LHACL"PX<XLHTOYZ<XB9G��

τm ∼ 1
Ω � τs(ω)

£o��¯%YZLH=�P>Gc=2[SGJEan"hOYC={N0PbYkhcACLF?@B@<XeSES?@<>ACL�[SGKPbYlQ.YZB@?@<>GVe.YZPX<>=@?@<>DMEHGV[aE�h9R.YZIVQ
YChcACEH=@?@<>DMEHG4;hg²[SACIV<XLHGt�0��YfhcACLH[a<X?@<>ACLgLHTchcGc='='YZ<XB9G}Q0ACESB%ACeH=9GJB@ijGJBwGonaQ0TJB@<XIKGJLF?'YZP>GJIKGJLF?

ṼΩd
Q~GJES?2YZP>ACB9=%�J?@B9G

��ACB@I4ESP>TcG�hcACIVIKG
τs(ω) ≤ τa(ω)

GJ?
τs(ω) ≤ 1

Ω

�a¥�L�=@ESQSQ0At='YZLF?:DME�\mGJL��jTJLHTJB'YZPdNaPd\ <XLHTJ�FYZPX<X?9T 1
τa(ω) � 1

τs(ω)

Gc=@?
ijTJB@<¢¡.TcG}�¤Q.YZB9hcG:DMEHG 1

τa(ω) ∼ ω
NjYZP>ACB9=¦DMEHG 1

τs(ω) ∼ ω4 £oNC<XPHGc=@?�Q0At=9=@<XeSP>G�[SG�=9TJQ.YZB9GJB��tB�
ChcGºs%[SG ��ACB@?9Gc=�<XLHTJ�FYZPX<X?9Tc=P>G2=@Q0GchJ?@B9G2[SG2Pd\mTcDFE.YZ?@<>ACL���ka��ktxF£�GJL�?@B9AC<>=:B9TJ�t<>ACLH=�hOYZB'YChJ?9TJB@<>=@?@<>DFEHGc=

ṼΩ = ṼΩb ×





τa(ω)
τs(ω)

=@<
Ω � 1

τa(ω) � 1
τs(ω) ,

1
−iΩτs(ω)

=@< 1
τa(ω) � Ω � 1

τs(ω) ,

1
=@< 1

τa(ω) � 1
τs(ω) � Ω .

��ka��ktsj£

¯2YZLH=:P>Gc=w[SGJEan�QSB9GJIV<>UJB9Gc=,B9TJ�t<>ACLH=w=@Q0GchJ?@B'YZP>Gc=,[SG4Pd\mTcDME.YZ?@<>ACL���ka��ktsF£oN.PbYKhcACLF?@B@<XeSES?@<>ACL�[aEgh9R.YZIVQW[a<¢§~EH=9<¢�¾;ºg
[SACIV<XLHGg� |ṼΩd| � |ṼΩb|

£oN�[HYZLH=6PbY�?@B9AC<>=@<>UJIKGfB9TJ�t<>ACL�=9Q~GchJ?@B'YZP>GtN PbY�hcACLM?@B@<XeSES?@<>ACL´[aE´h9R.YZIVQ�e.YZPX<>=@?@<>DMEHGf;hg
[SACIV<XLHGK� |ṼΩd| � |ṼΩb|

£o�*¯2YZLH=�P>G%[SACI|YZ<XLHG%?9GJIVQ0ACB9GJPdNaP>Gc=�B9TJ�t<XIKGc=:hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=:[SGV��ka��ktsF£¾Q~GJESijGJLM?:�J?@B9G
B9TcGchJB@<X?9=�hcACIVIKG

VΩ =





τa(ω)
τs(ω) VΩb

=@<
τm � τa(ω) � τs(ω) ,

τm
τs(ω)

∫ θ
−∞ VΩb(θ

′)dθ′
=@<

τa(ω) � τm � τs(ω) ,

VΩb
=@<

τa(ω) � τs(ω) � τm .

��ka� ¿ �j£

q*GJP>ACL Pd\mTcDME.YZ?@<>ACL¼��ka� ¿ �F£oN,<XP}� Y²ESLHG�[a<¢§]TJB9GJLHhcG�<XIVQ~ACB@?'YZLM?9G±GJLF?@B9G�P>Gc=�QSB9AZ¡HP>=W[STJIKA*[aESP>Tc="�wg <>=9=@EH=g[SG
PbY²QSB9ACQ.YZ�FYZ?@<>ACL e.YZPX<>=9?@<>DFEHG´ACE�[SG�PbY½[a<¢§0EH=@<>ACL [SGc=gh'R.YZIVQH=�YChcACEH=@?@<>DMEHGc=";ºg ESLS<>DMEHGJIKGJLF?�=9<

τa(ω) �
τm � τs(ω)

�wj GJ?@?9Gg[SGJB@LS<>UJB9Gg<XLHTJ�FYZPX<X?9Tg[SACLSLHGgPbY�hcACLH[a<X?@<>ACLºLHTchcGc=9='YZ<XB9G­Q~ACESBkACeH=9GJB@ijGJB�[SGc=f=9<X�tL.YZEan½�wg
QSB9ACQ~ACB@?@<>ACLSLHGJP>= sVPbYKQSB@<XIV<X?@<XijG4[SG�Pd\mGJLFijGJP>ACQSQ0G6[aE�Q.YCDFEHGJ?w[]\mACLH[SG4GJ?�GonShJ<X?9Tc=,Q.YZB�PbYV[STJIKA*[aESPbYZ?@<>ACL"[]\mACLH[SGc=
;ºg´[a<¢§0EH=@<XijGc=O�

¯wE�Q0AC<XLF?%[SG�i*EHG}GonaQ~TJB@<XIKGJLM?'YZPdN~<XP Gc=@?,<XIVQ~ACB@?'YZLM?%[SG4hcACIVQSB9GJLH[aB9G6< £ºj ACIVIKGJLM?wPbYK?@B'YZLH=@<X?@<>ACLWGJLF?@B9G4P>Gc=
[SGJEanfQSB9GJIV<>GJB9=�B9TJ�t<XIKGc=:[SGwPd\mTcDFE.YZ?@<>ACL���ka� ¿ �M£¾A�i�PbY�hcACLM?@B@<XeSES?@<>ACL­[aE�h9R.YZIVQ­[a<¢§~EH=@<¢��;ºg�[SACIV<XLHGtNSQ0GJES?:�J?@B9G
ACeH=9GJB@ijTcGt�S<X< £ºj ACIVIKGJLF?wPbY�?@B'YZLH=@<X?@<>ACL­GJLM?@B9G�P>Gc=,=@<X�tL.YZEan�[SACIV<XLHTc=:Q.YZB�P>G}h9R.YZIVQ­;hg±[a<¢§0EH=@<¢��GJ?�P>Gc=�=@<X�tL.YZEan
[SACIV<XLHTc=6Q.YZB}P>Glh9R.YZIVQ´;ºg¸e.YZPX<>=9?@<>DFEHGW�¤P>GKQSB9GJIV<>GJBVGJ?}P>Gf=9GchcACLH[�B9TJ�t<XIKGf[SGfPd\mTcDFE.YZ?@<>ACL¸��ka� ¿ �F£@£2Q~GJES?��J?@B9G
ACeH=9GJB@ijTcGt�

�¦\ <XLHTJ�FYZPX<X?9T
τa(ωin) � τs(ωin)

Gc=@?�=@ESQSQ0At=9TcG´ijTJB@<¢¡.TcGds¸PbYµ��B9TcDFEHGJLHhcG²<XLS<X?@<bYZP>G
ωin

N�=@<KhcGJPXP>Go_`hJ<lGc=@?
=@E_r|='YZIVIKGJLM?�QSB9AMh'RHGg[SG­PbY��¤B9TcDMEHGJLHhcGW[SG­hcACESQSESB9G

ωc
pm�t<bYtstsCzK�¤Q.YZB9hcGWDMEHG�P>Gg?9GJIVQH=khOYZB'YChJ?9TJB@<>=@?@<>DMEHG"[SG

[a<¢§~EH=9<>ACL
τs(ω) ∼ 1

ω4

[a<XIV<XLMEHG:QSPXEH=�i*<X?9G:YcijGch:Pd\^YZES�tIKGJLF?'YZ?@<>ACLk[SG�PbY,�¤B9TcDMEHGJLHhcG�DFEHG�P>G�?9GJIVQH=vhOYZB'YChJ?9TJB@<>=@?@<>DMEHG
[]\^YZeH=9ACB@QS?@<>ACL

τa(ω) ∼ 1
|ω|

£o�¾��ACB9=9DMEHG�PbY"hcACLH[a<X?@<>ACL
τa(ωin) � τ in

m = nin

(
2π
ωin

)
� τs(ωin)

Gc=@?KijTJB@<¢¡.TcG
YZP>ACB9=ON P>GWQSB9AZ¡HP�[aE¸=@<X�tL.YZP�[STJIKAM[aESP>T"Gc=9?�QSB9ACQ~ACB@?@<>ACLSLHGJP5s ∫ θ

−∞ VΩb(θ
′)dθ′

����Y�?@B'YZLH=9<X?@<>ACL�ijGJB9=kP>GgQSB9AZ¡HP
VΩ ∼ VΩb(θ)

Q~GJES?}YZP>ACB9=2�J?@B9GVGo§]GchJ?@EHTcGK=@<XIVQSP>GJIKGJLM?}GJL�YZES�tIKGJLF?'YZLM?}PbYk[aESB9TcG
τm

[aE"Q.YCDFEHGJ?�[]\mACLH[SG|;ºg��
��GWQ.YC=9='YZ�jG"[]\ ESL¸LHACI4eSB9G

nin
[SGWQ0TJB@<>AM[SGc=�;hg»hcACLF?9GJLMEHGc=�[HYZLH=�P>GWQ.YCDMEHGJ?�[]\mACLH[SG�s�ESL¸LHACI}eSB9G�¡HL.YZP

nf
N�Q~ACESB�P>GcDMEHGJP�Pd\ <XLHTJ�FYZPX<X?9T

τf
m = nf

(
2π
ωin

)
� τa(ωin)

hcACIVIKGJLHhcG s´�J?@B9G"ijTJB@<¢¡.TcG�Gc=9?�[SACLHh�Go§0GchJ?@EHTt�
j ACIVIKG�Pd\ <XLHTJ�FYZPX<X?9T

τ(ω) ≤ min(τa(ω), τs(ω))
Gc=@?gB9TOYZPX<>=9TcGtNwYZP>ACB9=W[HYZLH=gP>Gc=W[SGJEan B9TJ�t<XIKGc=WhcACLH=@<>[STJB9Tc=ON

Pd\ <XLHTJ�FYZPX<X?9T
τm � τ+(ω) ≥ τ−(ω)

Gc=@?lijTJB@<¢¡.TcGt��¯%ACLHhtN ='GJP>ACL½Pd\mTcDME.YZ?@<>ACL ��ka� ¿ �F£oN [HYZLH=lP>Gc=f[SGJEanµB9TJ�t<XIKGc=
VΩb ' 2

(
τ(ω)
τm

)
∂f
∂θ

�0��YK?@B'YZLH=9<X?@<>ACL�[SG
τa(ωin) � τ in

m � τs(ωin)
s

τ f
m � τa(ωin) � τs(ωin)

=9G4I|YZLS<¢��Gc=9?9G
YZP>ACB9=�Q.YZB:ESLHG�[STJB@<XitYZ?@<>ACL�[aE�QSB9AZ¡HP�<XLS<X?@<bYZP��wg
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� |Z�b~�}Nz��p����������}��
t/τm

���
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� ��
�	 
 �
� �
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�h����� �N�C��  ��¤Zª�¨�¦ 9§¬�¤p¯xª�©%«�¬�¨l²�±�¦p« ;�¨�ª�µf²´¥�¯x¬�²�±�µ ¥.£�¤B¥2²�«%©:¢.£_ª�¤ºµnª<¦�¬�µ ±_©%«%¬�¨P²´¢hµB· ¥2°§±_ª�©%«�¬�¨ 5 � ¹ ��� 7�¹�8 ¢p¦º¨�¬�¯ ��¤B¢p¦
²!¢º£�¥�¤�«�¬�²´¢p¦¸²´¢³¦p«�¨�±´¦$! ?X­B¬�¯º£�¤�«&¦§¢p¦x²�ª�¨�¦³µ ¢ ©:¢�¯º£U¦ ²´¢ ¯x¬�²�±!µnª�©%«�¬�¨u¦�¬�¨U©>²´¢ µ ª µ « ;�¨	¢³¨	¬�«&¤B¢ 3lµ ª µ « ;�¨	¢:;�¤p«&¦
­§µ ª�«�¤�¤B¢p¦�£�¢B­§©%«/.�¢�¯¸¢�¨U© ;

n = 5, 100, 500, 5000
¹
ω/ωc = 0.9

¹

VΩi ' VΩdi ' 2f(θ) ,

VΩf ' VΩdf ' 2
τa(ωin)

τmf

∂f

∂θ
.

��ka� ¿ m{£

� Y|?@B'YZLH=@��ACB@I|YZ?@<>ACL�[aEWQSB9AZ¡HP¦[aE"=@<X�tL.YZP�[STJIKAM[aESP>TV[SAC<X?2�J?@B9G�ACeH=9GJB@ijTcG�Q0ACESB
ncr

N0='YZ?@<>=��dYZ<>='YZLM?wPbYlhcACLH[a<X?@<>ACL
ncr

(
2π
ωin

)
∼ τa(ωin)

GJ?VGc=@?KYChchcACIVQ.YZ�tLHTcG��¤ijAC<XBVPd\mTcDME.YZ?@<>ACL ��ka� ¿ m®£@£}Q.YZB�ESLHG�[a<XIV<XLFES?@<>ACL·[SGlPd\^YZIVQSPX<X?@EH[SG
[aEW=@<X�tL.YZP�QSB9ACQ~ACB@?@<>ACLSLHGJPXP>Gxs τf

m
τa(ωin) � 1

�0�¦\mTJitYZPXE.YZ?@<>ACL"[SG6hcGJ?@?9G4?@B'YZLH=��°ACB@I|YZ?@<>ACL�[SACLSLHG4[SGc=w<XLa�°ACB@I|YZ?@<>ACLH=
=9ESB|P>G�?9GJIVQH=k[]\^YZeH=9ACB@QS?@<>ACL

τa(ω)
[SGc=fACLH[SGc=kYChcACEH=@?@<>DMEHGc=l;hg��¾��G­BBvCP>G�[aEµQ.YZB'YZIKUJ?@B9G τa(ω)

τm

[HYZLH=fhcGJ?@?9G
?@B'YZLH=@��ACB@I|YZ?@<>ACL´��DFES<�Y�PX<>GJE­GJLF?@B9G}[SGc=:B9TJ�t<XIKGc=,[SACIV<XLHTc=�Q.YZB:PbYV[STJIKA*[aESPbYZ?@<>ACL­[]\ ESL�h'R.YZIVQgYChcACEH=@?@<>DMEHG};hg
[a<¢§0EH=@<¢�o£%Gc=9?4=@<XIV<XPbYZ<XB9GW��[aE�Q0AC<XLF?�[SGKi*EHGKQSRM�*=9<>DFEHG{£4YZE�BBvCP>Gl[aE�Q.YZB'YZIKUJ?@B9G τR

τL

[HYZLH=}Pd\mGonShJ<X?'YZ?@<>ACL´ACQS?@<>DFEHG
[]\ <XIVQSESP>=9<>ACLH=�YChcACEH=9?@<>DFEHGc=6Q.YZB}�jTJLHTJB'YZ?@<>ACL±[SGfQSPbYC=@I|Y­GJP>GchJ?@B9ACLa_d?@B9ACE´[HYZLH=4P>Gc=�=9GJIV<¢_`hcACLH[aEHhJ?9GJESB9=�p A EH='stx®z`�
� hJ<dN

τL
Gc=@?%PbYl[aESB9TcGV[SG6Pd\ <XIVQSESP>=@<>ACL�PbYC=9GJB2GJ?

τR
Gc=@?%P>G6?9GJIVQH=�[SG6B9GchcACI}eS<XL.YZ<>='ACL�[aEWQSPbYC=@I|YkTJP>GchJ?@B9ACLa_d?@B9ACE

�jTJLHTJB9Tt�
qMESB�PbY,¡H�tESB9G}��ka�ryj£oNtGc=@?�QSB9Tc=9GJLM?9TcG:PbYw?@B'YZLH=��°ACB@I|YZ?@<>ACLf[aEK=9<X�tL.YZPSQ.YZB'YZIKTJ?@B@<>DFEHG�QSB9Tc[a<X?9G�Q.YZB¦PbY%=9ACPXES?@<>ACL|[SG

Pd\mTcDME.YZ?@<>ACL"��ka��ktxF£oNM[HYZLH=vP>GwhOYC=vA�ilPbY}hcACLM?@B@<XeSES?@<>ACL�YZEl=9<X�tL.YZP~[STJIKA*[aESP>T�QSB9A{iM<>GJLM?�QSB@<XLHhJ<XQ.YZP>GJIKGJLF?�[aEkh9R.YZIVQ
;hg·[a<¢§0EH=@<¢�@�8� Yf��ACLHhJ?@<>ACL"[SG6IKAM[aESPbYZ?@<>ACL�Gc=9?wESLHG6�FYZEH=9=9<>GJLSLHGV[SG6[aESB9TcG�hOYZB'YChJ?9TJB@<>=@?@<>DMEHG

τm = n
(

2π
ω

) �0��Gc=
i*<X?9Gc=9=9Gc=|Q.YZB@?@<>hJESPbYZ<XB9Gc=�[SGc=k=@<X�tL.YZEan·=9ACLF?kLHACB@I|YZPX<>=9TcGc={�v��Y���B9TcDFEHGJLHhcGg[SG�Pd\mACLH[SGW[SG�Q~ACIVQ.YZ�jGWGc=@?lh9RHAC<>=@<>G
QSB9A*h9RHG4[SG2PbY���B9TcDMEHGJLHhcG}[SG�hcACESQSESB9GtN

ω = 0.9ωc
�H��Gc=�?9GJIVQH=,hOYZB'YChJ?9TJB@<>=@?@<>DFEHGc=%[SG�[a<¢§0EH=@<>ACLgGJ?,[]\^YZeH=9ACB@QS?@<>ACL

='ACLF?:?9GJP>=:DME�\ <XP>=�=�YZ?@<>=���ACLM?:Pd\ <XLHTJ�FYZPX<X?9T
τa(ωin) � τm(ωin) � τs(ωin)

Q0ACESB�PbY6��B9TcDFEHGJLHhcG2<XLS<X?@<bYZP>G
ωin

GJ?:Q~ACESB
P>GwLHACI4eSB9G2<XLS<X?@<bYZP�[SGwQ~TJB@<>A*[SGc=:;hg�[HYZLH=�P>GwQ.YCDMEHGJ?:[]\mACLH[SG

nin
�a��Gc=�hcACLH=@?'YZLF?9Gc=

C1
GJ?

C2
[SG

τa(ω) = C1
ω

GJ?
τs(ω) = C2

ω4

=9ACLM?�[SACLHh�[STJ?9GJB@IV<XLHTcGc=,�tB�
ChcG5s6Pd\ <XLHTJ�FYZPX<X?9T}<XLS<X?@<bYZP>Gt�.��ACB9=9DMEHG2P>G2LHACI4eSB9G
n
[SG2Q0TJB@<>AM[SGc=�;ºg´Gc=@?

YZES�tIKGJLM?9TtN.PbYK[aESB9TcG}[aE�Q.YCDMEHGJ?,[]\mACLH[SG6YZES�tIKGJLF?9G6GJ?:¡HLS<X?:Q.YZBw[SGJijGJLS<XB,=@ESQ0TJB@<>GJESB9G4YZE�?9GJIVQH=w[]\^YZeH=9ACB@QS?@<>ACL
τa(ωin)

��j GchJ<~IKUJLHG�s}Pd\ <XLHTJ�FYZPX<X?9Tw¡HL.YZP>G
τm(ωf ) � τa(ωin) � τs(ωin)

NaDFES<0hcACB@B9Gc=@Q0ACLH[ s}PbY4hcACLH[a<X?@<>ACL�Q~ACESB
ACeH='GJB@ijGJB ESLlQSB9AZ¡HP�[STJIKA*[aESP>T,QSB9ACQ0ACB@?@<>ACLSLHGJP s ∂f(θ)

∂θ

�*��Y4?@B'YZLH=@<X?@<>ACL�[SG
f(θ)

s ∂f(θ)
∂θ

Gc=@?�YZP>ACB9= eS<>GJL�ACeS?9GJLFEHG
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� |��b~�}Nz��������p����}��
t/τm
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�h����� �f� ��  ��¤Zª�¨�¦ 9§¬�¤p¯xª�©%«�¬�¨P²�±4¦�« ;�¨	ª�µf²!¥�¯x¬�²�±�µn¥b£�¤B¥2²�«%©:¢ £�ª�¤ µ ª<¦§¬�µ ±�©%«�¬�¨ ²!¢ µB· ¥2°§±_ª�©%«�¬�¨ 5 � ¹ ��� 7 ¬	��©:¢�¨�±�¢5ª .�¢2­
²�« �º¥�¤2¢�¨U©:¢p¦ 9�¤2¥2°§±�¢�¨	­�¢p¦ ;,²�± ;�¤�«)¦¶­�µnª�«�¤5ª�±l¨	¬�«&¤+%

ω/ωc = 0.9, 0.65, 0.3, 0.1
¹

[HYZLH=�hcGJ?@?9GVACQ0TJB'YZ?@<>ACL���� ACESB
n = 5

P>GV=@<X�tL.YZP¦Gc=@?2QSB9ACQ0ACB@?@<>ACLSLHGJP.s
f(θ)

YZP>ACB9=}DFE�\ <XP¦=9G�B'YZQSQSB9A*h9RHG|[SG ∂f(θ)
∂θQ~ACESB

n = 5000
�

G,H��EHCB �hY�LN]RM�½*E�½:a ] a ]RORQUMPORQÁ`ba
c"`.Lfe�QSÀRLN¿:½�M E�½�\�TRQUM → O.½��>T.M�½ 
 QUM

��ACESB|ACeH=9GJB@ijGJBKPbYW?@B'YZLH=9<X?@<>ACL·[aE±B9TJ�t<XIKG�[SACIV<XLHT�Q.YZBKP>Gk?@B'YZLH=9Q~ACB@?|[a<¢§0EH=@<¢�2[SGkPd\mTJLHGJB@�t<>G�[SGc=K;hg�ijGJB9=
P>GVB9TJ�t<XIKGK[SACIV<XLHT|Q.YZB}P>GV?@B'YZLH=@Q0ACB@?�e.YZPX<>=@?@<>DMEHGK[SGc=4;ºg�N]<XP¾Gc=9?2Q~At=9=9<XeSP>GK[SGKhcACIVIKGJLHhcGJBVYcijGchKPbY�hcACLH[a<X?@<>ACL
<XLS<X?@<bYZP>G

τa(ωin) � τ in
m = nin

(
2π
ωin

)
� τs(ωin)

� �WYZ<>=2hcGJ?@?9G6��AC<>=@_`hJ<dN8<XP�Gc=@?%ES?@<XP>G�[SGV[a<XIV<XLFEHGJB}PbYK��B9TcDMEHGJLHhcG
[SG�Pd\mACLH[SGK[SGVQ0ACIVQ.YZ�jG

ω
='YZLH=�h'R.YZLS�jGJB}P>GVLHACI4eSB9G

n
[SGVQ0TJB@<>AM[SGc=�;hgºhcACLF?9GJLMEHGc=4[HYZLH=}P>G�Q.YCDFEHGJ?}[]\mACLH[SG

�
n = nin = const

£o�0¯2YZLH=�hcGKhOYC=ON
τa(ω)

GJ?
τm(ω)

ijACLM?4YZES�tIKGJLF?9GJB4QSB9ACQ~ACB@?@<>ACLSLHGJPXP>GJIKGJLM? s 1
ω

N�YZP>ACB9=�DMEHG
τs(ω)

itY:YZES�tIKGJLF?9GJB�QSPXEH=�B'YZQS<>[SGJIKGJLM?:� ∼ 1
ω4

£oN®hcG¦DMES<FitY�<XLHTJiM<X?'YZeSP>GJIKGJLM?�IKGJLHGJB�YZE}B9TJ�t<XIKG
τa(ωf ), τs(ωf ) �

τf
m = nin

(
2π
ωf

) Q~ACESB,ESLHG���B9TcDMEHGJLHhcG�¡HL.YZP>G
ω = ωf

�	q*GJP>ACLgPd\mTcDME.YZ?@<>ACL±��ka� ¿ �M£oNHPbY|?@B'YZLH=���ACB@I|YZ?@<>ACL"[aE­QSB9AZ¡HP
[STJIKAM[aESP>T�[SG

VΩ =
∫ θ
−∞ VΩb(θ

′)dθ′
ijGJB9=

VΩ ∼ VΩb(θ)
[SGJiMB'YZ<X?¾�J?@B9G�ACeH=9GJB@ijTcGt�j� PS�°YZES?¦='G�=9ACESijGJLS<XB¾DME�\^YcijGch:PbY

hcACLH[a<X?@<>ACL
τa(ωin) � τ in

m = nin � τs(ωin)
N.Pd\ <XLHTJ�FYZPX<X?9T

τ in
m � τ+(ωin) � τ−(ωin)

Gc=@?:ijTJB@<¢¡.TcGtN~GJ?�P>G�QSB9AZ¡HP
<XLS<X?@<bYZP�Gc=@?�[STchJB@<X?�Q.YZB:PbY�QSB9GJIV<>UJB9G}GonaQSB9Gc=9=@<>ACL�[SG�Pd\mTcDFE.YZ?@<>ACL´��ka� ¿ m®£o�S��ACB9=9DMEHG2PbY6��B9TcDFEHGJLHhcG}[SG2Q~ACIVQ.YZ�jG}Gc=@?
[a<XIV<XLFEHTcGtN~<XP Gc=9?,=@ESQSQ0At=9T�DMEHG�Q0ACESB,PbYV�¤B9TcDMEHGJLHhcG2¡HL.YZP>G

ωf
PbYK[a<>=@Q0GJB9=@<>ACLgGc=@?,=@<��°YZ<XeSP>G4DFEHG4ht\mGc=@?wPd\ <XLHTJ�FYZPX<X?9T

τ+(ωf ) � τ f
m � τ−(ωf )

QSPXES?BvC?:DFEHGwPd\ <XLHTJ�FYZPX<X?9T
τ+(ωf ) � τ−(ωf ) � τ f

m
DMES<]Gc=@?�ijTJB@<¢¡.TcGt�S��YZB:hcACLH='TcDFEHGJLM?ON

=9GJP>ACL�Pd\mTcDME.YZ?@<>ACL���ka��kjyt£�GJ?�Pd\mTcDME.YZ?@<>ACL���ka� ¿ �j£oNSP>G%QSB9AZ¡HP�¡HL.YZP��wg�Gc=9?�[STchJB@<X?:Q.YZB

V f
Ω ' V f

Ωb '
τ(ωf )

τf
m

∂f

∂θ
.

��ka� ¿ kj£
��Gc= TcDFE.YZ?@<>ACLH=2��ka� ¿ �j£¾GJ?w��ka� ¿ kF£�IKACLF?@B9GJLF?�DMEHG:PbY}?@B'YZLH=@<X?@<>ACLk[aE|B9TJ�t<XIKGw[SACIV<XLHT,Q.YZBvP>Gc=vACLH[SGc=�;hg"[a<¢§~EH=9<XijGc=
ijGJB9=�P>G·B9TJ�t<XIKG·[SACIV<XLHT½Q.YZB�P>Gc=�ACLH[SGc=�;hg e.YZPX<>=@?@<>DFEHGc={N4Y¸PX<>GJE¶Q~ACESB

ωcr
N}DMES<KQ~GJES?��J?@B9G·Gc=@?@<XIKTcG½[SG

τ cr
m ≡ nin

2π
ωcr

∼ τs(ωcr)
�.j GJ?@?9G�?@B'YZLH=9<X?@<>ACL·=9GkI|YZLS<¢�°Gc=@?9G�Q.YZBKPbYW[STJB@<XitYZ?@<>ACL½[aE²=@<X�tL.YZP,[STJIKAM[aESP>T�GJ?|Q.YZB

Pd\^YZES�tIKGJLF?'YZ?@<>ACLg[SGw='ACL�YZIVQSPX<X?@EH[SG%QSB9ACQ0ACB@?@<>ACLSLHGJPXP>G5s τ(ωf)

τf
m

� 1
�S�¾\mACeH=9GJB@iCYZ?@<>ACL�[SG2hcGJ?@?9Gw?@B'YZLH=@<X?@<>ACL�[SACLSLHG

[SGc=�<XLa�°ACB@I|YZ?@<>ACLH=�=@ESB�P>G2?9GJIVQH=�hOYZB'YChJ?9TJB@<>=@?@<>DFEHG
τs(ω)

[SGc=�ACLH[SGc=:;hg��
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qMESB PbY:¡H�tESB9G2��ka�^xF£oN{PbY�?@B'YZLH=��°ACB@I|YZ?@<>ACLV[aE�=9<X�tL.YZP*[STJIKA*[aESP>T�[aEHG s�PbY:?@B'YZLH=9<X?@<>ACL�[aE�B9TJ�t<XIKG�[SACIV<XLHT Q.YZB PbY
[a<¢§0EH=@<>ACL|[SGc=¾ACLH[SGc=v;hggijGJB9=¦P>G�B9TJ�t<XIKG,[SACIV<XLHT�Q.YZB¾PbY%QSB9ACQ.YZ�FYZ?@<>ACLfe.YZPX<>=@?@<>DMEHG�[SGc=¦ACLH[SGc= ;ºgWGc=@?¾QSB9Tc=9GJLF?9TcGt�
� YVhcACLH[a<X?@<>ACL­<XLS<X?@<bYZP>G

τa(ωin) = C1/ωin � τ in
m = nin

(
2π
ωin

)
� τs(ωin) = C2/ω

4
in

GJ?:PbY��¤B9TcDMEHGJLHhcG�<XLS<X?@<bYZP>G
[SG�Pd\mACLH[SGf[SGVQ0ACIVQ.YZ�jG

ωin = 0.9ωc
N0Q~GJB@IKGJ?@?9GJLM?6[SG|[STJ?9GJB@IV<XLHGJB}P>Gc=}hcACLH=9?'YZLF?9Gc=

C1
GJ?

C2
�]��Yk��B9TcDFEHGJLHhcG

[SG4Pd\mACLH[SG�[SG}Q0ACIVQ.YZ�jG�Gc=@?%GJLH=@ES<X?9G�[a<XIV<XLFEHTcGxs|Q.YZB@?@<XB%[SG
ωin = 0.9ωc

� EH='DFE�\�s
ωf = 0.1ωc

GJLg�FYZB9[HYZLF?2P>G
LHACI4eSB9G

n
[SG6Q0TJB@<>AM[SGc=%hcACLF?9GJLMEHGc=}[HYZLH=wP>G6Q.YCDFEHGJ?2[]\mACLH[SGV;hg·hcACLH=@?'YZLM?O� j GchJ<�IKUJLHGxsKPbYlhcACLH[a<X?@<>ACLW¡HL.YZP>G

τa(ωf ), τs(ωf ) � τ f
m = nin

(
2π
ωf

) �v��Y�?@B'YZLH=9<X?@<>ACLµ[aEµQSB9AZ¡HP
f(θ)

YZE½QSB9AZ¡HP ∂f(θ)
∂θ

Gc=@?fACeS?9GJLMEHGgGJLM?@B9G�PbY
��B9TcDMEHGJLHhcG2[SG2Q~ACIVQ.YZ�jG

ω = 0.9ωc
GJL�PX<X�tLHG��tB@<>=9G�GJ?�PbY6��B9TcDFEHGJLHhcG

ω = 0.1ωc
GJL�PX<X�tLHG�LHAC<XB9Gt�

j GJQ~GJLH[HYZLM?ONSPbY�=@<X?@E.YZ?@<>ACL�[HYZLH=�PbYCDMEHGJPXP>G2Pd\mTJ?'YZ?�¡HL.YZP�A�i�Pd\ <XLHTJ�FYZPX<X?9T
τ+(ωf ) � τ−(ωf ) � τ f

m
Gc=@?�ijTJB@<¢¡.TcGtN

Q0GJES?­GJL�QSB@<XLHhJ<XQ0G�YZEH=9=9<6YcijAC<XBgPX<>GJE��%¯2YZLH=­hcG�hOYC=ON�PbY·[STJB@<XiCYZ?@<>ACL [aE QSB9AZ¡HP��wg¼DMES<}<XLM?9GJB@iM<>GJLM?"[HYZLH=­PbY
?@B'YZLH=9<X?@<>ACL�GJLF?@B9G�[a<¢§0EH=@<>ACL�GJ?�QSB9ACQ.YZ�FYZ?@<>ACL�e.YZPX<>=@?@<>DMEHG|�¤QSB9Tc[a<X?9G�[HYZLH=�Pd\mTcDFE.YZ?@<>ACL���ka� ¿ �M£@£ Q~GJES?:�J?@B9G�I|YC=9DFEHTcG
Q.YZB,Pd\ <XLF?9TJ�tB'YZ?@<>ACL�[aEgQSB9AZ¡HP��wg²[aEHG�YZEan­Go§]GJ?9=,[SG6[a<>=@Q0GJB9=@<>ACL­[SG4i*<X?9Gc=9=9Gf�¤QSB9Tc[a<X?9=%[HYZLH=,Pd\mTcDFE.YZ?@<>ACL²��ka��kjyj£@£o�
� P:Gc=@?K[SACLHh�e0GOYZEHhcACESQ²QSPXEH=f[a< r|hJ<XP>G�[]\mGon*?@B'YZ<XB9G­[SGc=V<XLa�°ACB@I|YZ?@<>ACLH=f=@ESBVP>Gc=KQ.YZB'YZIKUJ?@B9Gc=f[aE²IV<XPX<>GJE·P>ACB9=9DFEHG
[a<¢§]TJB9GJLF?9=�Go§]GJ?9=lQSRF�a=@<>DMEHGc=k<XLa³HEHGJLHhcGJLF?�=@<XI4ESPX?'YZLHTJIKGJLF?�P>G��°ACLHhJ?@<>ACLSLHGJIKGJLF?�[SGgPd\^YZLF?9GJLSLHGWQ.YZB'YZIKTJ?@B@<>DMEHGt�
��ACESB¾Pd\^YZL.YZPX�a=9G:[SG�hcGc=v=@<X?@E.YZ?@<>ACLH=ONt<XP8Gc=@?�LHTchcGc=9='YZ<XB9G,[SG�[a<>=@Q~At='GJB¾[SG�IKA*[SUJP>Gc=¦QSPXEH=�QSB9TchJ<>=¾Q~ACESB¦PbY�[STJQ~GJLH[HYZLHhcG
GJLk��B9TcDMEHGJLHhcG�[SG%Pd\^YZeH=9ACB@QS?@<>ACL­[SGc=�ACLH[SGc=,YChcACEH=@?@<>DMEHGc=ONH[SG%PbYV[a<¢§0EH=@<>ACL�GJ?�[SG%PbYViM<X?9Gc=9='G2[SG%QSB9ACQ.YZ�FYZ?@<>ACL��

��Gc=fGo§]GJ?9=fQSB9Tc[a<X?9=l[SG­[STJB@<XiCYZ?@<>ACL¸ACEµ[]\ <XLF?9TJ�tB'YZ?@<>ACL�[aE·QSB9AZ¡HP%[STJIKA*[aESP>T­P>ACB9='DFEHG�P>Gc=fhOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=
[SG�Pd\mACLH[SG�[SG�Q0ACIVQ.YZ�jG��

ω
N
τm
£�iCYZB@<>GJLM?ON¦Q0GJESijGJLF?lYZEH='=@<:�J?@B9G�I|YC=9DMEHTc=KQ.YZBKP>Gc=fGo§0GJ?9=|[SG�[a<¢§~B'YChJ?@<>ACLµDFES<

YZQSQ.YZB'YZ<>='=9GJLF?�[HYZLH=�ESLHG�hcACLa¡H�tESB'YZ?@<>ACL��jTcACIKTJ?@B@<>DMEHG�?@B@<>[a<XIKGJLH=9<>ACLSLHGJPXP>Gt�
��Gc=,hcACLH=9?'YZLF?9Gc=

C
N
C1

GJ?
C2
N.DMES<�YZQSQ.YZB'YZ<>='=9GJLF?2[HYZLH=,P>Gc=,GonaQSB9Gc=9=@<>ACLH=w[SGc=�Q.YZB'YZIKUJ?@B9Gc=%hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=

[]\^YZeH='ACB@QS?@<>ACLgACEg[SG}[a<¢§0EH=@<>ACL�NHQ0GJESijGJLF?wQSB9GJLH[aB9G4[SGc=,itYZP>GJESB9=,[a<¢§]TJB9GJLF?9Gc=%=9GJP>ACL­PbYKhcACLa¡H�tESB'YZ?@<>ACL"[aE�IV<XPX<>GJE��
��YZB"GonaGJIVQSP>GtN%=@<4PbY²QSB9Gc='=@<>ACL =@?'YZ?@<>DFEHG´YZQSQSPX<>DMEHTcG�=9ESB­Pd\^YC=9='GJI}eSPbYZ�jG��tB'YZLFESPbYZ<XB9G±Gc=@?gitYZB@<>TcGtNwhcG�=9ACLM?ghcGc=
hcACLH=9?'YZLF?9Gc=¾DMES<.=9ACLM?¾IKA*[a<¢¡.TcGc=¦Q0ACESB¦QSB9GJLH[aB9G�GJLfhcACIVQS?9G:PbY%itYZB@<bYZ?@<>ACLK<XLH[aES<X?9G�[]\^YZeH='ACB@QS?@<>ACLlACE|[SG�[a<¢§~EH=@<>ACL��
¯�\^YZES?@B9Gc=%�dYChJ?9GJESB9=�GonaQ~TJB@<XIKGJLM?'YZEan"Q~GJESijGJLM?}<XLF?9GJB@ijGJLS<XB6[HYZLH=�hcGc=2hcACLH=@?'YZLM?9Gc=}hcACIVIKGVPd\mTJ?'YZ?}[SGV=9ESB��°YChcGV[SGc=
eS<XPXP>Gc=:Q.YZB�GonaGJIVQSP>Gt�
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G,H��,H�J 	�½�M�`ba M�½ E�½�W Q�VI`b[�Y´½�cdQU]GE�LN¿

¹,L�[a<>=@Q~At=9<X?@<¢��GonaQ~TJB@<XIKGJLM?'YZP []\ ES?@<XPX<>='YZ?@<>ACLg=9ACESQSP>GtNHDMES<]Q~GJB@IKGJ?,[SG%IKGJLHGJB�QSPXEH=@<>GJESB9=�? �MQ0Gc=�[]\mGonaQ0TJB@<>GJLHhcGc=
Y±TJ?9T�h'RHAC<>=@<�t:QSPXEH=@<>GJESB9=�? �MQ0Gc=�[SG�I|YZ?9TJB@<bYZEan��tB'YZLFESPbYZ<XB9Gc="=9ACLM?­[a<>=@Q0ACLS<XeSP>Gc=��°YC='=9GJI}eSPbYZ�jGc=W[SG"eS<XPXP>Gc=g[SG
ijGJB@B9GK[SG

2mm
GJ?

0.15mm
[SGK[a<bYZIKUJ?@B9G{£oN�[a<¢§]TJB9GJLF?9=}³HES<>[SGc=}='YZ?@ESB'YZLM?9=�P>Gc=2eS<XPXP>Gc={N�[a<¢§0TJB9GJLM?9Gc=4hcACLM?@B'YZ<XLF?9Gc=

=@?'YZ?@<>DMEHGc=ONv[a<¢§]TJB9GJLF?9Gc=�[a<>=@?'YZLHhcGc=�[SGgQSB9ACQ.YZ�FYZ?@<>ACL�N�[a<¢§0TJB9GJLM?9=�?`�*Q~Gc=k[]\mTJIKGJ?@?9GJESB9=�GJ?�[SGgB9TchcGJQS?9GJESB9=O��¬ ACEH=
hcGc=KQ.YZB'YZIKUJ?@B9Gc=fiCYZB@<bYZeSP>Gc=l[SG�Pd\mGonaQ~TJB@<>GJLHhcG���ACLM?fDME�\ <XP��±Y"ESL²�tB'YZLH[·LHACI}eSB9Gg[SG�B9TJ�t<XIKGc= s�TJ?@EH[a<>GJBO�¾��Gc=
B9Tc=@ESPX?'YZ?9=VQSB9Tc=9GJLM?9Tc=|<>hJ<�Q0ACB@?9GJLF?l=@ESBVPd\mTJ?@EH[SG�[]\ ESLHG�hcACLa¡H�tESB'YZ?@<>ACLµQ.YZB@?@<>hJESPX<>UJB9G#t�I|YZ?9TJB@<bYZE½�tB'YZLFESPbYZ<XB9G­=9Gch
LHACLa_`hcACLH=9ACPX<>[STtN0hcACLH=@?@<X?@EHT�[SG}eS<XPXP>Gc=%[SG4ijGJB@B9G4[SG6[a<bYZIKUJ?@B9G

0.15mm
N]YOijGch6[SGc=whcACLF?@B'YZ<XLM?9Gc=�=@?'YZ?@<>DMEHGc=2YZPXPbYZLF?

[SG
7.2 Pa

s
72 kPa

� �°ACB9hcGc=¾=9?'YZ?@<>DFEHGc=¾YZQSQSPX<>DMEHTcGc=¾GJLM?@B9G
1
GJ?

10 kN
£�GJ?�Q0ACESB¾[SGc=¾[a<>=@?'YZLHhcGc=v[SG�QSB9ACQ.YZ�FYZ?@<>ACL

YZPXPbYZLF?�[SG
4
s

30 cm
�.¯,<¢§]TJB9GJLF?9Gc=�Q~At='=@<XeS<XPX<X?9Tc=:AZ§]GJB@?9Gc=:[HYZLH=�P>G2h9RHAC<¢n�[aE�?@B'YZLH=9[aEHhJ?9GJESB�[SG%B9TchcGJQS?@<>ACL­ACLF?�TJ?9T

?9Gc=@?9TcGc= t�YChchcTJP>TJB9ACIKUJ?@B9GtN�?@B'YZLH='[aEHhJ?9GJESB�ESPX?@B'YC=9ACLHACB9G�QS<>G�>OAZ_`TJP>GchJ?@B@<>DMEHGK<>[SGJLF?@<>DMEHG¸slPd\mTJIKGJ?@?9GJESBON0¡HPXI��¦�w¯ g�N
iM<XeSB9ACIKUJ?@B9G�PbYC=9GJBO�¦�¦\mTJIV<>=9=9<>ACL½TJ?'YZLF?kYC=9=@ESB9TcGkQ.YZB|[SGc=|?@B'YZLH=9[aEHhJ?9GJESB9=KQS<>G�>OAZ_`TJP>GchJ?@B@<>DMEHGc=lP>ACLS�t<X?@EH[a<XL.YZEan·[SG
?`�*Q~G2��YZL.YZIKGJ?@B@<>hc=w� ¿ � À k��¤B9TJQ0ACLH=9G2PbYZB@�jG�e.YZLH[SG�hcGJLF?@B9TcG4=@ESB

100 kHz
NS[SG�B'Yc�jACL ∼ 2 cm

£o�
��Y�hcACLSL.YZ<>=9=�YZLHhcG�[SG%PbY�B9TJQ0ACLH=9G2GJLk�¤B9TcDMEHGJLHhcG2[aE�?@B'YZLH=9[aEHhJ?9GJESBw[SG%B9TchcGJQS?@<>ACL­Gc=@?�LHTchcGc=9='YZ<XB9G�Q~ACESB�YOijAC<XB

YChchcUc=�YZEº=9<X�tL.YZP2YChcACEH=9?@<>DFEHGgQSB9Tc=9GJLM?�[HYZLH=kP>G�IV<XPX<>GJE�GJ?kQ0ACESBfQ0ACESijAC<XB�hcACIVQ.YZB9GJB�hcGg[SGJB@LS<>GJB�YZEºIKA*[SUJP>G
?@RHTcACB@<>DFEHGg[STJijGJP>ACQSQ0T­[HYZLH=khcG�h'R.YZQS<X?@B9Gt����Gc=f¡HPXIK=f���%¯ g¶[a<>=@Q0ACLS<XeSP>Gc=kYZE½PbYZe0ACB'YZ?9AC<XB9G­ACLM?fESLHG­B9TJQ0ACLH=9G
DFE.YC=9<¢_dQSPbYZ?9G|=@ESB4ESLHGKPbYZB@�jGK�FYZIVIKGl[SGV��B9TcDMEHGJLHhcGc=}I|YZ<>=4=@ESQSQ~ACB@?9GJLM?4I|YZPvPbY�hcACLM?@B'YZ<XLF?9G�=@?'YZ?@<>DMEHGK=@ESB4P>GJESB9=
TJP>GchJ?@B9AM[SGc={�j� ACESB ESLHG�ES?@<XPX<>='YZ?@<>ACL|¡8YZeSP>GtNFhcG�? �MQ0G:[SG�B9TchcGJQS?9GJESBvLHG�Q0GJES?¾=O\ ES?@<XPX<>=9GJB DFE�\mGJL|=9ESB��°YChcG:[aE|I|YZ?9TJB@<bYZE
�tB'YZLFESPbYZ<XB9GtN�P)s­A�i�P>Gc=6hcACLF?@B'YZ<XLM?9Gc=K=@?'YZ?@<>DMEHGc=6='ACLF?6P>Gc=}QSPXEH=4�dYZ<XeSP>Gc=ON�P>ACB9=9DMEHGfP>Gc=4=9GJESP>Gc=�hcACLM?@B'YZ<XLF?9Gc=V[HYZLH=6P>G
IV<XPX<>GJE�=9ACLM?�[aEHGc=>s6PbY�Q0Gc='YZLF?9GJESBO�

�¦\^YChchcTJP>TJB9ACIKUJ?@B9G�Y�ESLHG|B9TJQ0ACLH=9GlDFE.YC=9<¢_dQSPbYZ?9GfGJL��¤B9TcDMEHGJLHhcGfI|YZ<>=�YOijGch|ESLHGfB9GJPbYZ?@<XijGJIKGJLF?��dYZ<XeSP>Gfe.YZLH[SG
Q.YC=9='YZLM?9GK��[SG2DFEHGJP>DMEHGc=

Hz
s

20 kHz
£�GJ?�ESLHG2=9GJLH=@<XeS<XPX<X?9T%PX<XIV<X?9TcGt�H� P0Q~GJES?��J?@B9G%ES?@<XPX<>=9T2GJL�=@ESB��dYChcG2hcACIVIKG%P>G

¡HPXI¼���%¯hg´YZ<XLH=@<�DME�\ <XIVIKGJB@�jT�[HYZLH=�P>G%IV<XPX<>GJE��UqaY6B9TJQ0ACLH=9GwQ~GJES?�_`�J?@B9G�hcACLH=9<>[STJB9TcG2hcACIVIKG%¡8YZeSP>G%?'YZLF?�DMEHGwPbY
P>ACLS�tEHGJESB¦[]\mACLH[SG�YChcACEH=@?@<>DMEHG�Gc=@?��tB'YZLH[SG:[SGJitYZLF?¦=9Gc=�[a<XIKGJLH=@<>ACLH={NthcG�DFES<aPX<XIV<X?9G:=9ACLKYZQSQSPX<>hOYZ?@<>ACL��!j GJQ0GJLH[HYZLF?ON
hcG%B9TchcGJQS?9GJESB,Gc=@?�?@B9Uc=:ES?@<XP>G2Q~ACESB,hOYZPX<XeSB9GJB�[SGc=�B9TchcGJQS?9GJESB9=,QSPXEH=:=9GJLH=@<XeSP>Gc=:GJ?,DFES<�=9ACLM?:ES?@<XPX<>=9Tc=:[HYZLH=�PbY�=@ES<X?9Gt�

��G|?@B'YZLH=9[aEHhJ?9GJESB4QS<>G�>OAZ_`TJP>GchJ?@B@<>DMEHGlL�\^Y�Q.YC=4[SGKB9TJQ0ACLH=9GKQSPbYZ?9GlGJL���B9TcDMEHGJLHhcGt����Gl[SACI|YZ<XLHGf[]\ ES?@<XPX<>=�YZ?@<>ACL
GJL�B9TchcGJQS?@<>ACLµ�¤e.YC='=9Gc=2��B9TcDFEHGJLHhcGc=

0 → 20 kHz
£�=9GV=@<X?@EHGf=@ESB2P>GKe0ACB9["<XLa�°TJB@<>GJESB4[SGVPbYke.YZLH[SG|Q.YC=9='YZLM?9G|[aE

?@B'YZLH=9[aEHhJ?9GJESBO��qaY:B9TJQ~ACLH='G¦GJL2�°ACLHhJ?@<>ACL4[SG�PbY ��B9TcDMEHGJLHhcGtN{[HYZLH=�hcG¦B9TJ�t<XIKGtN{Gc=@?�IKACLHAC?9ACLHG�� EH='DFE�\^YZEan2?@B9Uc=�e.YC='=9Gc=
�¤B9TcDMEHGJLHhcGc=%�¤IKAC<XLH= [SG

500 Hz
£o�M�¾\ <XLF?9TJB9�J?�[SG,hcG�?@B'YZLH=9[aEHhJ?9GJESB�Gc=@?v=�Y2�tB'YZLH[SG%=9GJLH=@<XeS<XPX<X?9TwGJ?¾PbY}Q~At='=@<XeS<XPX<X?9T�[SG

Pd\ <XIVIKGJB@�jGJB2?9AC?'YZP>GJIKGJLF?6[HYZLH=%P>G4IV<XPX<>GJE����`P�=@ESQSQ0ACB@?9G�?@B9Uc=%eS<>GJL"P>Gc=%QSB9Gc=9=@<>ACLH=2=@?'YZ?@<>DMEHGc=%<XIVQ~ACB@?'YZLM?9Gc=O��uwACEH=
YcijACLH= ES?@<XPX<>=9T�QSB@<XLHhJ<XQ.YZP>GJIKGJLF?:hcG,?@B'YZLH=9[aEHhJ?9GJESBON*?9ACES? GJLfijTJB@<¢¡8YZLF?�PbY2�°ACB@IKG�DME.YZPX<X?'YZ?@<XijG%[SGc=v=9<X�tL.YZEanfYcijGch,P>Gc=
YZES?@B9Gc=�hOYZQS?9GJESB9=O�8¥�L�Q.YZB@?@<>hJESPX<>GJBON.QSPXEH=@<>GJESB9=wGon*Q0TJB@<>GJLHhcGc=�DME.YZPX<X?'YZ?@<XijGc=,ACLM?�IKACLM?@B9T4DMEHG2PbY6�°ACB@IKG2?9GJIVQ0ACB9GJPXP>G
[SG�=@<X�tL.YZEan´eSB9Go��=KYChchcTJP>TJB9ACIKTJ?@B@<>DMEHGc=|QSB9Tc='GJLF?9GJLF?fESLHG�[STJB@<XijTcG�YC[S[a<X?@<>ACLSLHGJPXP>G�Q.YZBVB'YZQSQ0ACB@?¸sgPbY­�°ACB@IKG�[SGc=
=@<X�tL.YZEan�<>=9=@EH=w[SG}hcG4?@B'YZLH=9[aEHhJ?9GJESBO�0� P Gc=@?w[SACLHh6YC=9=9<XIV<XP>T<sKESLghOYZQS?9GJESB%[SG}i*<X?9Gc=9=9Gt�8� ACESB2[SGc=wACLH[SGc=wQSPbYZLHGc=ON
[HYZLH=lESL½IV<XPX<>GJEº='YZLH=k[a<>=@Q0GJB9=@<>ACL�N¾PbY�QSB9Gc=9=@<>ACL¸YChcACEH=@?@<>DMEHG

p
Q0GJES?l=O\mGonaQSB@<XIKGJBkGJL·�°ACLHhJ?@<>ACL¸[SG�PbY�iM<X?9Gc='=9G

Q.YZB@?@<>hJESPbYZ<XB9GwYChcACEH=9?@<>DFEHGtN
p = ρc0 v = ρc0 ∂U/∂t

N*YZ<XLH=@<.DME�\mGJLK�°ACLHhJ?@<>ACLf[SG:PbY�[STo��ACB@I|YZ?@<>ACL�YChcACEH=@?@<>DMEHG�[HYZLH=
P>G�IV<XPX<>GJE

p = −ρc2
0ε
N]A�i

ρ
GJ?

c0
=9ACLF?2B9Gc=9Q~GchJ?@<XijGJIKGJLM?}PbY�[SGJLH=@<X?9TKYZE�B9GJQ~At=�GJ?2PbYli*<X?9Gc=9=9GV[SG�QSB9ACQ.YZ�FYZ?@<>ACL

YChcACEH=@?@<>DMEHG�[aE�IV<XPX<>GJE��
qMESB PbY%¡H�tESB9G ka�^sSNjP>Gw=9h9RHTJI|Y4[aEk[a<>=@Q~At=9<X?@<¢�]GonaQ0TJB@<XIKGJLF?'YZP][SG�IKGc=9ESB9Gc= Gc=9?¾QSB9Tc=9GJLM?9Tt�*��Gc=v=@<X�tL.YZEanf�jTJLHTJB9Tc=

=9ACLF?%[SG4?`�*Q~G6=@<XLFEH=%;hg±IKA*[aESP>T4GJL"YZIVQSPX<X?@EH[SG�Q.YZB,ESLHG}�°ACLHhJ?@<>ACL A YZEH='=@<>GJLSLHGl�¤ijAC<XB2[STJeSES?%[aEgh'R.YZQS<X?@B9Gxkj£o�
�`P>=¾=9ACLF?¾GJLMijAO�jTc=bswESLfYZIVQSPX<¢¡.hOYZ?9GJESB�[SG:QSES<>=9=�YZLHhcG�YcijGch�ESLK�FYZ<XL|[SG Àt¿ [S����hJPbYC='=9G:�2£oNtQSES<>=vYZEK?@B'YZLH='[aEHhJ?9GJESB
QS<>G�>OAZ_`TJP>GchJ?@B@<>DFEHGvPbYZB@�jG�e.YZLH[SGvhcGJLF?@B9T¾=9ESB

100 kHz
[HYZLH=�Pd\^YZ<XBONcQ.YZB�Pd\ <XLM?9GJB@IKTc[a<bYZ<XB9G�[]\ ESLHG¦e0AC<X?@<>GJB�[]\^YC[HYZQS?'YZ?@<>ACL

[]\ <XIVQ~Tc[HYZLHhcGfQ0ACESB�ESLHGKIKGJ<XPXP>GJESB9GlG�r|hOYChJ<X?9Tt� �,QSB9Uc=4B9TchcGJQS?@<>ACL�Q.YZB�P>G|?@B'YZLH=9[aEHhJ?9GJESBON P>Gc=4=@<X�tL.YZEan��wg�=9ACLM?
¡HPX?@B9Tc= QSES<>=�YZIVQSPX<¢¡.Tc=:Q.YZBvESLkQSB9To_ YZIVQSPX<¢¡.hOYZ?9GJESB��dYZ<XeSP>G�eSB@ES<X?���[SGw�FYZ<XLlI|Y®n*<XI4ESI�� �4[S�:£o��j Gc=�=@<X�tL.YZEanl=9ACLM?
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B

C

AM

����������������
������������������������������������������������������������������������������������������

A
y�}��Z�������p}��Z��~�|
z����b�����
	§��|� �p��|
�

� ����|��� �p��	§����}���������z �

� ��������� ¬ ����| ��� ��� ����� �

� ������|Zz§������� �!��� " �

� ������|Zz§������� �!��� " �

#�� $ �:�pz�|���~���z����b|��������Z}
�����&%&�p�b~����('��2����|Z�*�

)��Zz����:����|Z�*��{*|�$ �pz��������pz�}

)��Zz����:����|Z�*��{*|�$ �pz��������pz�}

50 Ω

∼ 1000 Ω

*,+-/.102-�31415
� �:��z�}�{*������|Z�*�N�Z�b|�����|����

� �:�pz�}�{�������|Z���	���Z�Z|Z~*��|Z���

� ������|Z�����:�pz������p����|

� ��} {�|,}�|����:����|

687�9 5 9 5

:!+
9�; 02. 9�<�= ; 5
687�9 5 > |Z�����/? > � �@� �

� �b~����('��2�B��|Z����{*|,~�����}�}��pz���|
�BADC �Z�pz!E�|���}�����z

F �§�HG�|Z}%��|��I�KJ �MLONP�w{RQ �

S �T
� �� �
U�

VXW�
UY �
� �
 �
��

� �

���pz��p�b|��������Z} � �Z"ZNZ�

� ������|Zz§�I���[�P\Z\Z"!� �

#��:�pz!$ ���:{º��|Z}�|2�B���]G^# F�_ \`N
a ��������|I~��p}�}�|&%MG��p���Q	�Pb���|R{dc ��{��p~*�:��������z�{8c ���b~��Z{��pz��Z|

#�e � "@� > a

a ��������|I~���}�}�|&%MG��p�*�
#��:��zf$ �p�:{º��|Z}�|Z�����HG^# F�_ \Z"

a ��������|I~��p}�}�|]%hg��p}
#��:��zf$ �p�:{º��|Z}�|Z�����HG^# F�_ \@N

�h����� �f���N *�f­�®_¥�¯xª ²�±u²�«&¦�£_¬�¦�«�©%« 9<¢ )�£�¥�¤�«&¯¸¢�¨U©�ª�µI²!¢<¯¸¢p¦p±�¤2¢�¦§¹ 8 ¢ ­Bª�£	©:¢�±�¤ ²!¢ 9�¬�¤2­�¢³¦�©�ª�©%«�°�±�¢x¢p¦�©�²!¥p¦p« ;�¨	¥>£�ª�¤
#5¹
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� ��
 ! " #
$&%'
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+ ,.-0/

,213/

,245/

,265/

�h����� �f�%� ��  �U« ;�¨�ª�± )³©:¢�¯º£_¬�¤B¢�µ ¦�²´¢.£_¬�¯º£_ª1;´¢5¢�©I²´¥�¯x¬�²�±�µ ¥p¦R£�¬�±!¤�°�±�ª�©%¤B¢ 9�¤2¥2°§±�¢�¨	­�¢p¦5²´¢E£_¬�¯>£�ª1;´¢»²�« �º¥�¤B¢�¨U©:¢�¦§¹
8 ¢p¦bª�¯º£�µ «�©%±�²´¢p¦.¦�¬�¨U©f¨	¬�¤p¯xª�µ «&¦§¥B¢p¦�¹ 8 ªR£�¤B¢p¦�¦�«%¬�¨¸¦�©�ª�©%«�°�±�¢bªp£�£	µ «�°�±�¥B¢ .�ª�±�©�¢�¨ .�«�¤Z¬�¨

P0 ' 10 kPa
¢�©Nµnª»²�«&¦�©�ª�¨�­�¢

²´¢w£�¤Z¬�£_ª1;�ª�©%«�¬�¨ ¢p¦�© ²!¢
d ' 20 cm

¹

iM<>=9E.YZPX<>=9Tc= YOijGch�ESLkAt=9hJ<XPXP>At=9hcACQ0G,LFESIKTJB@<>DMEHG%YOijGch�P>GcDMEHGJP~ESLfIKA{�jGJLSL.YZ�jG%?9GJIVQ~ACB9GJP0Gc=@?vGo§]GchJ?@EHTw=@ESBvQSPXEH=9<>GJESB9=
<XIVQSESP>=@<>ACLH=wB9G��JEHGc=V��[SG}Pd\mACB9[aB9G6[SG�m�� � �j£o�~��G6=@Q0GchJ?@B9G4[]\^YZIVQSPX<X?@EH[SG6Q0GJES?%YZEH=9=9< �J?@B9G6ACeH=9GJB@ijT4GJLgB9GJIVQSPbY��OYZLF?
Pd\mAt=9hJ<XPXP>At=9hcACQ0G2Q.YZB�ESL­YZL.YZPX�a=9GJESB�[SG2=@Q0GchJ?@B9Gc=O�
G,H��,H�G 7�]98 TRQU]R^_Q O.T¾Y�[�e ½�c"QÁOEQ E�Y�LN]RM�`ba�Y E OEQ ¿�
 a
]ROEQSOEQS`ba cd`.L	e Q

¹,LHG�GonaQ~TJB@<>GJLHhcG�<XLF?9TJB9Gc=9='YZLM?9G´hcACLH=@<>=@?9G s²IKAM[a<¢¡.GJBgP>G�B9TJ�t<XIKG�[SG�?@B'YZLH=9Q~ACB@?g[SG�Pd\mACLH[SG�[SG�Q0ACIVQ.YZ�jG
��h9R.YZLS�jGJIKGJLM?W[SG�Pd\^YZeH=9ACB@QS?@<>ACL�Nw[SG�PbY²[a<¢§0EH=@<>ACL�GJ?�[SG�PbY²iM<X?9Gc=9='G�[SG�QSB9ACQ.YZ�FYZ?@<>ACL8£�GJL��dYZ<>='YZLF?­iCYZB@<>GJB­PbY
�¤B9TcDMEHGJLHhcG�[aEl=@<X�tL.YZP0TJIV<>=ONF='YZLH= h9R.YZLS�jGJB PbY%�°ACLHhJ?@<>ACLk[SG:IKA*[aESPbYZ?@<>ACLkGJLkYZIVQSPX<X?@EH[SGt�a¯%YZLH= hcGJ?@?9G�GonaQ0TJB@<>GJLHhcGtN
PbYl��B9TcDFEHGJLHhcGf[SGVQ~ACIVQ.YZ�jG|<XLS<X?@<bYZP>G|Gc=@?4[SG

fp = 60 kHz
QSES<>=}hcGJ?@?9GV��B9TcDMEHGJLHhcG|Gc=@?4YZES�tIKGJLM?9TcG|Q.YZB4Q.YC=}[SG

20 kHz
��EH=9DME�\�s

fp = 300 kHz
�,j ACIVIKGVP>Gc=�=@<X�tL.YZEan"GonaQ~TJB@<XIKGJLM?'YZEan�=9ACLF?}YlQSB@<>ACB@<¦B9G��JE�GJL�[SGJRHACB9=}[SG�PbY

B9TJ�t<>ACL�[]\ <XLF?9GJB'YChJ?@<>ACL�LHACL�PX<XLHTOYZ<XB9GtNaGJ?�[HYZLH=�P>G%h9R.YZIVQ�P>AC<XLF?'YZ<XL�NaP>G%=@<X�tL.YZP][STJIKA*[aESP>T2�wg�Gc=@?�[a<¢§0B'YChJ?9TtN*hcG%DMES<
<XIVQSPX<>DFEHGlESLHGl[STJB@<XiCYZ?@<>ACL²=9ESQSQSP>TJIKGJLF?'YZ<XB9G�[SGc=�=@<X�tL.YZEan�Q.YZB�B'YZQSQ0ACB@?KYZE�hOYC=�ESLS<>[a<XIKGJLH=@<>ACLSLHGJP:[aE´IKA*[SUJP>G
YZL.YZPX�M?@<>DMEHG�[STJijGJP>ACQSQ0T2QSB9TchcTc[SGJIVIKGJLF?�p A EH='s ¿ N.u,A{iaxjy{z`�

�¦\mACLH[SGw[SG:Q0ACIVQ.YZ�jG,Gc=9?¾<XLS<X?@<bYZP>GJIKGJLF?�IKA*[aESP>TcG�Q.YZBvESLHG:�°ACLHhJ?@<>ACL A YZEH=9=@<>GJLSLHGt�_j G�h9RHAC<¢nlGc=@?¾IKAC?@<XijT,Q.YZB
PbY|=9<XIVQSPX<>hJ<X?9T6[SG4Pd\mACQ0TJB'YZ?@<>ACLW[SG4?@B'YZLH=��°ACB@IKTcG�[SG5gHACESB@<>GJB�YZQSQSPX<>DMEHTcG sKESLHG}��ACLHhJ?@<>ACL A YZEH='=@<>GJLSLHGtN~YZ<XLH=9<�DMEHG
Q.YZB�PbY6�°ACB@IKG�YZL.YZPX�M?@<>DMEHG2B9GJPbYZ?@<XijGJIKGJLF?%=@<XIVQSP>G�[SG2='Gc=:[STJB@<XijTcGc=�=@EHhchcGc='=@<XijGc=O�

qMESB}PbY�¡H�tESB9G4ka�nm��HN�=9ACLM?4?@B'YChcTc=4Q~ACESB6DFE.YZ?@B9G|��B9TcDFEHGJLHhcGc=6[SGKQ0ACIVQ.YZ�jGf[a<¢§]TJB9GJLF?9Gc=��
fp = 60, 160, 220,GJ?

300 kHz
£,I|YZ<>=6YcijGchVESLHGKIKAM[aESPbYZ?@<>ACL�<>[SGJLF?@<>DMEHGtN�P>Gc=�=@<X�tL.YZEan"TJP>GchJ?@B@<>DMEHGc=4[SG�Q0ACIVQ.YZ�jGKGJ?�P>Gc=�=9<X�tL.YZEan

[STJIKAM[aESP>Tc=%YC=9=9A*hJ<>Tc=ONSB9GJ?'YZB9[STc=%[aE­?9GJIVQH=,[SG}QSB9ACQ.YZ�FYZ?@<>ACLW[HYZLH=,P>G�IV<XPX<>GJE­�tB'YZLFESPbYZ<XB9Gt�0¹,LHG}[STJB@<XijT4QSB9GJIV<>UJB9G
[SG A YZEH=9=@<>GJLSLHG}Gc=@?�QSB'YZ?@<>DFEHGJIKGJLM?,ACeH=9GJB@ijTcG�Q~ACESB:P>G2=9<X�tL.YZP�[STJIKAM[aESP>T�?@B'YChcT�[HYZLH=�PbY�Q.YZB@?@<>G|�°Yj£ [SG�PbY4¡H�tESB9G
ka�nm��aNahcACB@B9Gc=@Q~ACLH[HYZLM?ºs4ESLHG,�¤B9TcDMEHGJLHhcG%[SG,Q0ACIVQ.YZ�jG

fp = 60 kHz
�a��ACESB

fp = 160 kHz
Na[HYZLH=�PbY4Q.YZB@?@<>GK�¤e8£
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gHB9TcDFEHGJLHhcG�[SG�Q~ACIVQ.YZ�jG �,B9[aB9G}[SG2[STJB@<XiCYZ?@<>ACL ¬ GJIVQH=�[SG2IKA*[aESPbYZ?@<>ACL
τm

¬ GJIVQH=,[SG%ijACP
τ0� ���¤�*; >®£ mtN�k À �aN ¿ x��

10−4 =�£ �aNryCx ���
10−3 =�£x ���¤�*; >®£ mtN ¿tÀ �aN ¿ y��

10−4 =�£ �aNrytyCs��
10−3 =�£

m�� ���¤�a; >®£ mtN = À �aN ¿tÀ �
10−4 =�£ �aNrytyC���

10−3 =�£
m�k ���¤�a; >®£ mtN^� À �aN ¿ =­�

10−4 =�£ �aNrytyC���
10−3 =�£

m�= ���¤�a; >®£ mtN^x À �aN ¿ =­�
10−4 =�£ �aNryty À �

10−3 =�£
mO� ���¤�a; >®£ kaN � À �aN ¿ =­�

10−4 =�£ �aNrytyCx��
10−3 =�£

mOx ���¤�a; >®£ mtN^s À �aN ¿t¿ �
10−4 =�£ �aNryty2=­�

10−3 =�£
k � ���¤�a; >®£ kaN�k �aN ¿t¿ �

10−4 =�£ �aNryty2=­�
10−3 =�£

k�k ���¤�a; >®£ kaNry �aN ¿t¿ �
10−4 =�£ �aNrytyC���

10−3 =�£
k = ���¤�a; >®£ kaN À �aN ¿t¿ �

10−4 =�£ �aNryty�k��
10−3 =�£

kt� ���¤�a; >®£ mtN^s À �aN ¿t¿ �
10−4 =�£ �aNryC�tx��

10−3 =�£
ktx ���¤�a; >®£ mtN^s À �aN ¿t¿ �

10−4 =�£ �aNryty ���
10−3 =�£¿ � ���¤�a; >®£ mtN^s À �aN ¿t¿ �

10−4 =�£ �aNryC�tx��
10−3 =�£

����� � �f�%�U ���ª�¤�«%ª�©%«%¬�¨u²´¢p¦ £_ª�¤Zª�¯ ��©%¤B¢p¦ ²´¢¶µ2· ª���±´¦�©:¢�¯¸¢�¨U© ¢�¨ 9§¬�¨�­§©%«�¬�¨u²´¢¶µ ª 9�¤2¥2°§±�¢�¨	­�¢x²´¢b£_¬�¯>£�ª1;´¢

[SG�PbY%¡H�tESB9G ka�nm��aNjP>Gw=@<X�tL.YZP8[STJIKA*[aESP>T,B9G��JEfGc=@?vQSB9ACQ~ACB@?@<>ACLSLHGJP�s2PbY}[STJB@<XijTcG,='GchcACLH[SG,[]\ ESLHG A YZEH=9=@<>GJLSLHGt�M¹�LHG
[STJB@<XitYZ?@<>ACLk[aEl=@<X�tL.YZP0[STJIKA*[aESP>T,=O\mGc=9? [SACLHh,QSB9AM[aES<X?9GwGJLF?@B9G

fp = 60 kHz
GJ?

fp = 160 kHz
�_qM<~PbY2��B9TcDMEHGJLHhcG

[SG:Q~ACIVQ.YZ�jG6�°YC=9=@<XIV<XP>TcG:<>hJ<	s2PbYw��B9TcDFEHGJLHhcG�Q~ACB@?9GJEH='G:ACEK��B9TcDFEHGJLHhcG�hcGJLF?@B'YZP>Gw[aE|Q.YCDMEHGJ?¾[]\mACLH[SG,[SG:Q~ACIVQ.YZ�jG{£
Gc=9? GJLHhcACB9G�YZES�tIKGJLM?9TcGtNaESLHGw[STJB@<XijTcG%?@B9AC<>=9<>UJIKG2[SG A YZEH=9=@<>GJLSLHG2YZQSQ.YZB'Y��>?�Q~ACESB

fp = 220 kHz
�¤Q.YZB@?@<>GK��h{£v[SG

PbY%¡H�tESB9Gºka�nm��F£o�j¥¦La¡HL�N*YZES?9ACESB [SG:PbYw��B9TcDFEHGJLHhcG
fp = 300 kHz

NjESLHG�[STJB@<XijTcG�='GchcACLH[SG�Gc=@? ACeH=9GJB@ijT}�¤Q.YZB@?@<>G���[.£
[SG%PbY�¡H�tESB9G¶ka�nm��F£o�S�,<XLH=@<dNS[SGJEan�[STJB@<XiCYZ?@<>ACLH=,=@ES<XiM<>Gc=�[]\ ESLHG2<XLF?9TJ�tB'YZ?@<>ACLW[aE�=@<X�tL.YZP�[STJIKA*[aESP>T}=9ACLM?�ACeH=9GJB@ijTcGc=
GJL�YZES�tIKGJLM?'YZLF?wPbY6��B9TcDFEHGJLHhcG2[SG2Q0ACIVQ.YZ�jG�[SG

fp = 60 kHz
s

fp = 300 kHz
�

�:¡HLk[SG%hcACLa¡HB@IKGJB:hcGJ?@?9GwACeH='GJB@iCYZ?@<>ACL�DME.YZPX<X?'YZ?@<XijGtNaESLf?@B'YZ<X?9GJIKGJLM?:LFESIKTJB@<>DMEHG2=@<XIVQSP>G2Y6TJ?9Tw<XIVQSP>TJIKGJLF?9Tt�
�¾\mACB9[aB9Gg[SGW[STJB@<XitYZ?@<>ACLº?9GJIVQ~ACB9GJPXP>GWQ.YZB@?@<>GJPXP>G

p
Y�TJ?9TgES?@<XPX<>=9TgQ0ACESBlACeS?9GJLS<XB�ESLµQSB9AZ¡HP2?9GJIVQ0ACB9GJPwIKA*[STJPX<>=9T

��[STJB@<XijTcG�Q.YZB@?@<>GJPXP>G±[]\ ESLHG A YZEH=9=9<>GJLSLHG{£�P>G�QSPXEH=gQSB9A*h9RHG�Q~At='=@<XeSP>G´[SGc=­QSB9AZ¡HP>=W?9GJIVQ0ACB9GJP>="GonaQ~TJB@<XIKGJLM?'YZEan0�
��ACESB}hcG��dYZ<XB9GtN]PbYk?@B'YZLH=@��ACB@IKTcGK[SG¸gHACESB@<>GJB4[SGVPd\mGJLMijGJP>ACQSQ~Gf[SGVIKA*[aESPbYZ?@<>ACL�Q0GJES?��J?@B9G|TchJB@<X?9GK=9ACEH=�PbYl��ACB@IKG
S(f) = TF [s(t)] = (−j2πf)pe−

f2τ2
m

4 e−2πjfτ0
A�i

τ0
Gc=@?kP>GW?9GJIVQH=�[SGWijACP�[aE�=@<X�tL.YZP�GJ?

τm
P>GW?9GJIVQH=

hOYZB'YChJ?9TJB@<>=9?@<>DFEHG,[SG�Pd\mGJLFijGJP>ACQSQ0G�[SG�IKA*[aESPbYZ?@<>ACLg��[aESB9TcG,hOYZB'YChJ?9TJB@<>=@?@<>DMEHG�[aE|=@<X�tL.YZP8[STJIKAM[aESP>T{£o�M��G:Q.YZB'YZIKUJ?@B9G
hOYZB'YChJ?9TJB@<>=9?@<>DFEHG

τm
N�ES?@<XPX<>=9Tf[HYZLH=6P>GfhOYZP>hJESP�[SG|IV<XLS<XIV<>='YZ?@<>ACL±Gc=@?�GJL��dYZ<X?}ESL�Q.YZB'YZIKUJ?@B9Gf¡SnaT|Q.YZB4PbY���ACB@IKG

[aE�=@<X�tL.YZP�[SG%Q0ACIVQ.YZ�jG�TJIV<>=O�a� P�Gc=@?�[SACLHh�Y6QSB@<>ACB@<�hcACLSLFE�NSitYZB@<bYZeSP>G�GonaQ~TJB@<XIKGJLM?'YZP>GJIKGJLF?ON8GJ?:=9GJP>ACL�P>G%IKAM[SUJP>G
[STJijGJP>ACQSQ0T4QSB9TchcTc[SGJIVIKGJLF?�[HYZLH=%hcG4h'R.YZQS<X?@B9GtN~<XP�Gc=@? sKPbYV��AC<>=whOYZB'YChJ?9TJB@<>=@?@<>DMEHG�[aEg=@<X�tL.YZP�[SG4Q~ACIVQ.YZ�jG6GJ?w[aE
=9<X�tL.YZP~[STJIKA*[aESP>Tt�Uj GJQ~GJLH[HYZLM?ONS[]\^YZES?@B9Gc=�QSRHTJLHACIKUJLHGc=ONaLHACLkQSB@<>=�GJLkhcACIVQS?9G%[HYZLH=�P>G,IKAM[SUJP>G%[STJijGJP>ACQSQ0T2=9ACLF?
=9EH=9hcGJQS?@<XeSP>Gc=:[SG�=9G%I|YZLS<¢�°Gc=@?9GJBONHGJ?:ht\mGc=9?:Q~ACESB:hcGJ?@?9G�B'YZ<>=9ACL�DMEHG2hcG2Q.YZB'YZIKUJ?@B9G}Gc=@?�QSB@<>=�hcACIVIKG}Y®� EH=9?'YZeSP>Gt�

��Gc=�B9Tc=9ESPX?'YZ?9=g[aE�?@B'YZ<X?9GJIKGJLF?"LMESIKTJB@<>DFEHG´=9ACLM?­QSB9Tc='GJLF?9Tc=W[HYZLH=gP>G�?'YZeSP>GOYZE ka�nm�Q0ACESBSm�k±itYZP>GJESB9=g[SG
��B9TcDMEHGJLHhcGc=6[SGfQ0ACIVQ.YZ�jGlGJLM?@B9G

fp = 60 kHz
GJ?

fp = 300 kHz
� A P>ACe.YZP>GJIKGJLF?ON�ESLHGf�°YZ<XeSP>Gl[STchJB9AC<>=9='YZLHhcG

[SGc=}Q.YZB'YZIKUJ?@B9Gc=�[SGK?9GJIVQH=
τ0

GJ?
τm

Gc=@?}ACeH=9GJB@ijTcGt����Gc=4iCYZB@<bYZ?@<>ACLH=6[SGKPd\mACB9[aB9Gf[SG|[STJB@<XitYZ?@<>ACL
p
hcACLa¡HB@IKGJLM?

P>Gc=�ACeH=9GJB@iCYZ?@<>ACLH=wDME.YZPX<X?'YZ?@<XijGc=�B9TOYZPX<>=9TcGc=,=@ESB:PbY6¡H�tESB9G<ka�nm��S�H��ACESB
fp = 60 kHz

NHPd\mACB9[aB9G}[SG}[STJB@<XitYZ?@<>ACL
p
Gc=9?

QSB9A*h9RHGw[SG¶m��Zmt��k À £oNMQSES<>=¾<XP]YZES�tIKGJLF?9G2YcijGch,PbY��¤B9TcDMEHGJLHhcG�[SG,Q~ACIVQ.YZ�jG<t!s
fp = 160 kHz

N
p ' 2.05

��[STJB@<XijTcG
='GchcACLH[SG{£ � EH='DFE�\�s

fp = 220 kHz
A�i

p ' 2.7
�¤QSB9AMh'RHG}[]\ ESLHG4[STJB@<XijTcG�?@B9AC<>=@<>UJIKG{£o�H¥¦La¡HL�NH<XP�[a<XIV<XLMEHG}Q0ACESB:=9G

=9?'YZeS<XPX<>=9GJB�YZES?9ACESB,[SG
2
Q0ACESB

fp = 300 kHz
��[STJB@<XijTcG�=9GchcACLH[SG{£o�

qMESB6PbY�¡H�tESB9G ka�nm�mjN�P>Gc=�=@<X�tL.YZEan�[STJIKA*[aESP>Tc=V<>=9=9EH=6[SGl?@B9AC<>=4��B9TcDFEHGJLHhcGc=V[SGlQ0ACIVQ.YZ�jG�[a<¢§0TJB9GJLM?9Gc=��°YcijGch
PbYfIK�JIKG�GJLFijGJP>ACQSQ0GK[SG6IKA*[aESPbYZ?@<>ACL8£w=9ACLF?2=@ESQ0GJB@Q~At='Tc=%Y®¡HL�[SG�hcACIVQ.YZB9GJB%�dYChJ<XP>GJIKGJLF?�P>GJESB9=%?9GJIVQH=2[SG6ijACP>=O�
��Gc=,QSB9AZ¡HP>=2[SG6hcGc=%=@<X�tL.YZEang='ACLF?%QSB9AMh'RHGc=2[SG}PbYl[STJB@<XijTcG6?@B9AC<>=@<>UJIKG�[]\ ESLHG A YZEH=9=9<>GJLSLHG4GJ?%LHG4iCYZB@<>GJLM?2Q.YC=w[SG
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�h����� �f�%���U ��U« ;�¨�ª�± )5²´¥�¯ ¬*²�±!µ ¥p¦,£_¬�±!¤�©%¤2¬�«&¦ 9�¤B¥2°�±�¢�¨�­�¢p¦�²´¢,£_¬�¯º£_ª1;´¢h²�« �º¥�¤B¢�¨U©:¢p¦ ;
fp = 170, 200

¢§©
230 kHz

¹
8 ¢p¦l©:¢�¯º£U¦P²´¢ .�¬�µº²´¢p¦ ¦�« ;�¨	ª�± )S²�«�¯³«&¨U±�¢�¨�©�µ ¬�¤�¦§°�±�¢�µnª 9p¤B¥2°�±�¢�¨�­�¢#²´¢³£_¬�¯º£_ª1;´¢�ª�± ;�¯x¢�¨U©:¢�¹ 8 ª�¯x¬�²�±�µnª�©%«%¬�¨
²�± ¦�« ;�¨�ª�µh²!¢x£_¬�¯º£_ª1;´¢ ¢p¦�©³©%¤2ª�­�¥B¢4£_¬�±�¤(²´¬�¨�¨	¢�¤�±!¨f¢�¤2¥C9�¥�¤B¢�¨�­�¢*¹

P0 ' 300 kPa
% ¢�©

d ' 12 cm
5�ª�±�©%¤B¢

­B¬�¨12 ;�±!¤2ª�©%«�¬�¨#¢ )p£�¥�¤p«�¯¸¢�¨U©�ª�µ ¢ °�±�¢<­�¢�µ�µn¢�£�¤B¥p¦�¢�¨U©:¥B¢5¦�±!¤¶µ ª 2G;�±�¤2¢ � ¹����.7�¹

�°Y��cACL�<XIVQ0ACB@?'YZLF?9Gt�¦��Gk=@<X�tL.YZP�[STJIKA*[aESP>T�YC=9=9A*hJ<>T4s­PbY��¤B9TcDMEHGJLHhcGk[SGfQ0ACIVQ.YZ�jG
fp = 230 kHz

GonaRS<Xe~GlESL
�¤B9ACLM?�IKACLF?'YZLM?VDFES<¾YZB@B@<XijGfGJL�QSB9GJIV<>GJBON�=9ES<XiM<¾[aE�=@<X�tL.YZP¾[STJIKA*[aESP>TK<>=9=@E�[aE�Q.YCDFEHGJ?6[]\mACLH[SG�skPbYk�¤B9TcDMEHGJLHhcG
fp = 200 kHz

QSES<>=�[aE¸=@<X�tL.YZP}YC='=9AMhJ<>Tus
fp = 170 kHz

�>j GWhcACIVQ0ACB@?9GJIKGJLF?­IKGJ?�eS<>GJL�GJLµitYZP>GJESB�PbY
[STchJB9AC<>=9='YZLHhcGv[SGc=�Q.YZB'YZIKUJ?@B9Gc= ?9GJIVQ~ACB9GJP>=

τ0
GJ?

τm
ACeH=9GJB@ijTcG¾[HYZLH=�P>G¦?'YZeSP>GOYZE<ka�nmw��hcG�B9Tc=@ESPX?'YZ?�TJ?'YZLF?�hcGJQ~GJLH[HYZLM?

ACeS?9GJLFE�[HYZLH=�ESLHG�hcACLa¡H�tESB'YZ?@<>ACL­GonaQ0TJB@<XIKGJLF?'YZP>G}[a<¢§]TJB9GJLF?9G{£o�
j GKhcACIVQ0ACB@?9GJIKGJLF?�[SGK[STJB@<XitYZ?@<>ACLH=}GJ?�<XLM?9TJ�tB'YZ?@<>ACL�[aE�=9<X�tL.YZP¦?9GJIVQ~ACB9GJP [STJIKAM[aESP>T|L�\^YkQ.YC=�TJ?9TfACeH=9GJB@ijT

QSB9TchcTc[SGJIVIKGJLF?O�~�`P�Gc=9?:hcGJB@?'YZ<XLHGJIKGJLF?2YC=9=9A*hJ<>T�YZEan�[a<XijGJB9=�IKTchOYZLS<>=@IKGc=:QSRM�*=9<>DFEHGc=�QSB9Tc='GJLF?9=w[HYZLH=�P>Gc=:IV<XPX<>GJEan
�tB'YZLFESPbYZ<XB9Gc=ONSDMES<~<XLa³HEHGJLHhcGJLF?�P>G,��ACLHhJ?@<>ACLSLHGJIKGJLM?:[SGwPd\^YZLF?9GJLSLHGt�S¹,LHG,[SGc=9hJB@<XQS?@<>ACL�DME.YZPX<X?'YZ?@<XijG%[SG%hcGc= Go§]GJ?9=�GJ?
[SG}P>GJESBw<XLa³HEHGJLHhcG�=@ESBwPd\^YZLF?9GJLSLHG�Q.YZB'YZIKTJ?@B@<>DMEHG6Gc=9?,B9TOYZPX<>=9TcG6[HYZLH=wPbY|='GchJ?@<>ACLg=@ES<XitYZLF?9G�GJLgiMEHG6[]\ <XLF?9GJB@QSB9TJ?9GJB
P>Gc=�B9Tc=@ESPX?'YZ?9=:GonaQ0TJB@<XIKGJLF?'YZEan�ACeS?9GJLFEH={�
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#2$�� ��)<9�6���FU373�+ 167BF.5�35F�F.79/�)
¹�LHGk=@�*LF?@RHUc=9Gk[SGc=VGo§]GJ?9=6QSRF�a=@<>DFEHGc=V=9EH=9hcGJQS?@<XeSP>Gc=K[]\ <XLa³HEHGJLHhcGJBVP>Gf��ACLHhJ?@<>ACLSLHGJIKGJLM?f[SGlPd\^YZLF?9GJLSLHG�GJ?�[SG

P>GJESB9=VhcACLH='TcDFEHGJLH=9Gc=|=@ESBVP>GlQSB9AZ¡HP�[aE²=@<X�tL.YZP:[STJIKA*[aESP>T�Gc=@?VI|YZ<XLF?9GJL.YZLM?|LHTchcGc=9='YZ<XB9G�Y®¡HL½[]\ <XLF?9GJB@QSB9TJ?9GJBONvYZE
IKAC<XLH=2DME.YZPX<X?'YZ?@<XijGJIKGJLF?ON�P>Gc=%?@B'YZLH=@<X?@<>ACLH=2ACeH=9GJB@ijTcGc=2GonaQ~TJB@<XIKGJLM?'YZP>GJIKGJLF?O��j GJ?@?9GV=9�MLM?@RHUc=9G�Gc=@?%B9TOYZPX<>=9TcG6<>hJ<�GJ?
B9Tc=9ESIKTcG�[HYZLH=�P>G%?'YZeSP>GOYZE ka��ka�

��Yl[a<>=@Q~GJB9=9<>ACLW[SG6i*<X?9Gc=9=9Gk��DFES<~�@ACEHG6ESLgBBvCP>G6P>ACB9=9DMEHG
τ− � τm

£oN~�tB�
ChcGxsfPbYl[a<¢§0TJB9GJLHhcGVGJLM?@B9G�PbYfiM<X?9Gc=9='G
[SGf�tB9ACESQ0Gf[aE�Q.YCDFEHGJ?V[]\mACLH[SGl[SGlQ~ACIVQ.YZ�jG

cg(ω)
GJ?

c0
N�PbY�i*<X?9Gc=9=9G|[SGfQSR.YC=9Gk[aE´=@<X�tL.YZP [STJIKA*[aESP>TtN�Q~GJES?

GJLM?@B'Y��>LHGJB�ESLHG2<XLM?9TJ�tB'YZ?@<>ACL­[aE�QSB9AZ¡HP�?9GJIVQ~ACB9GJP�[STJIKA*[aESP>Tt�
��Yk[a<¢§~EH=9<>ACL�[SGc=2ACLH[SGc=�[SG�Q~ACIVQ.YZ�jGtN][]\^YZQSB9Uc=}P>G6IKAM[SUJP>GV[STJijGJP>ACQSQ0TVQSB9TchcTc[SGJIVIKGJLF?ON Gc=@?�=@EH=9hcGJQS?@<XeSP>G�N

P>ACB9='DFEHG
τm � τs � τa

Q.YC=9=9G»s
τs � τm � τa

NS[SGw��ACESB@LS<XB:ESLHG�<XLF?9TJ�tB'YZ?@<>ACL­[aE­=@<X�tL.YZP�[STJIKA*[aESP>Tt�
��Y%[a<¢§~B'YChJ?@<>ACLf[aE��°YZ<>=9hcGOYZEV[]\mACLH[SGc=v[SG�Q~ACIVQ.YZ�jG��¤P>ACB9=9DMEHG

(Ω/ω)`a � `d
NZB9TJ�t<XIKG:[SG���GJB@�*?'Yc�H£oNtGJLF?@B'Y��>LHG

ESL�<XLM?9TJ�tB'YZ?@<>ACLg[aE�=9<X�tL.YZP�[STJIKAM[aESP>T}GJL�hcACIVQ.YZB'YZ<>=9ACL­YOijGch�P>G%B9TJ�t<XIKG}[SG%��Gc=9?9GJB@ijGJPX?O�
�¦\mACeH=9GJB@itYZ?@<>ACL�[aEk=9<X�tL.YZP0[STJIKA*[aESP>T%[HYZLH=�=9ACL�h9R.YZIVQ�QSB9A*h9RHG%Q0GJES?�GJLF?@B'Y��>LHGJB�ESLHGw<XLF?9TJ�tB'YZ?@<>ACL�[aEkQSB9AZ¡HPdN

GJLlhcACIVQ.YZB'YZ<>=9ACL�YcijGch,ESLHG�ACeH=9GJB@itYZ?@<>ACLlPbYZB@�jGJIKGJLF?�GJLl[SGJRHACB9= [SG,PbY2B9TJ�t<>ACLk[]\ <XLF?9GJB'YChJ?@<>ACL�LHACL|PX<XLHTOYZ<XB9Gt��jw\mGc=@?
ESL�Go§]GJ?:QSESB9GJIKGJLM?�PX<>T�YZE�hOYZB'YChJ?9UJB9G}?@B@<>[a<XIKGJLH=@<>ACLSLHGJP [aE��dYZ<>=9hcGOYZE�[]\mACLH[SG�[STJIKA*[aESP>TcGt�

g <XL.YZP>GJIKGJLM?ON PbY�hcACLH[a<X?@<>ACLµPX<XIV<X?9G�Q0ACESB|P>G­=@<X�tL.YZPw[STJIKA*[aESP>TtN�YZE·LS<XijGOYZEº[SG�PbY�=9ESB��°YChcG­[SG�Pd\mTJIKGJ?@?9GJESB
[]\mACLH[SGc=­[SG�Q0ACIVQ.YZ�jGtN�Gc=@?­hcACLH=@<>[STJB9TcG�hcACIVIKG�B@<X�t<>[SG�[HYZLH=­P>G"IKAM[SUJP>G�?@RHTcACB@<>DFEHG�[STJijGJP>ACQSQ~Tt�,� ACESB@?'YZLM?ON
hcGJ?@?9G±hcACLH[a<X?@<>ACL¶L�\mGc=@?"Q.YC="Q.YZB��dYZ<X?9GJIKGJLF?�B9TOYZPX<>='TcG²[HYZLH="P>Gc="GonaQ~TJB@<>GJLHhcGc="IKGJLHTcGc={��¥�L Go§]GJ?ON%P>G´B'YZQSQ~ACB@?
[]\ <XIVQ0Tc[HYZLHhcG�YChcACEH=@?@<>DMEHG�GJLF?@B9GkP>GlIV<XPX<>GJE±�tB'YZLFESPbYZ<XB9G�GJ?6PbYW=9ESB��°YChcGk[aE´?@B'YZLH=9[aEHhJ?9GJESBKPXES<¢_dIK�JIKGkL�\mGc=@?�Q.YC=
LHTchcGc='='YZ<XB9GJIKGJLF?�Q0GJ?@<X?�[HYZLH=�P>Gc=�hcACLa¡H�tESB'YZ?@<>ACLH=¦Gon*Q0TJB@<XIKGJLF?'YZP>Gc={NjGJ?�?9ACES?�Q.YZB@?@<>hJESPX<>UJB9GJIKGJLM? s,e.YC=9=9Gv��B9TcDFEHGJLHhcGt�
¹,LHGV=@ESB��dYChcG�Q.YZB��°YZ<X?9GJIKGJLM?}PX<XeSB9GKGJLM?@B'Y��>LHGJB'YZ<X?}ESLHGK[STJB@<XitYZ?@<>ACL�[aE�=@<X�tL.YZP¦[STJIKA*[aESP>Tt��j GJ?@?9GVhcACLH[a<X?@<>ACL�Q~GJES?
�J?@B9G�Q.YZB@?@<>GJPXP>GJIKGJLF?:B9TOYZPX<>='TcG�P>ACB9=9DMEHG:PbY}P>ACLS�tEHGJESB�[SG:Pd\^YZLM?9GJLSLHG2=9G:B'YChchcACESB9hJ<X?ONaGJ?vDMEHG,P>Gc=vGo§]GJ?9=vhJESI4ESPbYZ?@<¢��=�[SG
QSB9ACQ.YZ�FYZ?@<>ACL�LHGw=9ACLM? QSPXEH=�G�r|hOYChcGc=ONa[SGJijGJL.YZLM?9=:hcACIVQ.YZB'YZeSP>Gc=>s}Pd\mGo§0GJ?�[SG,PbY�B9To³.Gona<>ACL�=@ESBvPbY6=@ESB��dYChcG ¨ DFE.YC=@<¢_
PX<XeSB9Goª%Q0ACESB:P>Gc=:ACLH[SGc=:[SG2e.YC='=9Gw�¤B9TcDMEHGJLHhcG�=9G%QSB9ACQ.YZ�jGOYZLM?,[HYZLH=�P>G2=9GJLH=:ACQSQ0At=9T�YZEan�ACLH[SGc=:[SG2Q0ACIVQ.YZ�jGt�

�`P8�°YZES?:hcGJQ0GJLH[HYZLF?�B9Gc=9?9GJB�QSB@EH[SGJLF?�[HYZLH=�P>Gc=�TJijGJLM?@EHGJPXP>Gc=:I|YZLS<¢�°Gc=@?'YZ?@<>ACLH=:[SG%hcGc=�Go§0GJ?9=�QSRM�*=9<>DFEHGc=�LHAC?'YZI�_
IKGJLM?�P>ACB9=9DMEHG�QSPXEH=@<>GJESB9=�[]\mGJLF?@B9G2GJEanlACLM?�PX<>GJE�=@<XI}ESPX?'YZLHTJIKGJLM?O��j GJQ~GJLH[HYZLM?ONS<XP�YZB@B@<XijG%DFEHG%hcGc=�Go§]GJ?9=vQSES<>='=9GJLF?
�J?@B9Gw[a<>=@?@<XLS�tEHTc=�='YZLH=�YZI}eS<X�tES<X?9T%�tB�
ChcG%YZEanfhcACLH[a<X?@<>ACLH=�GonaQ~TJB@<XIKGJLM?'YZP>Gc=�Q~ACESB P>Gc=9DMEHGJPXP>Gc=¾<XP>= <XLF?9GJB@i*<>GJLSLHGJLF?:ACE
LHACL��0��YZB�GonaGJIVQSP>GtN0P>G6B9TJ�t<XIKGV[SG�[a<¢§0EH=@<>ACL"[SGc=2ACLH[SGc=2[SG�Q~ACIVQ.YZ�jG�Gc=@?%?9AC?'YZP>GJIKGJLF?}<XLHhcACIVQ.YZ?@<XeSP>G|YcijGch�P>Gc=
Go§]GJ?9=:[SG2[a<>=@Q0GJB9=@<>ACL­YC='=9AMhJ<>Tc=�s�[SGc=,Go§0GJ?9=�hJESI}ESPbYZ?@<¢�°=�[]\mACLH[SGc=:QSB9ACQ.YZ�FYZ?@<XijGc={�

¯%YZLH=4P>Gc=�Gon*Q0TJB@<>GJLHhcGc=6QSB9Tc=9GJLF?9TcGc=�QSB9TchcTc[SGJIVIKGJLM?ON�P>GfhcACIVQ0ACB@?9GJIKGJLF?K[SGfPd\^YZLF?9GJLSLHG�[HYZLH=4P>GfB9TJ�t<XIKGl[SG
��Gc=9?9GJB@ijGJPX?ON,='YZLH=�<XLa³HEHGJLHhcG´[SGc=­Go§]GJ?9=�QSRM�*=9<>DFEHGc=g=@ESea_dIKGJLF?@<>ACLSLHTc={Nw='G�?@B'YC[aES<X?WhcACIVIKG�[HYZLH=­Pd\mGOYZE�N�Q.YZB
ESLHG�[STJB@<XijTcG�=9GchcACLH[SG�[aE±QSB9AZ¡HP�[]\ <XLF?9GJLH=9<X?9T�[SGkQ0ACIVQ.YZ�jG�Q~ACESBVP>G�=9<X�tL.YZP:[STJIKAM[aESP>T�ACeH='GJB@ijT�=@ESBVPd\^Y®naG�[SG
QSB9ACQ.YZ�FYZ?@<>ACL���jw\mGc=@?2P>GVhOYC=�[HYZLH=2P>Gc=�GonaQ0TJB@<>GJLHhcGc=2QSB9Tc=9GJLF?9TcGc=}Q~ACESB

fp ' 160 kHz
A�i

p ' 2
� j GJPbY�=@<X�tLS<¢¡.G

DME�\�s­QSPXEH=Ve.YC=9=9Gf��B9TcDFEHGJLHhcG�[SGkQ0ACIVQ.YZ�jGtN�P>GkQSB9AZ¡HP:Gc=@?�<XLF?9TJ�tB9TtN¾QSES<>=9DME�\ <XP�Gc=9?VQSB9ACQ~ACB@?@<>ACLSLHGJPºs­PbYW[STJB@<XijTcG
QSB9GJIV<>UJB9G|[]\ ESLHG A YZEH=9=@<>GJLSLHGt���¦PXEH=@<>GJESB9=�Go§]GJ?9=2QSRF�a=@<>DMEHGc=�=9ACLF?�[SACLHhVhOYZLH[a<>[HYZ?9=}Q~ACESB�hcGJ?@?9GK<XLF?9TJ�tB'YZ?@<>ACL�[aE
=9<X�tL.YZPd�]¬�ACES?4[]\^YZe0ACB9[]N]PbY�[a<¢§0EH=@<>ACL�[SGc=�ACLH[SGc=4[SGVQ0ACIVQ.YZ�jGtN�DFES<¾YZQSQ.YZB'Y��>?4P>ACB9=9DMEHG�PbYkP>ACLS�tEHGJESB4[]\mACLH[SGK[SG
Q0ACIVQ.YZ�jGK[SGJi*<>GJLF?}hcACIVQ.YZB'YZeSP>G4skESLHGK[a<XIKGJLH=@<>ACL�hOYZB'YChJ?9TJB@<>=@?@<>DFEHGf[]\ <XLSRHACIKAC�jTJLHTJ<X?9Tc=�[HYZLH=2P>GVIV<XPX<>GJE�N]L�\mGc=@?
Q.YC=|P>G�e0ACL·hOYZLH[a<>[HYZ?O�v� Y"I|YZLS<¢�°Gc=@?'YZ?@<>ACL·Q0At=9=@<XeSP>G�[SG�PbY"[a<¢§0EH=@<>ACL½[SGc=fACLH[SGc=f[SG�Q0ACIVQ.YZ�jG�=9ESBKP>G�=@<X�tL.YZP
[STJIKA*[aESP>T,Y�TJ?9T�YZL.YZPX�*='TcG�[HYZLH=¦PbY�=9GchJ?@<>ACL4ka� =H� ¿ �M�`PHGc=@?¾QSB9Tc[a<X?vDMEHG�PbY2[a<¢§0EH=@<>ACLf[SGc=vACLH[SGc=¾[SG�Q0ACIVQ.YZ�jG:IKUJLHG
s}Pd\ <XLF?9TJ�tB'YZ?@<>ACLg[aEkQSB9AZ¡HP0[STJIKA*[aESP>T%P>ACB9=9DMEHGwPbY���B9TcDMEHGJLHhcGw[SGwQ0ACIVQ.YZ�jG2Gc=@?:YZES�tIKGJLF?9TcG|�¤PbY4P>ACLS�tEHGJESB:[]\mACLH[SG
[SGwQ0ACIVQ.YZ�jG2=9GwB'YZQSQSB9AMh'RHG2[SGwPbY6?'YZ<XPXP>Gw[SGc=�<XLSRHACIKAC�jTJLHTJ<X?9Tc=w[aEkIV<XPX<>GJE8£o�Ujw\mGc=@?�<>hJ<]ESLHG%[STJB@<XiCYZ?@<>ACL�[aE�=@<X�tL.YZP
DMES<�Gc=@?2ACeH=9GJB@ijTcGKYcijGch�Pd\^YZES�tIKGJLM?'YZ?@<>ACL�[SG6PbYf��B9TcDFEHGJLHhcG�[SG�Q0ACIVQ.YZ�jGtN]hcACLF?@B'YZ<XB9GJIKGJLM?³sfPd\mGo§]GJ?2Q~At=9=9<XeSP>G6[SG
PbY�[a<¢§0EH=@<>ACL�[SGc=�ACLH[SGc=:[SG2Q0ACIVQ.YZ�jG�=@ESB�P>G�=@<X�tL.YZP�[STJIKA*[aESP>Tt�

��G|=9GchcACLH[�hOYZLH[a<>[HYZ?4Q0ACESB@B'YZ<X?4�J?@B9GfP>GVQ.YC=9=�YZ�jG|[aE�B9TJ�t<XIKGl[SG|��GJB@�*?'Yc�#s
fp = 60 kHz

YZE�B9TJ�t<XIKGl[SG
��Gc=9?9GJB@ijGJPX?�s

fp = 160 kHz
��j GJQ0GJLH[HYZLF?ONCYcijGchvP>Gc=�Gc=9?@<XI|YZ?@<>ACLH= [SG¾PbY�P>ACLS�tEHGJESB [SGv[a<¢§~B'YChJ?@<>ACL s

fp = 60 kHzGJ? [SG¦PbY�P>ACLS�tEHGJESB�[]\^YZeH=9ACB@QS?@<>ACL�[SG¦Pd\mACLH[SG¾[SG¾Q~ACIVQ.YZ�jGtN
`d = πfp/c(ωp)a

2 ' 25 cm
GJ?

20 cm . `a . 50 cm
N



� ¹�� #º¨�ª�µ  �¦§¢<¢�©w²�«&¦�­�±!¦�¦�«%¬�¨ � �

¥�§]GJ?:QSRF�a=@<>DMEHG j ACLH[a<X?@<>ACLH= ¥�§]GJ?�=@ESB�P>G2=@<X�tL.YZP gSB9TcDFEHGJLHhcG4[SG%Q~ACIVQ.YZ�jG
hcACLH=@<>[STJB9T [SG%I|YZLS<¢��Gc=9?'YZ?@<>ACL [STJIKAM[aESP>Tl��=@ESB�Pd\^Y®nSG{£

¯w<>=@Q0GJB9=@<>ACL�[SG2i*<X?9Gc=9=9G
τ− � τm

<XLM?9TJ�tB'YZ?@<>ACL
fp
¨ e.YC=9=9Gc=@ª

¯w<¢§0EH=@<>ACL�[SGc=
τs � τm � τa

<XLM?9TJ�tB'YZ?@<>ACL
fp
¨ R.YZES?9Gc=�ª

ACLH[SGc=�[SG%Q0ACIVQ.YZ�jG
«�TJ�t<XIKG�[SG2��GJB@�*?'Yc�

(Ω/ω)`a � `d
<XLM?9TJ�tB'YZ?@<>ACL

fp
¨ e.YC=9=9Gc=@ª

jvR.YZIVQ�QSB9AMh'RHG2Q~ACESB
`a ∼ d

<XLM?9TJ�tB'YZ?@<>ACL
fp
¨ e.YC=9=9Gc=@ª

P>Gw�°YZ<>=9hcGOYZE­� g
j ACLH[a<X?@<>ACL�PX<XIV<X?9G

λΩ ≥ `a, `
[STJB@<XiCYZ?@<>ACL

fp
¨ R.YZES?9Gc=�ª

PX<XeSB9G}GJL
z = 0

� � � � �f�)�f  ' �º¢§©�¦�£�®  �¦p«�°�±�¢�¦ ¦�±´¦§­�¢:£	©%« ��µ ¢p¦Á² · «�¨��.±�¢�¨�­p¢�¤uµn¢ 9§¬�¨�­§©%«�¬�¨�¨	¢�¯x¢�¨U©¸²´¢�µ2· ª�¨U©:¢�¨�¨	¢�£�ª�¤Zª�¯x¥§©%¤p«�°�±�¢�¹
8 ¢p¦�¢ �º¢§©�¦l¦p±�¤lµ ¢ ¦�« ;�¨�ª�µ>²´¥�¯x¬�²�±!µ ¥P¦�¬�¨�©5²�¬�¨U¨	¥p¦l¤B¢�µ ª�©%«/.�¢�¯x¢�¨U© ª�± ¤B¥ ;�«�¯x¢(²!¢ 7 ¢p¦�©:¢�¤+.�¢�µ © ­�µnª�¦p¦p«�°�±�¢ 5�¦�ª�¨�¦
²�«&¦�£�¢�¤p¦p«�¬�¨�% ²�« �b±!¦p«�¬�¨'¢�©R£_¬�±�¤¸±�¨	¢ ­B¬�¨�²�«%©%«%¬�¨Sµ «&¯³«%©:¢��)¤�« ;�«�²´¢�� ¢�¨

z = 0
7�¹�8
¢¸¦p« ;�¨�ª�µ.²!¢»£�¤2¢�¦�¦p«�¬�¨"¢p¦�©hª�µ ¬�¤p¦

£�¤2¬p£_¬�¤�©%«%¬�¨�¨	¢�µG3¸µnª4²!¥�¤p« .�¥B¢¶¦�¢2­B¬�¨	²´¢³²´¢¶µ ª 9§¬�¨�­§©%«�¬�¨(²´¢¶¯ ¬*²�±!µnª�©%«�¬�¨	¹

PbY|hcACLH[a<X?@<>ACLWLHTchcGc=9=�YZ<XB9G
(Ω/ω)`a � `d

L�\mGc=@?wQ.YC=wB9GJIVQSPX<>GV[HYZLH=,P>Gc=%GonaQ~TJB@<>GJLHhcGc={�8�¦\^YZLM?9GJLSLHGVQ.YZB'YZIKTJ?@B@<>DMEHG
ACQ~UJB9G2[SACLHh�?9ACEC��ACESB9=,[HYZLH=�P>G2B9TJ�t<XIKG�[SG%��Gc=@?9GJB@ijGJPX?w[HYZLH=�P>Gc=:GonaQ~TJB@<>GJLHhcGc=�QSB9Tc=9GJLF?9TcGc={�

��G�=@<X�tL.YZP�[STJIKA*[aESP>TtN]P>ACB9=9DMEHG4PbY|��B9TcDFEHGJLHhcG�[SG6Q0ACIVQ.YZ�jGVGc=@?w�°YZ<XeSP>G��¤?`�*QS<>DMEHGJIKGJLF?4YZES?9ACESB�[SG
60 kHz

£
Q~GJES?4LHG|Q.YC=��J?@B9GlhOYZQS?9Tf[HYZLH=�=9ACL´h9R.YZIVQ´P>AC<XLM?'YZ<XL�N�ht\mGc=9?³s­[a<XB9G|Q0GJES?6LHG|Q.YC=6�J?@B9Gf[a<¢§0B'YChJ?9Tt��¥�L´Go§0GJ?ON PbY
P>ACLS�tEHGJESB2[]\^YZ?@?9TJLFE.YZ?@<>ACL�N]QSB@<XLHhJ<XQ.YZP>GJIKGJLM?}YC=9=9A*hJ<>TcG<s|Pd\^YZeH=9ACB@QS?@<>ACL"[HYZLH=%hcG6hOYC={NHL�\mGc=@?%Q.YC=,?@B9Uc=,<XLa�°TJB@<>GJESB9G s
PbY}[a<>=9?'YZLHhcGw[]\mACeH='GJB@iCYZ?@<>ACL��

d ' 20 cm
£o��j GJQ~GJLH[HYZLM?ONSPbY�?@B'YZLH=9<X?@<>ACL�ACeH=9GJB@ijTcGwijGJB9=vPbY6[STJB@<XijTcG%=9GchcACLH[SG%[]\ ESLHG

A YZEH=9=@<>GJLSLHGtN0hOYZB'YChJ?9TJB@<>=@?@<>DMEHGK[]\ ESLHGVACeH=9GJB@itYZ?@<>ACL�[HYZLH=%P>GVh9R.YZIVQ"P>AC<XLM?'YZ<XL�[aE�=@<X�tL.YZP�[STJIKA*[aESP>T��¤B9TJ�t<XIKGV[SG
��Gc=@?9GJB@ijGJPX?�£oN.Gc=9?:QSB9AC�tB9Gc=9=@<XijG���EH=9DME�\�s

fp = 160 kHz
�H¯%Gc=�Gc=@?@<XI|YZ?@<>ACLH=,Gon*Q0TJB@<XIKGJLF?'YZP>Gc=%Go§]GchJ?@EHTcGc=:Q0ACESB�[SG

�°YZ<XeSP>Gc=�[a<>=@?'YZLHhcGc=:[SG2QSB9ACQ.YZ�FYZ?@<>ACL´�¤?`�*QS<>DFEHGJIKGJLM?
3 − 5 cm

£ ACLF?�[STJIKACLM?@B9T}DMEHG%PbYV[a<>=@?'YZLHhcG�hOYZB'YChJ?9TJB@<>=@?@<>DMEHG
[]\^YZ?@?9TJLFE.YZ?@<>ACL�Q~ACESB�ESLHG6��B9TcDMEHGJLHhcGK[SG

100 kHz
Gc=9?�[SGK=9GJESP>GJIKGJLF?4DFEHGJP>DMEHGc=�hcGJLF?@<XIKUJ?@B9Gc=k��GJLFi*<XB9ACL

5 cm
N

I|Y®n*<XI4ESI
10 cm

=9GJP>ACL´PbYghcACLa¡H�tESB'YZ?@<>ACL8£o�¦�`P�Gc=@?�[SACLHhk[a< r|hJ<XP>G�[SG4� EH=@?@<¢¡.GJBVDMEHGlPd\mACeH=9GJB@iCYZ?@<>ACL²[aE±=@<X�tL.YZP
[STJIKAM[aESP>Tk=9G|�dYZ<X?6[HYZLH=�=9ACL´h9R.YZIVQ±QSB9A*h9RHG s­hcGc=}��B9TcDMEHGJLHhcGc=6[SGlQ0ACIVQ.YZ�jG"��s

fp = 100 kHz
Pd\mACB9[aB9Gk[SG

[STJB@<XiCYZ?@<>ACL
p ' 1.45

£oN�DMES<w=9ACLM?kYZ?@?9TJLMEHTcGc=keS<>GJL�YcitYZLF?kPbY�[a<>=@?'YZLHhcGW[]\mACeH=9GJB@itYZ?@<>ACL�����Gg=@<X�tL.YZPw[STJIKA*[aESP>T
[a<>=@Q0At=9GtNS[HYZLH=:hcG�hOYC=ONS[]\ ESLHG}[a<>=@?'YZLHhcG�[SG2QSB9ACQ.YZ�FYZ?@<>ACL­PX<XeSB9G�=@E_r|='YZLM?9G2Q~ACESB:�J?@B9G}[a<¢§~B'YChJ?9Tt�

��G�[SGJB@LS<>GJBlhOYZLH[a<>[HYZ?f=@EH='hcGJQS?@<XeSP>G�[]\mGon*QSPX<>DMEHGJBKPd\ <XLM?9TJ�tB'YZ?@<>ACLºDMES<�<XLF?9GJB@i*<>GJLF?lQ0ACESBKP>Gc=VQSPXEH=V�dYZ<XeSP>Gc=���B9To_
DFEHGJLHhcGc=�[SG2Q~ACIVQ.YZ�jG}Gc=@?�PbYV[a<>=@Q0GJB9=@<>ACL�[SG2i*<X?9Gc=9=9Gt�S¥�L�ES?@<XPX<>='YZLF?:P>G�IKAM[SUJP>G�[SG2[a<>=9Q~GJB9=@<>ACL­[SG2iM<X?9Gc='=9G%[]\ ESLHG
h9R.Y��>LHGw[SG�eS<XPXP>Gc=vESLS<>[a<XIKGJLH=@<>ACLSLHGJPXP>GK�¤QSB9Tc=9GJLM?9T%[HYZLH=¾P>Gwh9R.YZQS<X?@B9G³m{£oNj<XP0Gc=@?vQ~At=9=9<XeSP>G�[]\mGc=@?@<XIKGJB P>Gc=¾itYZP>GJESB9= [SGc=
Q.YZB'YZIKUJ?@B9Gc=¾[aEKIKA*[SUJP>G�[STJijGJP>ACQSQ0T�QSB9TchcTc[SGJIVIKGJLM?�[HYZLH=¾hcG:h9R.YZQS<X?@B9G

τ−(ω)
YOijGch

cg(ω)
N
c0
GJ?

τ
�t¥¦L|QSB9GJL.YZLF?

ESLHG�P>ACLS�tEHGJESB�[]\^YZeH=9ACB@QS?@<>ACL
`a
Gc=9?@<XIKTcG�[SG�Pd\mACB9[aB9G,[SG

30 cm
NtP>G�?9GJIVQH= hOYZB'YChJ?9TJB@<>=@?@<>DMEHG�[]\^YZ?@?9TJLFE.YZ?@<>ACL��¤QSB@<XLa_

hJ<XQ.YZP>GJIKGJLF?:Q.YZB:YZeH=9ACB@QS?@<>ACL s4hcGc= ��B9TcDMEHGJLHhcGc=�£¾iCYZES?:YZP>ACB9=
τ ' `a/cg(ω) ' 0.3/300 = 10−3 s

N*hcG%DMES<]Gc=@?�[SG
Pd\mACB9[aB9G}[SG2�tB'YZLH[SGJESBw[aE�?9GJIVQH=,[SG2IKAM[aESPbYZ?@<>ACL

τm
��j GJQ0GJLH[HYZLF?ON8ESL­YZES?@B9G��°YChJ?9GJESB,YZQSQ.YZB'Y��>?%[HYZLH=:P>G�?9GJIVQH=

hOYZB'YChJ?9TJB@<>=@?@<>DMEHG
τ−(ω)

N]ht\mGc=@?2PbYk[a<¢§]TJB9GJLHhcGK[SG�i*<X?9Gc=9=9Gc=
c0 − cg(ω)

DMES<¦Gc=@?2?@B9Uc=w�dYZ<XeSP>G�Q~ACESB2P>Gc=2e.YC='=9Gc=w�¤B9To_
DFEHGJLHhcGc=¾[SG�Q~ACIVQ.YZ�jG�<XIVQSPX<>DMEHTcGc=¦<>hJ<dNCPbY,��B9TcDFEHGJLHhcG�[SG�hcACESQSESB9G�[aEVIV<XPX<>GJE|TJ?'YZLF?

fc = c0/(2πR) ' 500 kHz
�

��<XLH=9<dN{P>G IKA*[SUJP>G�[SG [a<>=9Q~GJB9=@<>ACLV[]\ ESLHG�h9R.Y��>LHG:ESLS<>[a<XIKGJLH=@<>ACLSLHGJPXP>G:[SG eS<XPXP>Gc=�LHG Q~GJB@IKGJ?�Q.YC=�[]\mGonaQSPX<>DFEHGJB�Pd\ <XLM?9To_
�tB'YZ?@<>ACL�[aEk=9<X�tL.YZP0[STJIKA*[aESP>T%ACeH=9GJB@ijTcG%Q0ACESBvP>Gc= �dYZ<XeSP>Gc=v�¤B9TcDMEHGJLHhcGc=�[SGwQ~ACIVQ.YZ�jGt��j GJQ0GJLH[HYZLF?ONaPbY6[a<>=@Q0GJB9=@<>ACL
[SG�i*<X?9Gc=9=9G�[HYZLH=KP>G�IV<XPX<>GJE·?@B@<>[a<XIKGJLH=@<>ACLSLHGJPwQ~GJES?f�J?@B9G�<XLa³HEHGJLHhcTcG�Q.YZBlhcGJB@?'YZ<XLHGc=|hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=f[SGc=lYZB�_
B'YZLS�jGJIKGJLF?9=��tB'YZLMESPbYZ<XB9Gc=O����Y�QSB9GJIV<>UJB9G�Gc=@?}PbY�Q~At='=@<XeS<XPX<X?9Tf[]\ ESLHGk[a<¢§0EH=@<>ACL±YChcACEH=@?@<>DFEHGkDMES<vQ0GJES?VYcijAC<XB�ESLHG
<XLa³HEHGJLHhcG6�°YZ<XeSP>GV=9ESB2Pd\^YZ?@?9TJLFE.YZ?@<>ACL�I|YZ<>=%ESLHG�<XLa³HEHGJLHhcGKLHACL"LHTJ�tPX<X�jGOYZeSP>GK=@ESB%PbYliM<X?9Gc='=9G�[SG�QSB9ACQ.YZ�FYZ?@<>ACL�[SG
Pd\mACLH[SG�hcACRHTJB9GJLF?9GKDMES<�='G4QSB9ACQ.YZ�jGV[HYZLH=wP>G6IV<XPX<>GJE�Go§]GchJ?@<¢���Nj ACIVIKG�QSB9Tc=9GJLF?9TV[HYZLH=%P>G�h'R.YZQS<X?@B9G mtN~hcGJ?@?9G�[a<¢�¤_
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��EH=@<>ACL�Gc=@?}?@B9Uc=6[a< r|hJ<XP>G4s�hOYZB'YChJ?9TJB@<>=9GJBON�GJ?6[SACLHh|PbY�P>AC< [SGf[a<>=9Q~GJB9=@<>ACL�[SGKi*<X?9Gc=9=9Gf[a< r|hJ<XP>G s�IKAM[STJPX<>='GJBO� ��Y
='GchcACLH[SG4hOYZB'YChJ?9TJB@<>=@?@<>DMEHGV[SGc=2YZB@B'YZLS�jGJIKGJLF?9=2�tB'YZLMESPbYZ<XB9Gc=ON]Gc=@?wPbYKQSB9Tc='GJLHhcG6[]\ ESL"[STc=9ACB9[aB9G�[SG6hcACLF?'YChJ?9=O� j GJB�_
?'YZ<XLH=lhcACLF?'YChJ?9=k=9ACLM?fQSPXEH=lhcACLF?@B'YZ<XLM?9=�=@?'YZ?@<>DMEHGJIKGJLF?"��ACE½QSB9To_`hcACLM?@B'YZ<XLF?9=�£lDMEHG�[]\^YZES?@B9Gc=kGJ?liM<>hcGo_dijGJB9=�Ya�v¥�L
Q.YZB@?@<>hJESPX<>GJBON~GJLFi*<XB9ACLgPbY�IKAC<X?@<>T4[SGc=,hcACLF?'YChJ?9=%hcACIVQSB@<>=w[HYZLH=�P>G}IV<XPX<>GJE��tB'YZLFESPbYZ<XB9G�=9ACLM?,[a<X?9= ¨ �°YZ<XeSP>Gc=�ª'N8ht\mGc=@?hs
[a<XB9G,QSPXEH= �dYZ<XeSP>GJIKGJLF?�QSB9To_`hcACLF?@B'YZ<XLM?9=�DMEHG�PbY4IKA{�jGJLSLHGt�S�¦\ <XLa³HEHGJLHhcG2[SG%hcGc= hcACLM?'YChJ?9=��dYZ<XeSP>Gc=ONM[SACLM?�P>G�BBvCP>G%=@ESB
P>Gc=�Go§]GJ?9=�LHACLKPX<XLHTOYZ<XB9Gc=¦Gc=9?�<XIVQ~ACB@?'YZLM?,�¤ijAC<XB�P>G�h9R.YZQS<X?@B9G =�GJ?�P>Gc=vYZLSLHGonaGc=��µGJ?¦�:£�Gc=9?¦[SG�[a<XIV<XLFEHGJB¦PbYwB'YZ<>[SGJESB
[aE"IV<XPX<>GJE�� ¹�LHG|h9R.Y��>LHGKESLS<>[a<XIKGJLH=9<>ACLSLHGJPXP>GtN hcACLH=@?@<X?@EHTcGf[SGVhcGc=}hcACLM?'YChJ?9=��dYZ<XeSP>Gc=2B9TJQ.YZB@?@<>=4?9ACES?�P>Gc=2?@B9AC<>=}ACE
DME.YZ?@B9G�hcACLF?'YChJ?9=ON0Q0ACESB@B'YZ<X?��J?@B9G6IKAM[STJPX<>='TcG6[aEWQ0AC<XLF?�[SG6i*EHG6[SG6PbYl[a<>=@Q0GJB9=@<>ACLWQ.YZB%ESLHG4Q0TJB@<>A*[a<>hJ<X?9TVTJ�FYZP>G³s
4− 8R

YZEkPX<>GJE�[SG
2R

NaYOijGch%[SGc=�B'YZ<>[SGJESB9=�TcDFES<XitYZP>GJLF?9Gc=�QSPXEH= �dYZ<XeSP>Gc=��°YC=9=9A*hJ<>TcGc=�YZEanfhcACLF?'YChJ?9=��dYZ<XeSP>Gc=�£vGJ?�[SGc=
I|YC='=9Gc=�QSPXEH=4TJP>GJijTcGc=

2 − 4 m
N�YC=9=9A*hJ<>TcGc=4YZEan"�tB9ACESQ~Gc=6[SGKeS<XPXP>Gc=}�°ACB@?9GJIKGJLF?6QSB9To_`hcACLF?@B'YZ<XLF?9Gc=VGJLM?@B9GfGJPXP>Gc=6GJ?

<XLM?9GJB@ijGJL.YZLF?��°YZ<XeSP>GJIKGJLM?�[HYZLH=�Pd\mTJPbYC=@?@<>hJ<X?9T2Go§]GchJ?@<XijG2[aE�IV<XPX<>GJE��Uj Gc=�?@B9AC<>=�LHACESijGOYZEanf�dYChJ?9GJESB9=ONaQ0TJB@<>AM[a<>hJ<X?9T2[aE
B9Tc='GOYZE�NtB'YZ<>[SGJESB GJ?¾I|YC=9=9G�[SG�h9R.YCDMEHG,TJP>TJIKGJLM?ONFitYZB@<>GJLF? [HYZLH=¾P>G�IK�JIKGw=9GJLH=ONFhcGJPXES<8[]\^YZES�tIKGJLF?9GJB PbY�[a<>=9Q~GJB9=@<>ACL
[SG4i*<X?9Gc=9=9G6GJL­e.YC=9='Gc=���B9TcDMEHGJLHhcGc=ON.QSES<>='DFEHG6PbYK�¤B9TcDMEHGJLHhcG�[SG4hcACESQSESB9G�Gc=@?%=@EH=9hcGJQS?@<XeSP>G�[]\m�J?@B9G�[a<XIV<XLFEHTcGK[]\ ESL
ACB9[aB9GV[SG��tB'YZLH[SGJESBO��j GJ?@?9GVQSPXEH=2�tB'YZLH[SGK[a<>=@Q0GJB9=@<>ACL�[SG�i*<X?9Gc=9=9G��¤QSPXEH=2�tB'YZLH[SGK[a<¢§]TJB9GJLHhcGKGJLM?@B9G

cg(ω)
GJ?

c0
£

YZES?9ACB@<>='GtN8YcijGch}P>Gc=�Gc=@?@<XI|YZ?@<>ACLH=%[SG
τ−

hcACB@B9Gc=9Q~ACLH[HYZLM?9Gc=ON~Pd\ <XLF?9TJ�tB'YZ?@<>ACLgQ.YZB@?@<>GJPXP>GJIKGJLF?%B9TOYZPX<>=9TcG6Gon*Q0TJB@<XIKGJLF?'Y®_
P>GJIKGJLM?v[aEVQSB9AZ¡HP~[STJIKAM[aESP>Tt�j��Gc=¾hcACLH[a<X?@<>ACLH= []\mACeS?9GJLF?@<>ACLk[SG�hcGJ?@?9G:?@B'YZLH=@<X?@<>ACL|=9ESB¦P>Gc=�Q.YZB'YZIKUJ?@B9Gc= [aEKIKAM[SUJP>G
='ACLF?�TJLHACLHhcTcGc=w[HYZLH=:PbYV='GchJ?@<>ACL�ka� =H�nmj��j ACIVIKG4hcG2QSB9AMhcGc='=@EH=:Gc=@?�hJESI4ESPbYZ?@<¢��N.P>Gc=�ACLH[SGc=,[SG2Q~ACIVQ.YZ�jG4[SAC<XijGJLF?
='G}QSB9ACQ.YZ�jGJB2=@ESBwESLHG�[a<>=@?'YZLHhcG�[]\^YChchJESI}ESPbYZ?@<>ACL�IV<XLS<XI4ESI�Q~ACESB%DMEHG}Pd\mGo§]GJ?2[SG4PbYf[a<>=@Q0GJB9=@<>ACL"=9G4I|YZLS<¢��Gc=@?9Gt�
qM<8P>Gc=�ACLH[SGc= [SG�Q~ACIVQ.YZ�jG%=9ACLM?�YZ?@?9TJLMEHTcGc=:YcitYZLF?�hcGJ?@?9Gw[a<>=@?'YZLHhcG,[]\^YChchJESI4ESPbYZ?@<>ACL�NSPd\ <XLF?9TJ�tB'YZ?@<>ACL�YC='=9AMhJ<>TcGhs�PbY
[a<>=9Q~GJB9=@<>ACL�L�\^Y�Q.YC=:PX<>GJE�N.IK�JIKG}=@<�PbYK[a<¢§0TJB9GJLHhcG4[SG2iM<X?9Gc='=9Gc=�[SG2QSB9ACQ.YZ�FYZ?@<>ACLWGJLF?@B9G4=9ACESB9hcGc=:LHACL­PX<XLHTOYZ<XB9Gc=,GJ?
=9<X�tL.YZP�[STJIKA*[aESP>T�Gc=@?w[SG6QSPXEH=%GJLgQSPXEH=,<XIVQ0ACB@?'YZLF?9GVGJL�YZES�tIKGJLM?'YZLF?�PbYK�¤B9TcDMEHGJLHhcG�[SG}Q0ACIVQ.YZ�jGt�0�¦\ <XLa³HEHGJLHhcG
[SG|PbY�[a<>=@Q0GJB9=@<>ACL�[SG|i*<X?9Gc=9=9Gg�¤<XLF?9TJ�tB'YZ?@<>ACL±[aE�QSB9AZ¡HP [STJIKAM[aESP>T{£4[a<>=@Q.YZB'YZ<X?�[SACLHhfP>ACB9=9DFEHG|Pd\^YZ?@?9TJLFE.YZ?@<>ACL²;hg
YZES�tIKGJLM?9GtN*<d�mGt�MP>ACB9='DFEHG,PbY2��B9TcDMEHGJLHhcG,[SG,Q~ACIVQ.YZ�jG%Gc=@?�YZES�tIKGJLF?9TcGt�S�,<XLH=@<dNFPd\ <XLF?9TJ�tB'YZ?@<>ACL�[aEk=@<X�tL.YZP0[STJIKAM[aESP>T
[a<>=9Q.YZB'YZ<X?�P>ACB9=9DMEHG�PbY6��B9TcDMEHGJLHhcG}[SG�Q0ACIVQ.YZ�jG6Gc=@?,YZES�tIKGJLF?9TcG�[SG

60 kHz
s

160 kHz
N.hcG}DMES<�B9GJi*<>GJLF?�sVESLHG

[STJB@<XitYZ?@<>ACL��
¹�LHG�YZES?@B9G�ACeH=9GJB@iCYZ?@<>ACL"DMES<�Gc=9?wGJL�YChchcACB9["YcijGch�hcGJ?@?9G6<XLF?9GJB@QSB9TJ?'YZ?@<>ACL�Gc=9?,PbYl[a<XIV<XLFES?@<>ACL�[aEWQ.YZB'YZIKUJ?@B9G

[]\^Y®��EH=@?9GJIKGJLM?
τm

P>ACB9=9DMEHGKPbY��¤B9TcDMEHGJLHhcGl[SGKQ0ACIVQ.YZ�jGfGc=@?�YZES�tIKGJLF?9TcGkQ0ACESB}P>Gc=6QSPXEH=}�°YZ<XeSP>Gc=4iCYZP>GJESB9=�[SG
fp�¤ijAC<XB,P>G�?'YZeSP>GOYZEuka�nm®£o�	j GJ? ¨ TJPbYZB@�t<>=9=9GJIKGJLM?�ª6[aE­=9<X�tL.YZP�[STJIKA*[aESP>T}Q0GJES?�QSB9A{ijGJLS<XBw[]\ ESLgQSRHTJLHACIKUJLHG6LHACL�QSB@<>=

GJL�hcACIVQS?9G�[HYZLH=:P>G%IKAM[SUJP>G2[STJijGJP>ACQSQ0T2DFES<�Gc=9? PbY�[a<>=9Q~GJB9=@<>ACL�[SG%i*<X?9Gc=9=9G%[SG%�tB9ACESQ0Gt�S¯2YZLH=�hcG2hOYC=ONaP>G%Q.YCDFEHGJ?
[]\mACLH[SGg[SGgQ~ACIVQ.YZ�jGgQ0GJES?l�J?@B9G­IKA*[STJPX<>=9T�Q.YZBkESLµ?9GJIVQH=khOYZB'YChJ?9TJB@<>=@?@<>DFEHG"[SG­IKA*[aESPbYZ?@<>ACLºDMES<2YZES�tIKGJLF?9G
YOijGch|PbY�[a<>=@?'YZLHhcGl[SG|QSB9ACQ.YZ�FYZ?@<>ACL�N�Q0ACESB4?9GJLS<XB�hcACIVQS?9Gf[SGfPd\mTJ?'YZP>GJIKGJLF?V=@Q.YZ?@<bYZP�[SGlhcGKQ.YCDMEHGJ?�YZE�hcACESB9=6[SG
=�Y�QSB9ACQ.YZ�FYZ?@<>ACL s�hOYZEH='Gf[SG|PbY�[a<>=@Q0GJB9=@<>ACL´[SG|i*<X?9Gc=9=9Gt� �¦\mTJPbYZB@�t<>=9=9GJIKGJLM?K[aE�Q.YCDMEHGJ?6[]\mACLH[SGk;hg¸P>ACB9=�[SG|='Y
QSB9ACQ.YZ�FYZ?@<>ACL¸<XIVQSPX<>DMEHG­ESLºTJPbYZB@�t<>='=9GJIKGJLF?�[aEº=@<X�tL.YZP%[STJIKAM[aESP>Tg�jTJLHTJB9Tt�>j GJ?@?9GWGo§0GJ?k[a<>=@Q.YZB'Y��>?kP>ACB9=9DMEHG�PbY
[a<>=9?'YZLHhcGw[]\^YChchJESI4ESPbYZ?@<>ACL­LHTchcGc='='YZ<XB9GwQ~ACESB�P>GwQSB9A*hcGc=9=@EH=�[SG%[a<>=@Q0GJB9=@<>ACLkL�\mGc=@?�QSPXEH=:YZ?@?9GJ<XLF?9G2Q.YZB�P>Gc=�ACLH[SGc=:[SG
Q0ACIVQ.YZ�jGtN.YZ?@?9TJLMEHTcGc=,=@ESB�ESLHG}[a<>=@?'YZLHhcG2<XLa�°TJB@<>GJESB9Gt�

��Yl�tB'YZLH[SGK[a< r|hJESPX?9TKGc=@?2[SG�LHG�Q.YC=�[a<>=9Q~At=9GJBON][HYZLH=�PbYlPX<X?@?9TJB'YZ?@ESB9GtN�[SGV[SACLSLHTcGc=�GonaQ~TJB@<XIKGJLM?'YZP>Gc=�¡8YZeSP>Gc=
=9ESB¦PbY2[a<>=@Q0GJB9=@<>ACL|[SG�iM<X?9Gc=9='G:[HYZLH=¦P>Gc=¾IV<XPX<>GJEan|hcACLH=@<>[STJB9Tc=v=9ESB¦ESL|�tB'YZLH[SG�QSPbYZ�jG�[SG���B9TcDMEHGJLHhcGc=,�¤?`�*QS<>DMEHGJIKGJLF?
[SGWDMEHGJP>DFEHGc=

kHz
s

150 kHz
YZE¸IKAC<XLH=o£o� ��Gc=�[SGJEanµhOYZLH[a<>[HYZ?9=�Q0At=9=@<XeSP>Gc=ON PbY�[a<>=@Q0GJB9=@<>ACL¸[SGgiM<X?9Gc=9='GgGJ?

Pd\mACeH='GJB@iCYZ?@<>ACL [aE =@<X�tL.YZPV[STJIKA*[aESP>T±[HYZLH="=9ACL h9R.YZIVQ QSB9A*h9RHGtN%Q0GJB@IKGJ?@?9GJLF?�[]\mACeS?9GJLS<XB�[SGc=W<XLa�°ACB@I|YZ?@<>ACLH=
<XIVQ0ACB@?'YZLF?9Gc=�=@ESB P>Gvh'R.YZIVQ6[SGvR.YZES?9Gc= �¤B9TcDMEHGJLHhcGc= �tB�
ChcG s:PbY�[STJB@<XitYZ?@<>ACL6[aE6QSB9AZ¡HPa[STJIKAM[aESP>T ACeH=9GJB@ijTcGvP>ACB9=9DFEHG
PbY}��B9TcDFEHGJLHhcG2[SG%Q0ACIVQ.YZ�jG%Q.YC=9=9G%[SG

60 kHz
s

160 kHz
�Uj GchJ<]Q~ACESB@B'Y�=9G,�dYZ<XB9GtN�s4?9GJB@IKGtNSQ.YZB�IV<XLS<XIV<>='YZ?@<>ACL

[SGc=vGJB@B9GJESB9=vGJLM?@B9G�P>G�IKAM[SUJP>G,[STJijGJP>ACQSQ~T6�°YcijGch,PbY2QSB@<>=9G,GJL|hcACIVQS?9Gw[SG:PbY%�jTcACIKTJ?@B@<>Gw?@B@<>[a<XIKGJLH=@<>ACLSLHGJPXP>G{£vGJ?¦P>Gc=
QSB9AZ¡HP>=¾Gon*Q0TJB@<XIKGJLF?'YZEan]�F��Gc=¦Q.YZB'YZIKUJ?@B9Gc=v[]\^Y®��EH=@?9GJIKGJLF? =9ACLF?¾YZP>ACB9=w��hcACLSL.YZ<>=9='YZLM?¦P>G�?9GJIVQH=¦hOYZB'YChJ?9TJB@<>=@?@<>DMEHG�[SG
IKA*[aESPbYZ?@<>ACL

τm
NCPbY%iM<X?9Gc='=9G�[SG�QSR.YC=9G>s%e.YC='=9G �¤B9TcDMEHGJLHhcG

c0
GJ?�P>G:[a<bYZIKUJ?@B9G,[aEK?@B'YZLH=9[aEHhJ?9GJESBv[SG�Q0ACIVQ.YZ�jG{£oNjP>G

?9GJIVQH=�hOYZB'YChJ?9TJB@<>=@?@<>DFEHG}[]\^YZ?@?9TJLFE.YZ?@<>ACL
τ(ω)

GJ?�PbY6i*<X?9Gc=9=9G2[SG%�tB9ACESQ0G�[aE�Q.YCDMEHGJ?�[]\mACLH[SG�[SG%Q0ACIVQ.YZ�jG
cg(ω)

�
¥�LF?@B9G4P>Gc=���B9TcDFEHGJLHhcGc=w[SG�Q0ACIVQ.YZ�jG

fp = 160 kHz
GJ?

fp = 220 kHz
NSESLHG6[STJB@<XiCYZ?@<>ACLWYC[S[a<X?@<>ACLSLHGJPXP>G�[aE

QSB9AZ¡HP�[STJIKA*[aESP>T6Gc=9?wACeH=9GJB@ijTcGk�¤ijAC<XB%PbYV¡H�tESB9G ka�nm��fGJ?,Pd\mACB9[aB9G�[SG6[STJB@<XiCYZ?@<>ACL"[aEgQSB9AZ¡HP�[STJIKAM[aESP>T
p
[HYZLH=wP>G



� ¹�� #º¨�ª�µ  �¦§¢<¢�©w²�«&¦�­�±!¦�¦�«%¬�¨ ���

?'YZeSP>GOYZE�ka�nm®£o�
��G%=9GJESP0Go§0GJ?�Q0GJB@IKGJ?@?'YZLF?:[]\mGonaQSPX<>DFEHGJB�hcGJ?@?9G%[STJB@<XitYZ?@<>ACL�YC[S[a<X?@<>ACLSLHGJPXP>G2Gc=@?ONahcACLa��ACB@IKTJIKGJLM?�YZEanlTJP>TJIKGJLF?9=

hcACPXP>GchJ?9Tc=2[HYZLH=%P>G6?'YZeSP>GOYZE#ka��kSN~PbYfhcACLH[a<X?@<>ACL"PX<XIV<X?9GVGJL
x = 0

NNs|PbYl=@ESB��dYChcG�[aEW?@B'YZLH=9[aEHhJ?9GJESB�[SG6Q~ACIVQ.YZ�jGt�
¯2YZLH=�P>G2IKA*[SUJP>G%QSB9Tc=9GJLF?9T4[HYZLH=�hcG2h9R.YZQS<X?@B9GtN~hcGJ?@?9G�hcACLH[a<X?@<>ACL­PX<XIV<X?9G�Gc=@?�QSB@<>=9G ¨ B@<X�t<>[SGoª|��hcACLH[a<X?@<>ACL­PX<XIV<X?9G�[SG
u,GJESI|YZLSL�N~<d�mGt�~P>G6[STJQSPbYChcGJIKGJLF?}[STJIKA*[aESP>T�GJL

x = 0
Gc=9?,LMESP £o�Nj GJQ0GJLH[HYZLF?ON]GJL"hcACIVQ.YZB'YZLM?2P>Gc=,<XIVQ0Tc[HYZLHhcGc=

YChcACEH=@?@<>DMEHGc=�[aE6IV<XPX<>GJEK[SG QSB9ACQ.YZ�FYZ?@<>ACL
Z
�¤P>G�IV<XPX<>GJE6�tB'YZLMESPbYZ<XB9G{£�GJ?�[SG PbYw=@ESB��°YChcG�[aE�?@B'YZLH=9[aEHhJ?9GJESB¾TJIKGJ?@?9GJESB

Z0
Na<XP�Gc=@?:TJi*<>[SGJLF?,DFEHG2hcGJ?@?9G�hcACLH[a<X?@<>ACL­PX<XIV<X?9G}YC[SACQS?9TcG}[HYZLH=:P>G%IKAM[SUJP>G2L�\mGc=9?:Q.YC=�Q.YZB��dYZ<X?9GJIKGJLF?�B9TOYZPX<>='TcG�[aE

Q~AC<XLM?K[SG�i*EHGlGonaQ0TJB@<XIKGJLF?'YZPdN¾=9ESB@?9ACES?fYZEan�e.YC='=9Gc=6�¤B9TcDMEHGJLHhcGc=K[aE²=@<X�tL.YZP,[STJIKAM[aESP>T�hcACLH=9<>[STJB9TcGc=V<>hJ<d�¦��ACESB
=@<XIVQSP>GgGc=@?@<XI|YZ?@<>ACL�N

Z = ρc0 ' 5 105 kg.m−2.s−1 GJ?
Z0 ' 2 106 kg.m−2.s−1 �¤PbYZIKGc=�[]\^YC[HYZQS?'YZ?@<>ACL

[]\ <XIVQ~Tc[HYZLHhcG%[aEl?@B'YZLH=9[aEHhJ?9GJESB�QS<>G�>OAZ_`TJP>GchJ?@B@<>DMEHG{£o�S��ACB9=9DMEHG�P>Gc=�ACLH[SGc=�[SG�Q0ACIVQ.YZ�jGwQ~TJLHUJ?@B9GJLM?:=@E_r|='YZIVIKGJLM?
QSB9AZ��ACLH[STJIKGJLM?6[HYZLH=}P>GVIV<XPX<>GJE��tB'YZLMESPbYZ<XB9GtN�Pd\mGo§]GJ?}[SGVPbY�hcACLH[a<X?@<>ACL�PX<XIV<X?9GKGJL

x = 0
Q~GJES?�LHGKQ.YC=}�J?@B9GV?@B9Uc=

<XIVQ~ACB@?'YZLM?}=@ESB%P>GV=@<X�tL.YZP�[STJIKA*[aESP>T¸slhOYZEH=9GV[SGc=�Go§]GJ?9=%LHACL"PX<XLHTOYZ<XB9Gc=�=@�*LHh9RSB9ACLHGc=�hJESI4ESPbYZ?@<¢��=4DFES<�=9ACLM?2IV<>=
GJLk��GJE�YZE�hcACESB9=�[SGKPbY|QSB9ACQ.YZ�FYZ?@<>ACL�ijGJB9=2P>Gc=

x
Q0At=@<X?@<¢�°=O�0¥�L�Go§]GJ?ON0P>GV=@<X�tL.YZP¦[STJIKAM[aESP>T|Gc=@?�YChchJESI}ESP>T|[HYZLH=

PbY�[a<XB9GchJ?@<>ACL´[SGKQSB9ACQ.YZ�FYZ?@<>ACL±[SGc=6=9ACESB9hcGc=}LHACL�PX<XLHTOYZ<XB9Gc=��
x
Q0At=@<X?@<¢�°=�£oN�GJ?}PbY�B9To³.Gon*<>ACL´=@ESB4PbY�=@ESB��dYChcG|[SG|PbY

Q.YZB@?@<>G�[aEµ=@<X�tL.YZPw[STJIKA*[aESP>T�DMES<,={\mGc=@?|QSB9ACQ.YZ�jTcGgGJL·QSB9GJIV<>GJBlPX<>GJE·ijGJB9=fP>Gc=
x
LHTJ�FYZ?@<¢��=lGJ?fDMES<,Gc=9?fGonShJ<X?9TcG

='YZLH=�=@�*LHh9RSB9ACLS<>=@IKG4[SGJiM<>GJLM?:LHTJ�tPX<X�jGOYZeSP>Gt�.��ACB9=9DFEHG%P>Gc=�ACLH[SGc=�[SG%Q0ACIVQ.YZ�jG2LHG%Q~TJLHUJ?@B9GJLM?�Q.YC=�QSB9AZ�°ACLH[STJIKGJLF?
[HYZLH=�P>GkIV<XPX<>GJE²�tB'YZLFESPbYZ<XB9GtN¾P>Gc=VGo§0GJ?9=|hJESI}ESPbYZ?@<¢�°=KLHGkQ0GJESijGJLF?VQSPXEH=VQSB9GJLH[aB9G�QSPbYChcGtN¦Pd\mGo§0GJ?K[SGkPbY­B9To³.Gona<>ACL
=@ESB�PbY�=9ESB��°YChcGfTJIKGJ?@?@B@<>hcGtN GJ?6[SACLHh|[SGVPbY�hcACLH[a<X?@<>ACL�PX<XIV<X?9GfGJL

x = 0
[SGJiM<>GJLM?4<XIVQ0ACB@?'YZLF?O����ES?@B9GJIKGJLM?6[a<X?ON

P>ACB9=9DMEHG2PbY���B9TcDFEHGJLHhcG4[SG�Q0ACIVQ.YZ�jG4YZES�tIKGJLM?9GtN8PbYKP>ACLS�tEHGJESBwhOYZB'YChJ?9TJB@<>=9?@<>DFEHG6[]\^YZ?@?9TJLFE.YZ?@<>ACL²�¤Q.YZBwYZeH='ACB@QS?@<>ACL
GJ?:[a<¢§~EH=9<>ACL8£�[SGc=�ACLH[SGc=,[SG2Q~ACIVQ.YZ�jGtN.[a<XIV<XLFEHGtN.GJ?�Pd\ <XLa³HEHGJLHhcG}[SG2PbYVhcACLH[a<X?@<>ACL­PX<XIV<X?9G�GJL

x = 0
Gc=@?:[SG2QSPXEH=

GJL|QSPXEH=v<XIVQ~ACB@?'YZLM?9Gt�S¹�LHG,hcACLH[a<X?@<>ACLkPX<XIV<X?9G ¨ PX<XeSB9Goª,GJL
x = 0

��hcACLH[a<X?@<>ACLk[SG,¯w<XB@<>h9RSP>GJ?ONahcACLF?@B'YZ<XLM?9Gc=:[SG:Pd\mACLH[SG
[STJIKAM[aESP>TcG}LFESPXP>Gc=�£�GJLF?@B'Y��>LHG4ESLHG�[STJB@<XiCYZ?@<>ACLg[aE�=@<X�tL.YZP�[STJIKA*[aESP>T}=9ESB:Pd\^Y®naG}[SG2QSB9ACQ.YZ�FYZ?@<>ACL�p A EH='s ¿ z`�H��ACESB
fp = 220 kHz

N~Pd\mACB9[aB9G6[SG6[STJB@<XitYZ?@<>ACL·�¤ijAC<XBwP>G4?'YZeSP>GOYZE ka�nm{£,Gc=@?w[SG
2.7

N0hcG6DMES<�hcACB@B9Gc=@Q~ACLH[gQSB9Gc=9DMEHG³s|ESLHG
[STJB@<XiCYZ?@<>ACLg=@ESQSQSP>TJIKGJLF?'YZ<XB9G6[aE�QSB9AZ¡HP�[STJIKAM[aESP>T}Q.YZB�B'YZQSQ0ACB@?ºs

fp = 160 kHz
Q0ACESB:PbYCDMEHGJPXP>G

p ' 2
�.¥�LM?@B9G

hcGc=¾[SGJEan���B9TcDFEHGJLHhcGc=v[SG:Q0ACIVQ.YZ�jGtNjPbY%B9TJ�t<>ACLl[SGc=¾=9ACESB9hcGc=vLHACLKPX<XLHTOYZ<XB9Gc= Gc=@?¾GJLHhcACB9G:B'YChchcACESB9hJ<>GtN*hcG�DMES<H<XLSRS<Xe0G
P>Gc=vGo§]GJ?9=�hJESI}ESPbYZ?@<¢�°=�[SG��jTJLHTJB'YZ?@<>ACL�[aEk=@<X�tL.YZP0[STJIKAM[aESP>Tt�a��Y4B9TJ�t<>ACLk=9ACESB9hcG%[SGJiM<>GJLM? DME.YC=@<¢_`=@ESB��dYChJ<>DFEHGtNaGJ?�=9G
PX<XIV<X?9G}YZE�ijAC<>=@<XL.YZ�jG4[aE�?@B'YZLH=9[aEHhJ?9GJESB,TJIKGJ?@?9GJESBO�

¥�La¡HL�N�GJLM?@B9G
fp = 220 kHz

GJ?
fp = 300 kHz

N�ESLHG­<XLM?9TJ�tB'YZ?@<>ACL Gc=@?�ACeH=9GJB@ijTcGtN�ACE¸[aEºIKAC<XLH=ON�ESL
B9GJ?9ACESB�s}ESLHG%[STJB@<XijTcG2=9GchcACLH[SG2[SG A YZEH='=@<>GJLSLHGwQ~ACESB�P>GwQSB9AZ¡HP�[STJIKAM[aESP>T�pm¬ ACE ��ktYCz`�a�

300 kHz
N*PbY4P>ACLS�tEHGJESB

[]\mACLH[SG%[SG,Q0ACIVQ.YZ�jG2Gc=@?�[SGwPd\mACB9[aB9Gw[SG
1 mm

NMht\mGc=@?�s6[a<XB9G%GJLFi*<XB9ACL�[a<¢nK�°AC<>= =9ESQ~TJB@<>GJESB9G�YZElB'Yc�jACL�[SGc=�eS<XPXP>Gc=O�
��Gc=K<XLSRHACIKAC�jTJLHTJ<X?9Tc=�[aE·IV<XPX<>GJEºYC=9='AMhJ<>TcGc=4sWPd\^YZB@B'YZLS�jGJIKGJLF?�[STc=9ACB9[SACLSLHTg[SGc=|eS<XPXP>Gc=f=9ACLF?l[SACLHh­[SG�Pd\mACB9[aB9G
[SG|�tB'YZLH[SGJESBK[SGlPbY­P>ACLS�tEHGJESBK[]\mACLH[SGt����GlQSRHTJLHACIKUJLHG�[SGk[a<¢§~EH=9<>ACL´[SGc=�ACLH[SGc=V[SGlQ0ACIVQ.YZ�jGtN�[ST �2s�IV<>=VGJL
TJiM<>[SGJLHhcG4Gon*Q0TJB@<XIKGJLF?'YZP>GJIKGJLM?Kpm�t<bYtstsCz`N8Gc=@?�[SACLHh6=@EH=9hcGJQS?@<XeSP>G6[]\m�J?@B9G�B9Gc=@Q0ACLH='YZeSP>G6[SG�Pd\ <XLM?9TJ�tB'YZ?@<>ACLWACeH='GJB@ijTcGtN
hcACLa��ACB@IKTJIKGJLM?,YZEankQSB9Tc[a<>hJ?@<>ACLH=�?@RHTcACB@<>DFEHGc=�[SG2hcG2h9R.YZQS<X?@B9G|��=9GchJ?@<>ACLPka� =H� ¿ £o��qM<]P>G%Q.YZB'YZIKUJ?@B9G

τm
Gc=@?�QSB@<>=�[SG

Pd\mACB9[aB9G,[SG
0.5 10−4 s

hcACIVIKG%[HYZLH= P>Gc=vGonaQ0TJB@<>GJLHhcGc=vQSB9Tc='GJLF?9TcGc=ON*P>G,Q.YZB'YZIKUJ?@B9G2hOYZB'YChJ?9TJB@<>=@?@<>DFEHG%[]\^YZeH=9ACB@QS?@<>ACL
τa
[SAC<X?:PXES< �J?@B9G2?@B9Uc=�=@ESQ0TJB@<>GJESB�Q0ACESB:Q0GJB@IKGJ?@?@B9G2Pd\mACeH=9GJB@itYZ?@<>ACL­[SG2Pd\ <XLM?9TJ�tB'YZ?@<>ACL"[aE�QSB9AZ¡HP�[STJIKA*[aESP>TtN.hcG�DMES<

<XIVQSPX<>DFEHG
τa & 0.5 10−3 s

� j GchJ<,hcACB@B9Gc=@Q0ACLH[ds�ESLHG�P>ACLS�tEHGJESBkhOYZB'YChJ?9TJB@<>=@?@<>DMEHG­[]\^YZeH=9ACB@QS?@<>ACL�N [SG�Pd\mACB9[aB9G
[SG

10 cm
YcijGch

cg ' 200 m/s
�]��GVQ.YZB'YZIKUJ?@B9GfhOYZB'YChJ?9TJB@<>=9?@<>DFEHGK[SG|[a<¢§~EH=@<>ACL

τs
[SAC<X?}DME.YZLF?5slPXES<¾�J?@B9GK?@B9Uc=

<XLa��TJB@<>GJESBws
τm
NjhcG,DFES<.<XIVQSPX<>DFEHG

τs . 0.5 10−5 s
NjGJ?¾ESLHG:P>ACLS�tEHGJESB�hOYZB'YChJ?9TJB@<>=@?@<>DFEHG,[SG�[a<¢§0EH=@<>ACL

`s . 1 mm
�

j Gc=:Gc=@?@<XI|YZ?@<>ACLH=,hcACLa¡HB@IKGJLF?weS<>GJL�DFEHG%Pd\^YZ?@?9TJLME.YZ?@<>ACLg[SGc=�ACLH[SGc=�[SG2Q0ACIVQ.YZ�jGtNSQ0ACESB�hcGc=�R.YZES?9Gc=���B9TcDMEHGJLHhcGc=ON
Gc=@?�QSB@<XLHhJ<XQ.YZP>GJIKGJLF?2YC=9=9A*hJ<>TcG»s6PbYV[a<¢§0EH=@<>ACL��

� P��°YZES?"LHAC?9GJBON4DFEHG´Q.YZB@IV<KP>Gc=�[a<¢§0TJB9GJLM?9=�QSRHTJLHACIKUJLHGc=�DFES<VQ0GJESijGJLF?�<XLa³HEHGJLHhcGJB�P>G±QSB9AZ¡HP|[aE =@<X�tL.YZP
[STJIKAM[aESP>TtNCQ0GJEV=9ACLF?¾YZIKGJLHTc=Esw=9G I|YZLS<¢�°Gc=@?9GJB�Q.YZB�ESLHG�<XLF?9TJ�tB'YZ?@<>ACL|[aEK=9<X�tL.YZPa[STJIKA*[aESP>T�P>ACB9=9DMEHG PbY,�¤B9TcDMEHGJLHhcG
[SGVQ0ACIVQ.YZ�jG|Gc=@?�YZES�tIKGJLF?9TcGt����GKQ.YC=9=�YZ�jGK[aE�B9TJ�t<XIKGf[SG|��GJB@�M?'YO��YZE�B9TJ�t<XIKGl[SGV��Gc=@?9GJB@ijGJPX?�=9GVI|YZLS<¢�°Gc=@?9G
Q.YZB¦ESLHG�[STJB@<XitYZ?@<>ACLf[aEf=@<X�tL.YZP8[STJIKA*[aESP>Tt�F��G:Q.YC=9='YZ�jG:[SG�Pd\mACeH=9GJB@iCYZ?@<>ACLlGJL|h9R.YZIVQlQSB9A*h9RHGºs2Pd\mACeH=9GJB@iCYZ?@<>ACLlGJL
h9R.YZIVQ�P>AC<XLF?'YZ<XLVDMES<MGc=@?�=@EH=9hcGJQS?@<XeSP>G []\^YZB@B@<XijGJB�P>ACB9=9DMEHG¦PbY:�¤B9TcDMEHGJLHhcGv[SGvQ0ACIVQ.YZ�jGvGc=@?�YZES�tIKGJLF?9TcG�=9GvI|YZLS<¢�°Gc=@?9G
YZEH=9=@<HQ.YZB¾ESLHG�[STJB@<XitYZ?@<>ACL��M�¦\ <XLa³HEHGJLHhcGw[SG�PbY}hcACLH[a<X?@<>ACLfPX<XIV<X?9G,GJL

z = 0
Q0ACESB¾P>G:=9<X�tL.YZP8[STJIKA*[aESP>T�hcACLH=@<>[STJB9TcG
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m�� ���a; >

m À �V�*; >

= � �6�a; >
¿ � ���a; >

mtN À GJ?>k ���a; >

qMESB��°YChcG�[aE�?@B'YZLH=9[aEHhJ?9GJESB

¯w<>=@?'YZLHhcGwn��¤If£ ¯,<>=9?'YZLHhcG%n"�¤If£ ¯,<>=9?'YZLHhcG%n"�¤If£

¯,<>=9?'YZLHhcG%n"�¤If£¯w<>=@?'YZLHhcG2n"�¤If£
�h����� �N�%�_�f  � ¤2¬$2Eµ ¦5²´¢ .�«%©:¢p¦�¦�¢»¦p±�¤�µn¢5©%¤2ª�¨�¦�²�±_­§©:¢�±!¤ ¥�¯¸¢�©�©:¢�±�¤b£_¬�±�¤<²�« �º¥�¤B¢�¨U©:¢�¦ 9p¤B¥2°�±�¢�¨�­�¢�¦ ²´¢b£_¬�¯>£�ª1;´¢�¹

[HYZLH=fP>G�IKA*[SUJP>G­Y�YZEH=9=@<�P>G�IK�JIKGg=9GJLH=f[SG�iCYZB@<bYZ?@<>ACL�NvESLHGg[STJB@<XiCYZ?@<>ACLº[aE½=@<X�tL.YZP%[STJIKA*[aESP>T­Gc=@?fACeS?9GJLFEHG
P>ACB9='DFEHGvPbY���B9TcDMEHGJLHhcGv[SGvQ~ACIVQ.YZ�jG�Gc=@?�YZES�tIKGJLF?9TcGt�t� Y�[a<>=@Q0GJB9=@<>ACL�[SG iM<X?9Gc=9='G¾Gc=@?�=@EH=9hcGJQS?@<XeSP>G []\ <XIVQSPX<>DFEHGJB�ESLHG
<XLM?9TJ�tB'YZ?@<>ACLkYOijGch:Pd\^YZES�tIKGJLM?'YZ?@<>ACLl[SG�PbY%�¤B9TcDMEHGJLHhcG�[SG�Q0ACIVQ.YZ�jGt��j GJQ0GJLH[HYZLF?ON*YZEan��¤B9TcDMEHGJLHhcGc=¾[SG�Q0ACIVQ.YZ�jGºs
PbYCDMEHGJPXP>G%=9Gw=@<X?@EHG%hcGJ?@?9G,?@B'YZLH=9<X?@<>ACL��¤<XLF?9TJ�tB'YZ?@<>ACL8£oNSP>Gc=�[a<>=@?'YZLHhcGc=�[SGwQ0TJLHTJ?@B'YZ?@<>ACL�[SGc= ACLH[SGc=�[SGwQ0ACIVQ.YZ�jG2=9ACLF?
?@B9Uc=��dYZ<XeSP>Gc=4� ∼ 1 − 2 cm

£oN~hcG}DMES<�<XLM?9GJB9[a<X?whcACIVQSP>UJ?9GJIKGJLM?2Pd\^YChchJESI}ESPbYZ?@<>ACL"LHTchcGc=9='YZ<XB9G�YZEan�QSRHTJLHACIKUJLHGc=%[SG
[a<>=9Q~GJB9=@<>ACL�Q0ACESB:=9G%I|YZLS<¢�°Gc=@?9GJB�=@ESB�P>G}=@<X�tL.YZP�[STJIKA*[aESP>Tt�

��YZB¾hcACLH='TcDFEHGJLM?ONF[HYZLH=�Pd\mTJ?'YZ?vYChJ?@EHGJP8[SG:hcGJ?@?9G�B9Gch9RHGJB9h'RHGtNF=9GJESP>G:PbYw?@B'YZLH=@<X?@<>ACL|e.YZPX<>=@?@<>DMEHG → [a<¢§0EH=@<>ACL|[HYZLH=
P>G6?@B'YZLH=@Q0ACB@?�[SGc=�ACLH[SGc=�[SG�Q0ACIVQ.YZ�jG�Q0GJB@IKGJ?�[]\mGon*QSPX<>DMEHGJB�Pd\ <XLF?9TJ�tB'YZ?@<>ACL�[aE�=@<X�tL.YZP�?9GJIVQ0ACB9GJP¦[STJIKAM[aESP>TKGJL
YChchcACB@?6YcijGchKP>GKIKAM[SUJP>Gf[STJijGJP>ACQSQ~Tf[HYZLH=}hcGKh'R.YZQS<X?@B9Gt� ¯2YZLH=�P>Gc=2³HES<>[SGc=}RHACIKAC�jUJLHGc=ON hcGV?`�*Q0GK[SGV?@B'YZLH=@<X?@<>ACL
�¤<XLM?9TJ�tB'YZ?@<>ACL8£%[SG�QSB9AZ¡HP�?9GJIVQ0ACB9GJP¦[aE�=@<X�tL.YZP�[STJIKAM[aESP>TtN]P>ACB9='DFEHG6PbY|�¤B9TcDMEHGJLHhcGV[SG�Q0ACIVQ.YZ�jGVGc=@?�YZES�tIKGJLF?9TcG
L�\^Y,�9YZI|YZ<>=:TJ?9T�ACeH='GJB@ijTcGt�

¹�LHG4TJ?@EH[SG}LMESIKTJB@<>DFEHG�[SG4IKAM[STJPX<>='YZ?@<>ACL"[SG}Pd\^YZLF?9GJLSLHG�Q.YZB'YZIKTJ?@B@<>DMEHG4?@B@<>[a<XIKGJLH=9<>ACLSLHGJPXP>G6=9ESB,PbYKe.YC=9G4[aE
IKA*[SUJP>G|[STJijGJP>ACQSQ0T|[HYZLH=6hcG|h'R.YZQS<X?@B9GlY�TJ?9TKB9TOYZPX<>=9TcGfGJL�hcACPXPbYZe0ACB'YZ?@<>ACL´YOijGchK�����,P>Gc=@RS<XL·pm¬ ACE ��kZeHz`��¹,L�[SGc=
B9Tc=9ESPX?'YZ?9=�<>=9=@E±[SG�hcGJ?@?9G�TJ?@EH[SG�Y­IKACLF?@B9T�DMEHG�[HYZLH=�PbYWhcACLa¡H�tESB'YZ?@<>ACL·GonaQ~TJB@<XIKGJLM?'YZP>G�ES?@<XPX<>=9TcGtN�P>GkQSB9AZ¡HP:[SG
i*<X?9Gc=9=9G s4PbY�=@ESB��dYChcGw[aEk?@B'YZLH=9[aEHhJ?9GJESB,TJIKGJ?@?9GJESB}�¤IKAM[SUJP>G%� ¿ � À kj£vL�\^Y4Q.YC=�[]\ <XLa³HEHGJLHhcG2LHAC?'YZeSP>G�=@ESB�PbY}��ACB@IKG
[aE­=@<X�tL.YZP [STJIKA*[aESP>Tt�.��YZB�Pd\ <XLM?9GJB@IKTc[a<bYZ<XB9G6[SG}PbY�QSES<>=9='YZLHhcG}B'Yc�jACLSLHTcGtN8Pd\^YZIVQSPX<X?@EH[SG4[aEg=@<X�tL.YZP�[STJIKA*[aESP>T}Gc=@?
<XLa³HEHGJLHhcTcGtN�I|YZ<>=|GJL±YZEHhJESL½hOYC=�PbY��°ACB@IKG�[aE´QSB9AZ¡HP:[STJIKAM[aESP>Tt� qMESB6PbY­¡H�tESB9Glka�nm�kW='ACLF?V?@B'YChcTc=V[a<¢§]TJB9GJLF?9=
QSB9AZ¡HP>=%[SG6i*<X?9Gc=9=9G4Q~ACESB%[a<¢§0TJB9GJLM?9Gc=%��B9TcDFEHGJLHhcGc=%[SG6Q~ACIVQ.YZ�jGt��j Gc=wQSB9AZ¡HP>=2ACeS?9GJLFEH=}Gon*Q0TJB@<XIKGJLF?'YZP>GJIKGJLM?}ACLF?
TJ?9T:<XIVQSP>TJIKGJLF?9Tc=�[HYZLH=¦P>G:hcA*[SG�LMESIKTJB@<>DFEHG,[STJijGJP>ACQSQ~T�P>ACB9=¾[SG:hcGJ?@?9G,TJ?@EH[SG�Q.YZB¦���j��P>Gc=9RS<XL��j�`P8Gc=@?�<XLF?9TJB9Gc=9=�YZLF?
[SG4LHAC?9GJB%DFEHG4P>G}QSB9AZ¡HP�[SG4iM<X?9Gc='=9G5s|e.YC=9=9Gc=��¤B9TcDMEHGJLHhcGc=V�

1 − 20 kHz
£:Gc=@?wQSB'YZ?@<>DMEHGJIKGJLF?�hcACLH=@?'YZLM?ON~hcACIVIKG

YZ?@?9GJLH[aE���¥�L�hcACLH=@<>[STJB'YZLM?4P>Gc=2?@B'YZLH='[aEHhJ?9GJESB9=}B9TchJ<XQSB9A*DFEHGc={N�hcGchJ<¦Q0GJB@IKGJ?}[SGK=O\^YC=9=9ESB9GJB�DFEHGVPbYk[a<XB9GchJ?@<Xi*<X?9T|GJL
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� PKQSB9GJLH[ GJL¶hcACIVQS?9G·PbY [a<>=@Q0GJB9=@<>ACL¶[SG²i*<X?9Gc=9=9GtN�Pd\^YZeH=9ACB@QS?@<>ACL GJ?�PbY�[a<¢§0EH=@<>ACL YChcACEH=@?@<>DMEHG·DMES<KQ0GJESijGJLF?
QSB9GJLH[aB9G|QSPbYChcG|[HYZLH=4P>Gc=�IV<XPX<>GJEan�[STc=9ACB9[SACLSLHTc={� ��Gc=}RF�*Q~AC?@RHUc='Gc=4TJLHACLHhcTcGc=6ACLF?4Q~ACESB4eSES?4[SGVQ0GJB@IKGJ?@?@B9G|ESL
[STJijGJP>ACQSQ0GJIKGJLF?�YZL.YZPX�*?@<>DMEHG�Q0ACEH=9=9T­GJ?kYZ<XLH=@<%[SGg[STJ�FYZ�jGJBfP>Gc=khcACIVQ0ACB@?9GJIKGJLF?9=�[SG�e.YC=9G­[SGghcGJ?@?9GWYZLF?9GJLSLHG
Q.YZB'YZIKTJ?@B@<>DMEHG:[HYZLH=�ESLV?9GJPSIV<XPX<>GJE��j¯%Gc=�?@B'YZLH=@<X?@<>ACLH=¾[HYZLH=�P>G QSB9AZ¡HP.[STJIKAM[aESP>TtNCB9G��JEK=9ESB�Pd\^Y®naG�[SG�QSB9ACQ.YZ�FYZ?@<>ACL�N
YC='=9AMhJ<>TcGc=Es%[SGc=�[STJB@<XitYZ?@<>ACLH=¾ACEK[SGc=¦<XLF?9TJ�tB'YZ?@<>ACLH=¾='GJP>ACLVP>G�=9GJLH=¦[SG�itYZB@<bYZ?@<>ACLK[SGc=�Q.YZB'YZIKUJ?@B9Gc=¾hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=
='ACLF? QSB9Tc[a<X?9Gc=O��j G,IKA*[SUJP>GwES?@<XPX<>=9Gw[SGc= [STJQ0GJLH[HYZLHhcGc=:=@<XIVQSP>Gc=�GJLf�¤B9TcDMEHGJLHhcGwQ~ACESB Pd\^YZeH=9ACB@QS?@<>ACL�GJ? PbY6[a<¢§~EH=@<>ACL
YZ<XLH=9<8DMEHG�Q0ACESB¾PbY4[a<>=@Q0GJB9=@<>ACLl[SG,i*<X?9Gc=9=9Gt�F� P8='ACEa§~B9Gw[SG:PbY}IKTchcACLSL.YZ<>=9='YZLHhcG%[SGwhcGc=vGo§]GJ?9= QSRF�a=@<>DFEHGc=vPX<XLHTOYZ<XB9Gc=ON
[a< r|hJ<XP>Gc=Ss¸TJ?@EH[a<>GJB�[HYZLH=�P>Gc=�IV<XPX<>GJEan �tB'YZLMESPbYZ<XB9Gc=O� j GJQ~GJLH[HYZLM?ON4hcG±IKA*[SUJP>G·AZ§0B9G±ESL Q~AC<XLM?�[SG²[STJQ.YZB@?
QSB9ACIKGJ?@?9GJESB¾Q~ACESB�ESLHG�IKA*[STJPX<>='YZ?@<>ACLKLMESIKTJB@<>DFEHG:[HYZLH=¦PbYCDFEHGJPXP>G�PbYw�jTcACIKTJ?@B@<>G�?@B@<>[a<XIKGJLH=@<>ACLSLHGJPXP>G�[aEVQSB9ACeSP>UJIKG
Q0ACESB@B'YZ<X? �J?@B9G¾QSB@<>=9G¦GJL6hcACIVQS?9Gt��j GJB@?'YZ<XLHGc=�RF�*Q~AC?@RHUc='Gc=�=@<XIVQSPX<¢¡.hOYZ?@B@<>hcGc=�Q0GJESijGJLF?�YZEH=9=@<F�J?@B9GvTJPX<XIV<XLHTcGc=ON{hcACIVIKG
P>G%? �MQ0G�[SG2LHACLa_dPX<XLHTOYZB@<X?9Tk�¤ESLS<>DMEHGJIKGJLF?%DFE.YC[aB'YZ?@<>DMEHG�<>hJ< £oNHhcACIVIKG}Pd\^YZeH=9GJLHhcG}[SG}[a<>=@Q~GJB9=9<>ACL�ACE�[]\^YZeH=9ACB@QS?@<>ACL
Q0ACESB�Pd\mACLH[SG�[STJIKA*[aESP>TcGtN.ACE�hcACIVIKG}Pd\^YZeH=9GJLHhcG�[]\mGo§]GJ?9=:[SG�hcACRHTJB9GJLHhcGc=�[SGc=�ACLH[SGc=�[SG2Q0ACIVQ.YZ�jG�[a<¢§0EH=9TcGc=O�

¯,EfQ~AC<XLM? [SG�iMEHG,Gon*Q0TJB@<XIKGJLF?'YZPdN*?@B9AC<>= ?@B'YZLH=@<X?@<>ACLH= =@EHhchcGc=9=@<XijGc= [aElQSB9AZ¡HP~[STJIKA*[aESP>TwYOijGch�Pd\^YZES�tIKGJLM?'YZ?@<>ACL
[SG¦PbY���B9TcDFEHGJLHhcGv[SG�Q~ACIVQ.YZ�jG ACLF?�TJ?9T¾ACeH=9GJB@ijTcGc= Q0ACESB�PbY�QSB9GJIV<>UJB9G¦��AC<>= ��[SGJEan}[STJB@<XiCYZ?@<>ACLH=�GJ?�ESLHG¾<XLF?9TJ�tB'YZ?@<>ACL8£o�
¹,L´?@B'YZ<X?9GJIKGJLF?KLMESIKTJB@<>DFEHG�=@<XIVQSP>GlQ~GJB@IKGJ?K[SGkhcACLa¡HB@IKGJB|hcGkhcACIVQ0ACB@?9GJIKGJLF?O�¾��Gc=�QSB@<XLHhJ<XQ.YZP>Gc=KPX<XIV<X?'YZ?@<>ACLH=
GonaQ0TJB@<XIKGJLF?'YZP>Gc= DFES<8L�\^YZES?9ACB@<>=9GJLF? Q.YC=¦PbY�IV<>=9G:GJL|QSPbYChcG,[SGc=¦?@B'YZLH=@<X?@<>ACLH= ACQ0TJB9TcGc=¾[HYZLH=vPbY%Q.YZB@?@<>G�?@RHTcACB@<>DMEHG�[SG
hcG¾h9R.YZQS<X?@B9G =9ACLF?�YC=9=9A*hJ<>TcGc=
s�PbY�[a<XIKGJLH=@<>ACL�¡HLS<>Gv[aE}B9TchJ<XQS<>GJLM? ES?@<XPX<>=9TvGJ?�YZEan�hOYZB'YChJ?9TJB@<>=@?@<>DMEHGc=�[aE}?@B'YZLH=9[aEHhJ?9GJESB
B9TchcGJQS?9GJESBO�*��Gc=viCYZB@<bYZ?@<>ACLH= [SG���B9TcDMEHGJLHhcG�[SG�[STJIKA*[aESPbYZ?@<>ACLk=O\mGJL|?@B9ACESijGJLM?vPX<XIV<X?9TcGc= tFhcGJ?@?9G:�¤B9TcDMEHGJLHhcG:LHG�Q~GJES?
Q.YC=¾�J?@B9G:?@B9ACQ|e.YC='=9G�s2hOYZEH=9G,[SGc=¦B9To³.Gona<>ACLH=¾=@ESB¦P>Gc=¾Q.YZB9AC<>=¾[aEfB9TchJ<XQS<>GJLF?vGJ?ws2hOYZEH=9G:[SG:PbY%?@B9Uc=��dYZ<XeSP>G�G�r|hOYChJ<X?9T
[aE�?@B'YZLH=9[aEHhJ?9GJESBVB9TchcGJQS?9GJESBKGJLa_`[SGc=9='ACEH=V[SG

500Hz
� j GJ?@?9G|��B9TcDMEHGJLHhcGlGc=9?4PX<XIV<X?9TcG�YZEH=9=9<vQ.YZB�Pd\^YZ?@?9TJLFE.YZ?@<>ACL

[HYZLH=�P>G2IV<XPX<>GJEWDFES<�GJIVQ0�ch9RHG}PbYVQSB9ACQ.YZ�FYZ?@<>ACLW=@ESB:ESLHG}P>ACLS�tEHG}[a<>=@?'YZLHhcG6[SGc=�ACLH[SGc=,[SG�R.YZES?9G2��B9TcDMEHGJLHhcGt�.��Gc=
B9Tc=9ESPX?'YZ?9=:[SG�hcGJ?@?9G�QSB9GJIV<>UJB9G}TJ?@EH[SG}GonaQ~TJB@<XIKGJLM?'YZP>G}=9ACLM?�GJLH=@ES<X?9G}YZL.YZPX�a=9Tc=,Y®¡HL­[]\ <XLF?9GJB@QSB9TJ?9GJBwP>Gc=�?@B'YZLH=@<X?@<>ACLH=
ACeH='GJB@ijTcGc= [aEkQSB9AZ¡HP][STJIKA*[aESP>Tt�*��Gc=�QSRHTJLHACIKUJLHGc=�QSRF�a=@<>DMEHGc= =9EH=9hcGJQS?@<XeSP>Gc=�[]\ <XLa³HEHGJLHhcGJB�P>G�QSB9A*hcGc=9=@EH=�[]\^YZES?9AZ_
[STJIKA*[aESPbYZ?@<>ACLºGJ?|P>GJESB9=lGo§0GJ?9=l=@ESBKP>G­=@<X�tL.YZPw[STJIKA*[aESP>T�='ACLF?k=@�MLM?@RHTJ?@<>=9Tc=O�wj Gc=|QSRHTJLHACIKUJLHGc=k=9ACLM?lGJLH=@ES<X?9G
[a<>='hJES?9Tc=ONHGJ?�hcGJEank<XLF?9GJB@ijGJL.YZLM?9=2[HYZLH=:P>Gc=�?@B'YZLH=@<X?@<>ACLH=wACeH=9GJB@ijTcGc=,=9ACLF?:<>[SGJLM?@<¢¡.Tc=O�~��Y�QSB9GJIV<>UJB9G}[STJB@<XitYZ?@<>ACL­[aE
QSB9AZ¡HP0[STJIKA*[aESP>TtNSACeS?9GJLFEHG%GJL�YZES�tIKGJLF?'YZLF?�PbY2��B9TcDFEHGJLHhcG%[SG,Q~ACIVQ.YZ�jGtNaGc=@? Q0AC?9GJLF?@<>GJPXP>GJIKGJLF?wYC=9=9A*hJ<>TcGhs4[SGJEan
QSRHTJLHACIKUJLHGc=<tHYZE�Q.YC=9=�YZ�jG�[SG2Pd\mACeH=9GJB@itYZ?@<>ACL�[SG2Pd\mACLH[SG4[STJIKAM[aESP>TcG4GJL�h9R.YZIVQgQSB9AMh'RHG¶sV=9ACL�ACeH=9GJB@itYZ?@<>ACL­GJL
h'R.YZIVQfP>AC<XLM?'YZ<XLls�hOYZEH=9G,[SG�Pd\^YZES�tIKGJLM?'YZ?@<>ACL�[SG:Pd\^YZ?@?9TJLFE.YZ?@<>ACL�[SGc= ACLH[SGc= [SG:Q0ACIVQ.YZ�jGtN*GJ?ws2Pd\ <XLa³HEHGJLHhcG%[SG:PbY
[a<>=9Q~GJB9=@<>ACL�[SG�iM<X?9Gc=9='G2DFES<�[a<>=@Q.YZB'Y��>?,P>ACB9=9DMEHG%PbYV[a<>=@?'YZLHhcG�[]\^YChchJESI4ESPbYZ?@<>ACLgLHTchcGc='='YZ<XB9G¶sV=9G%QSRHTJLHACIKUJLHG}Q~ACESB
='G�I|YZLS<¢��Gc=@?9GJB4Gc=@?2PX<XIV<X?9TcGVQ.YZB�Pd\^YZ?@?9TJLME.YZ?@<>ACL�[SGc=�ACLH[SGc=4[SGVQ0ACIVQ.YZ�jGt����Y�=9GchcACLH[SG|[STJB@<XiCYZ?@<>ACL�ACeS?9GJLMEHGtN�=9G
=9ESQ~GJB@Q0At='YZLF?¦TJijGJLM?@EHGJPXP>GJIKGJLF?�s%PbYwQSB9GJIV<>UJB9G�Q~ACESB¦P>Gc=��¤B9TcDMEHGJLHhcGc=¦<XLM?9GJB@IKTc[a<bYZ<XB9Gc=ONFGc=@? YZ?@?@B@<XeSEHTcG,YZEVBBvCP>G:[SG�PbY
hcACLH[a<X?@<>ACLfPX<XIV<X?9G>s%PbY2=9ESB��°YChcG:[aE|?@B'YZLH=9[aEHhJ?9GJESBv[SG�Q0ACIVQ.YZ�jG4��GJL

x = 0
£�Q0ACESB¦Pd\mACLH[SG:[STJIKA*[aESP>TcGt�F��G�BBvCP>G:[SG

hcGJ?@?9G}hcACLH[a<X?@<>ACL�PX<XIV<X?9G�DMES<]L�\mGc=@?:Q.YC=�Q.YZB��dYZ<X?9GJIKGJLF?wB@<X�t<>[SG�GonaQ~TJB@<XIKGJLM?'YZP>GJIKGJLF?ON0[SGJi*<>GJLF?:<XIVQ0ACB@?'YZLF?,P>ACB9=9DFEHG
PbYW[a<>=9?'YZLHhcG�[SG�Q0TJLHTJ?@B'YZ?@<>ACL·[SGc=|ACLH[SGc=K[SG�Q~ACIVQ.YZ�jG�[a<XIV<XLMEHG�GJ?KDMEHG�P>Gc=VQSRHTJLHACIKUJLHGc=f[SG�=@�*LHh9RSB9ACLS<>=@IKG
[a<>=9Q.YZB'YZ<>=9=9GJLF?O�Z¥�La¡HL�N®PbY�[SGJB@LS<>UJB9Gv?@B'YZLH=@<X?@<>ACLVACeS?9GJLFEHGtNChcACB@B9Gc=@Q0ACLH[HYZLF?Es:ESLHG¾<XLM?9TJ�tB'YZ?@<>ACL�[aE�=@<X�tL.YZP*[STJIKAM[aESP>T
YOijGchVPd\^YZES�tIKGJLF?'YZ?@<>ACL´[SGVPbYf��B9TcDFEHGJLHhcG|[SG�Q~ACIVQ.YZ�jGKGc=9?}YC=9=9A*hJ<>TcGV='YZLH=}YZI}eS<X�tE��°?9T|Q~At='=@<XeSP>GxskPbYl?@B'YZLH=@<X?@<>ACL
e.YZPX<>=9?@<>DFEHG → [a<¢§0EH=@<>ACLº[HYZLH=lP>G­?@B'YZLH=9Q~ACB@?k[SGc=kACLH[SGc=l[SGgQ0ACIVQ.YZ�jGtN�YZE½i*Eµ[SGc=lQSRHTJLHACIKUJLHGc=kQSRM�*=@<>DMEHGc=
B9TJQ0GJB@?9ACB@<>Tc=%<>hJ<d�Nj GJ?@?9G4LHACESijGJPXP>GVACeH='GJB@iCYZ?@<>ACL"hcACLa¡HB@IKG�PbY|QSB9Tc[a<>hJ?@<>ACL"?@RHTcACB@<>DFEHG�[SG6PbYK?@B'YZLH=9<X?@<>ACL"e.YZPX<>=@?@<>DFEHG
→ [a<¢§0EH=@<>ACL�[HYZLH=�P>G%?@B'YZLH=@Q~ACB@?,[SGc=:ACLH[SGc=�[SG%Q0ACIVQ.YZ�jG�Go§]GchJ?@EHTcG}[HYZLH=:hcG2h'R.YZQS<X?@B9Gt�

¹�L�?@B'YOiCYZ<XP�Gc=@?�GJL�hcACESB9=ON�[HYZLH=­P>GcDMEHGJP}P>G�QSB9AZ¡HP6[SG�i*<X?9Gc=9=9G�=9ESB�P>G"?@B'YZLH=9[aEHhJ?9GJESB"TJIKGJ?@?9GJESBWGc=@?�QSB@<>=
GJL½hcACIVQS?9GtN¦P>G�hOYZB'YChJ?9UJB9G­?@B@<>[a<XIKGJLH=@<>ACLSLHGJPdNvPbYWB9TJQ~ACLH='G�GJL²��B9TcDFEHGJLHhcG�QSB9TchJ<>=9G�[aE²?@B'YZLH='[aEHhJ?9GJESBfB9TchcGJQS?9GJESB
pm¬ ACE ��kZeSz`�¦��Gc=|[STJijGJP>ACQSQ~GJIKGJLM?9=|?@RHTcACB@<>DMEHGc=KQ0At=9=@<XeSP>Gc=K='ACLF?VPbYWQSB@<>=9G�GJL²hcACIVQS?9G­[aE±QSRHTJLHACIKUJLHG�[SG�hJPbYZQa_
Q0GJIKGJLF?�=@ESB4PbY�LHACLa_dPX<XLHTOYZB@<X?9TlIV<>=9GlGJL��@GJE�N ACE�GJLHhcACB9GlPbY�QSB@<>=9GlGJL�hcACIVQS?9Gk[SGc=6ACLH[SGc=6[SGfhJ<>='YZ<XPXP>GJIKGJLF?ON�[SG
Pd\^YZLS<>='AC?@B9ACQS<>G�[SG%hcACLF?@B'YZ<XLF?9Gc=,QSB9Tc=9GJLM?9G�[HYZLH=�P>GwIV<XPX<>GJE�ACE�[aE�hOYZB'YChJ?9UJB9G�TJitYZLHGc=9hcGJLF?�[SGc=�ACLH[SGc=�[SG%Q~ACIVQ.YZ�jGt�
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YcijGch,P>G,hcACIVQ0ACB@?9GJIKGJLF?:[HYZLH=vESLlIV<XPX<>GJElTJPbYC=@?@<>DMEHGwhcACLF?@<XLFE�I|YZ<>= I4ESPX?@<¢_`[a<¢§~EH='YZLM?�Gc=@?�YZEH='=@<.Pd\ ESLk[SGc=vACea�@GchJ?@<¢�°=
[SG2hcG2h9R.YZQS<X?@B9Gt�8¥�L�Q.YZB@?@<>hJESPX<>GJBONHPd\ <XLM?9TJB9�J?�QSB9GJIV<>GJB�[SG}hcG%?@B'YcitYZ<XP�Gc=@?:[SG�hcACIVQSB9GJLH[aB9G4hcACIVIKGJLF?�PbY6?@B'YZLH=9<X?@<>ACL
GJLF?@B9G2ACLH[SGc=�[SG%Q0ACIVQ.YZ�jG%;ºg�QSB9ACQ.YZ�FYZ?@<XijGc=�GJ?�TJitYZLHGc=9hcGJLF?9Gc=:='G,?@B'YC[aES<X?:=9ESB P>G%=@<X�tL.YZP][STJIKA*[aESP>TtNHGJ?�=@<]hcGJ?@?9G
?@B'YZLH=@<X?@<>ACL­Gc=9?�[a<¢§0TJB9GJLM?9G}[SG�hcGJPXP>G4[aEHG4YZE�Q.YC='='YZ�jG�GJLF?@B9G}QSB9ACQ.YZ�FYZ?@<>ACL­e.YZPX<>=9?@<>DFEHG4GJ?�[a<¢§~EH=9<>ACL­[SGc=�ACLH[SGc=,[SG
Q~ACIVQ.YZ�jGt�

¯2YZLH=�PbYw=9GchJ?@<>ACL ¿ ��kaNZPd\mTcDFE.YZ?@<>ACLKLHACL�PX<XLHTOYZ<XB9G�[aEVIKACESijGJIKGJLM?¾[SG�PbYwh9R.Y��>LHG�Gc=@?�?9ACES?¦[]\^YZe0ACB9[VTJ?'YZeSPX<>G�[HYZLH=
Pd\^YZQSQSB9Acna<XI|YZ?@<>ACLlDME.YC[aB'YZ?@<>DMEHGt�F¥�LH=@ES<X?9GtNFGJLKES?@<XPX<>='YZLF?vPbY%B9GJPbYZ?@<>ACLf[SG�[a<>=@Q~GJB9=9<>ACL|[SG�PbY2h'R.Y��>LHG:Q0ACESB¦P>Gc=�IKA*[SGc=
QSB9ACQ.YZ�FYZ?@<¢��=�GJ?�TJitYZLHGc=9hcGJLM?9=ONSPbY6=9ACPXES?@<>ACL�[aE�[STJQSPbYChcGJIKGJLF?w[STJIKAM[aESP>T2�wg�QSB9AOijGJL.YZLM?,[SG2[SGJEan|��B9TcDMEHGJLHhcGc=:[SG
Q~ACIVQ.YZ�jG}Gc=@?�QSB9Tc=9GJLF?9TcGt�

¯2YZLH=WPbYº=9GchJ?@<>ACL ¿ � ¿ NwPd\^YZL.YZPX�*='G±[SG±hcG�B9Tc=9ESPX?'YZ?�Gc=@?WIKGJLHTcG²[HYZLH="[a<¢§0TJB9GJLM?9=�hOYC="PX<XIV<X?9Gc= twQ0ACESBWP>Gc=
ACLH[SGc=,[SG}Q~ACIVQ.YZ�jG4QSB9ACQ.YZ�FYZ?@<XijGc=V�¤B9TJ�t<XIKG4�°YZ<XeSP>GJIKGJLM?w[a<>=@Q0GJB9=@<¢�¦GJ?wB9TJ�t<XIKG��°ACB@?9GJIKGJLF?%[a<>=@Q0GJB9=@<¢�o£oNSP>Gc=wACLH[SGc=
TJiCYZLHGc='hcGJLF?9Gc=ONaGJ?�GJLkQ.YZB@?@<>hJESPX<>GJBONaQ~ACESB�P>Gc=v�¤B9TcDMEHGJLHhcGc=�[SGwQ~ACIVQ.YZ�jG%=@<X?@EHTcGc=:YZEkijAC<>=@<XL.YZ�jG%[SGwPbY}�¤B9TcDMEHGJLHhcG%[SG
hcACESQSESB9Gt����GKhcACIVQ0ACB@?9GJIKGJLF?�[SGVPbYf�°ACB9hcGVLHACL�PX<XLHTOYZ<XB9GKGJ?}P>GVhcACIVQ~ACB@?9GJIKGJLM?6[SGVPd\mACLH[SG|[STJIKAM[aESP>TcGf[HYZLH=2PbY
B9TJ�t<>ACL�[]\ <XLF?9GJB'YChJ?@<>ACLgLHACL�PX<XLHTOYZ<XB9G}='ACLF?,YZEH=9=9<]eSB@<>UJijGJIKGJLF?wYZL.YZPX�a=9Tc=O�

��Y}=9GchJ?@<>ACL ¿ � =�QSB9Tc='GJLF?9G,P>Gc=¦B9Tc=@ESPX?'YZ?9=vLFESIKTJB@<>DMEHGc= Q~ACESB¾[SGJEanK? �MQ0Gc=¾[SG,=@<X�tL.YZEan|[SG�Q0ACIVQ.YZ�jG:P>G�QSB9GJIV<>GJB
TJ?'YZLF?�hcACIVQ0At=9T�='GJESP>GJIKGJLF?�[SG�[SGJEanl��B9TcDFEHGJLHhcGc=,GJ?�P>G�=9GchcACLH[�TJ?'YZLF?,ESL�Q.YCDFEHGJ?,[]\mACLH[SG A YZEH=9=@<>GJL��¤ESLHG�ACLH[SG
=@<XLFEH='A �d[HYZP>G%IKAM[aESP>TcG%GJL�YZIVQSPX<X?@EH[SG%Q.YZB�ESLHG,��ACLHhJ?@<>ACL A YZEH=9=9<>GJLSLHG{£o�S�¦\ <XLa³HEHGJLHhcG�[SGwPbY}[a<>=9Q~GJB9=@<>ACL��¤Q0ACESB�P>Gc=
ACLH[SGc=2[SG�Q~ACIVQ.YZ�jGKQSB9ACQ.YZ�FYZ?@<XijGc=�£%=@ESB%Pd\^YZIVQSPX<X?@EH[SGKGJ?2P>G�QSB9AZ¡HP¦[aE�=@<X�tL.YZP¦[STJIKA*[aESP>TVGc=@?�TJ?@EH[a<>TcGt�]¥�LH=9ES<X?9G
[SGc= B9Tc=@ESPX?'YZ?9=�=@ESB Pd\ <XLa³HEHGJLHhcG�[SG�PbY4?@B'YZLH=@<X?@<>ACL�GJLM?@B9G%ACLH[SGc=�[SG,Q0ACIVQ.YZ�jGwQSB9ACQ.YZ�FYZ?@<XijGc=:GJ?�TJiCYZLHGc='hcGJLF?9Gc=:=9ACLM?
QSB9Tc=9GJLF?9Tc={�Z¥¦La¡HL�N®PbY,hcACIVQ.YZB'YZ<>=9ACLK[SG hcGJ?@?9G ?@B'YZLH=@<X?@<>ACLKYcijGch�PbY�?@B'YZLH=@<X?@<>ACL�e.YZPX<>=@?@<>DFEHG → [a<¢§~EH=9<>ACL6[aE�h9R.YZQS<X?@B9G
QSB9TchcTc[SGJLF?wGc=@?:[a<>=9hJES?9TcGt�
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A B�
ChcGxslPbYlLHACLa_dPX<XLHTOYZB@<X?9T­��ACE�YZLSR.YZB@IKACLS<>hJ<X?9T{£}[aE"B9Tc=9GOYZE�N0ESLHGKACLH[SGV;hgµIKACLHAMh'RSB9ACI|YZ?@<>DFEHG|<XLF?9GJLH=9G¸s
PbY���B9TcDFEHGJLHhcG

ω
hJB9TcG,ESLHG,�°ACB9hcGwLHACLlPX<XLHTOYZ<XB9G2=9?'YZ?@<>DFEHGwIKAO�jGJLSLHGt�	j G�QSRHTJLHACIKUJLHG}Y4PX<>GJEkQ.YZB�GonaGJIVQSP>G%[HYZLH=�P>G

hOYC[aB9G%[SGwPbY4?@RHTcACB@<>G2[SG%PbY6hcACLH[aEHhJ?@<>ACL�[SG,PbY�h'R.YZP>GJESB�YcijGch%PbY4QSB9Tc=9GJLHhcG2[SGwQSRHACLHACLH=�?@RHGJB@IV<>DMEHGc=:YZe~ACES?@<>='='YZLF?
sKPbYK[a<XPbYZ?'YZ?@<>ACLW[HYZLH=�P>Gc=w=9ACPX<>[SGc=O�8��ACB9=9DMEHG}Pd\mACLH[SG4Q0ACB@?9GJEH=9G�IKACLHA*h9RSB9ACI|YZ?@<>DMEHG�;ºg²Gc=9?�P>GJLF?9GJIKGJLM?%IKAM[aESP>TcG
GJL�YZIVQSPX<X?@EH[SGtN.PbY4��ACB9hcG�LHACL�PX<XLHTOYZ<XB9G�Gc=@?:GJPXP>G}YZEH='=@<]P>GJLF?9GJIKGJLM?�IKA*[aESP>TcGt�.��YZB�hcACLH=9TcDMEHGJLF?ONHESLHG2ACLH[SG}� g´Gc=@?
�jTJLHTJB9TcG}[SGw�°Y��cACL�LHACL�PX<XLHTOYZ<XB9G�[HYZLH=:P>G%IV<XPX<>GJE�NUsVPbY4�¤B9TcDMEHGJLHhcG�[SG2PbY6IKA*[aESPbYZ?@<>ACL��

�`P Gc=@?4Q0At=9=@<XeSP>Gf[]\ ES?@<XPX<>=9GJBV[a<¢§0TJB9GJLM?9=�QSB9AZ¡HP>=�[SG|IKA*[aESPbYZ?@<>ACL±[]\^YZIVQSPX<X?@EH[SGt��¬�B'YC[a<X?@<>ACLSLHGJPXP>GJIKGJLF?ON¾PbY�IKAZ_
[aESPbYZ?@<>ACL�=9<XLFEH=9A �d[HYZP>GV[]\ ESLHGVACLH[SG�Q0ACB@?9GJEH=9G�R.YZB@IKACLS<>DMEHGVGc=@?2[STchJB@<X?9G�Q.YZB

(1 + m cos(ωmt)) cos(ωt)
N0A�i

mGc=9?�Pd\ <XLH[a<>hcG4[SG2IKA*[aESPbYZ?@<>ACL�N
ωm

Gc=@?�PbY6�¤B9TcDMEHGJLHhcG}[SG�IKAM[aESPbYZ?@<>ACL
ω
Gc=@?:PbY6��B9TcDFEHGJLHhcG}Q~ACB@?9GJEH='Gt�H��G}=9Q~GchJ?@B9G

[]\ ESL�?9GJP�=@<X�tL.YZP�hcACIVQ0ACB@?9G�?@B9AC<>=:hcACIVQ0At='YZLF?9Gc={N
ω
N
ω − ωm

GJ?
ω + ωm

�S¹,L­YZES?@B9G2?`�*Q0G�[SG%IKAM[aESPbYZ?@<>ACL­Q~GJES?
�J?@B9GwACeS?9GJLFEk�tB�
ChcG%YZEfQSRHTJLHACIKUJLHG%[SG,e.YZ?@?9GJIKGJLF?�GJLF?@B9G%[SGJEan|R.YZES?9Gc=v��B9TcDFEHGJLHhcGc= QSB9A*h9RHGc=

ω1
GJ?

ω2
�M¯2YZLH= hcG

hOYC={NHP>G6=@Q~GchJ?@B9G4[aEg=9<X�tL.YZP�[SG}Q~ACIVQ.YZ�jG6L�\mGc=@?w=9GJESP>GJIKGJLF?2hcACIVQ0At=9T4DMEHG}[SG6[SGJEan���B9TcDFEHGJLHhcGc=
ω1

GJ?
ω2
N8GJ?,PbY

IKA*[aESPbYZ?@<>ACL­[]\^YZIVQSPX<X?@EH[SG6[aE­=9<X�tL.YZP�?9AC?'YZP Gc=@?�PbYKhcACLH=9TcDMEHGJLHhcG}[SGc=�iCYZB@<bYZ?@<>ACLH=w[SG�QSR.YC=9Gc=�B9GJPbYZ?@<XijGc=,GJLM?@B9G�P>Gc=
[SGJEan�=@<X�tL.YZEank<XLH[a<XiM<>[aEHGJP>={N.TJ?'YZLF?wYZPX?9GJB@L.YZ?@<XijGJIKGJLF?2GJL�QSR.YC=9G�GJ?:GJL�ACQSQ0At=@<X?@<>ACL�[SG%QSR.YC='Gt�

¯%YZLH=�ESL IV<XPX<>GJE YcijGch·ESLHG´LHACLa_dPX<XLHTOYZB@<X?9T½DME.YC[aB'YZ?@<>DFEHG·[HYZLH="PbYµB9GJPbYZ?@<>ACL hcACLM?@B'YZ<XLF?9G·_�[STo��ACB@I|YZ?@<>ACL
��hcACB@B9Gc=9Q~ACLH[HYZLM?fYZE²?9GJB@IKG�hJESeS<>DMEHG�[HYZLH=VPbYgB9GJPbYZ?@<>ACL·TJLHGJB@�t<>G�Q0AC?9GJLF?@<>GJPXP>G�_}[STo��ACB@I|YZ?@<>ACL8£oN¦P>GkQSB@<XLHhJ<XQ~G�[SG
=9ESQ~GJB@Q0At=@<X?@<>ACLWL�\mGc=@?%QSPXEH=2YZQSQSPX<>hOYZeSP>GtN�GJ?2[SGc=2ACLH[SGc=2DFES<�ACLF?2[SGc=w��B9TcDFEHGJLHhcGc=2[a<¢§]TJB9GJLF?9Gc=�Q~GJESijGJLM?2<XLF?9TJB'YZ�t<XBO�
j G%QSRHTJLHACIKUJLHG4Gc=@?:hcACIVI}ESLHTJIKGJLM?2[STJLHACIVIKT�P>G%IKTJPbYZLS�jG}[SGw��B9TcDMEHGJLHhcGc=O�

� ACESBV[SGJEan�R.YZES?9Gc=4��B9TcDFEHGJLHhcGc=6QSB9A*h9RHGc=VTJIV<>=9Gc=
ω1

GJ?
ω2

�
ω1 > ω2

£oN�P>GfQSB@<XLHhJ<XQ~Gk[SGlhcACLH=9GJB@itYZ?@<>ACL´[SG
Pd\mTJLHGJB@�t<>GW<XIVQSPX<>DMEHGWDFEHGgP>Gc=l��B9TcDFEHGJLHhcGc=

ω1 + ω2
N

2ω1
N
2ω2

N
0
GJ?

ω1 − ω2
N�DMES<2Gc=@?fESLHG"ACLH[SGW[SGge.YC=9=9G

��B9TcDMEHGJLHhcGf��=@< |ω1 − ω2| � ω1, ω2
£oN~=9ACLF?w�jTJLHTJB9TcGc=O��j ACIVIKG4Pd\^YZ?@?9TJLFE.YZ?@<>ACL�YZES�tIKGJLF?9GKYOijGch}Pd\^YZES�tIKGJLM?'YZ?@<>ACL

[SG6PbY|��B9TcDFEHGJLHhcGtN]=9GJESP>G6PbYlhcACIVQ0At='YZLF?9GV�wg½Q~GJES?2=9G6QSB9ACQ.YZ�jGJB�=@ESB%ESLHG�P>ACLS�tEHGV[a<>=@?'YZLHhcGVGJ?2TJijGJLF?@EHGJPXP>GJIKGJLM?
�J?@B9G�hOYZQS?9TcGt�]��YZB2hcACLH=9TcDFEHGJLM?ON]P>G6=@<X�tL.YZP�QSB@<XI|YZ<XB9GV;ºgµTJIV<>=ON0hcACIVQ~At='T6[SG

ω1
GJ?

ω2
N0Gc=@?2YZES?9AZ_`[STJIKAM[aESP>TK[SG

�dY��cACL�LHACL�PX<XLHTOYZ<XB9G2ijGJB9=�ESL�=@<X�tL.YZP
s6PbY6��B9TcDMEHGJLHhcG
Ω = ω1 − ω2

�
¹�L¶YZES?@B9G±B9TJ�t<XIKG²Q~At=9=9<XeSP>G±[SG±�jTJLHTJB'YZ?@<>ACL �wg Q.YZB"Pd\^YZLF?9GJLSLHG½Q.YZB'YZIKTJ?@B@<>DFEHG pmu,A{iaxjy®z|Gc=9?"P>G±IKAM[SG

<XIVQSESP>=9<>ACLSLHGJPdN{[HYZLH= P>GcDFEHGJPMESL�Q.YCDFEHGJ?�[]\mACLH[SG¦QSB@<XI|YZ<XB9G ;ºg�Gc=9?�TJIV<>=O�O��ACESB PbY�=@<XIVQSPX<>hJ<X?9T¾[SGc= [STJijGJP>ACQSQ~GJIKGJLM?9=
YZL.YZPX�*?@<>DMEHGc=ONF[SGc=v�°ACLHhJ?@<>ACLH=v[SG,IKAM[aESPbYZ?@<>ACL A YZEH='=@<>GJLSLHG�[SG,Pd\mACLH[SG�Q0ACB@?9GJEH=9Gw=9ACLF?�hcACLH=@<>[STJB9TcGc=�[HYZLH=vPbY}=@ES<X?9Gt�
� YW[STJQ~GJLH[HYZLHhcG�[aE²[STJQSPbYChcGJIKGJLM?|IKTchOYZLS<>DMEHG�[]\mACLH[SGc=K[SGkQ0ACIVQ.YZ�jG�GJL´��ACLHhJ?@<>ACL½[aE�?9GJIVQH={N¾YZ<XLH=@<�DFEHGkP>G
=9Q~GchJ?@B9G�YC=9='AMhJ<>T%Q0GJESijGJLF?��J?@B9G�IKAM[STJPX<>=9Tc=:Q.YZB¶t

U(t) = A cos(ω0t)e
− t2

2τ2
m ,

� ¿ �nm{£
Ũ(ω) = Aτm

√
2πe−(ω−ω0)2

τ2
m
2 ,

� ¿ ��kj£
A�i

τm
Gc=@?�P>G�?9GJIVQH=¦hOYZB'YChJ?9TJB@<>=@?@<>DMEHG:[SG�IKA*[aESPbYZ?@<>ACLf[aEVQ.YCDMEHGJ?¦[]\mACLH[SG�<XLS<X?@<bYZP>GJIKGJLF?�TJIV<>=¦GJ?

ω0
PbY,��B9TcDFEHGJLHhcG

hcGJLM?@B'YZP>Gf[SGfhcGVQ.YCDMEHGJ?O��¯2YZLH=4hcGfhOYC=ON]P>G|IKTJPbYZLS�jG|[SGV��B9TcDMEHGJLHhcGc=6YkPX<>GJE�GJLF?@B9Glh9R.YCDMEHG|Q.YZ<XB9Gf[SGV��B9TcDFEHGJLHhcG
[aEk=@Q0GchJ?@B9G A YZEH=9=@<>GJL��a��YZB�hcACLH='TcDFEHGJLM?ONaPbY4='ACPXES?@<>ACL

Ugauss
Ω (n, t, ω0, τm)

��A�i
n
Gc=@?�PbY}hcA*ACB9[SACLSLHTcG2[]\mGc=@Q.YChcG{£

Q0ACESB�PbY�[STJIKA*[aESPbYZ?@<>ACL�[aE�Q.YCDFEHGJ?4[]\mACLH[SG A YZEH=9=9<>GJL�;ºgºGc=@?4GJL�B9GJPbYZ?@<>ACL�YOijGchKPbY�=9ACPXES?@<>ACL
UΩ(n, t, ω0,Ω)[STchJB@<XitYZLF?�Pd\mGonahJ<X?'YZ?@<>ACL [SGWPbY���B9TcDMEHGJLHhcG"[a<¢§0TJB9GJLHhcG

Ω = ω1 − ω2
N�[HYZLH=�P>G"hOYC=�[]\ ESL IKTJPbYZLS�jG�[SG"[SGJEan

��B9TcDMEHGJLHhcGc=O�S�¦\ <XLF?9TJ�tB'YZ?@<>ACLW=@ES<XitYZLF?9G�[SAC<X?,�J?@B9G2B9TOYZPX<>=9TcGxt

Ugauss
Ω (n, t, ω0, τm) =

∫ +∞

−∞
UΩ(n, t, ω0,Ω)e−Ω2τ2

mdΩ ,
� ¿ � ¿ £

A�i
ω0 = ω1

GJ?
ω0 − Ω = ω2

GJ?4A�i
e−Ω2τ2

m
Gc=@?4QSB9ACQ~ACB@?@<>ACLSLHGJP:YZE�=@Q~GchJ?@B9Gf[SGKPd\mGJLMijGJP>ACQSQ~Gk[SGfPd\ <XLF?9GJLH=@<X?9T

[SGlQ0ACIVQ.YZ�jGt��¯%YZLH=�PbYg=9GchJ?@<>ACL ¨ �,L.YZPX�*='Goª ¿ � ¿ [SGkhcGlh'R.YZQS<X?@B9GtN�P>Gk[STJQSPbYChcGJIKGJLF?|[STJIKA*[aESP>T
UΩ(n, t, ω0,Ω)
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=9GJB'Y�Gon*QSB@<XIKTW�tB�
ChcG�s�ESLHGg�°ACLHhJ?@<>ACL�[SGW?@B'YZLH=��°GJB@?
G(ω0,Ω)

����YZB�hcACLH=9TcDMEHGJLF?ON�ESL¸h9R.YZLS�jGJIKGJLM?­[HYZLH=�PbY
[STJQ~GJLH[HYZLHhcG�GJL

Ω
[SG

G(ω0,Ω)
itY­='Gf?@B'YC[aES<XB9GkQ.YZB�ESLHGlIKA*[a<¢¡.hOYZ?@<>ACL·[SGlPbY��°ACB@IKGl?9GJIVQ~ACB9GJPXP>G�[aE´QSB9AZ¡HP

[STJIKAM[aESP>T
Ugauss

Ω (n, t, ω0, τm)
�

B,H&G,H�G �(`.`RY�a�VE½:cdL E�½:a ] \,TRLfORY�L E�½:\,TEQ OEQ ¿�
 [U\,TEL E�½�a ]XORT cda T 
 QUcdQU]GE
��G�QSB9ACeSP>UJIKG,hcACLH=@<>[STJB9T�Q~ACB@?9G,=@ESB¦PbY�QSB9ACQ.YZ�FYZ?@<>ACLk[]\mACLH[SGc= TJPbYC=@?@<>DMEHGc=¾[HYZLH=vESLHG�h'R.Y��>LHG,=9GJIV<¢_d<XLa¡HLS<>G<mo_`¯

[SG�=@QSRHUJB9Gc=2<>[SGJLF?@<>DMEHGc=ON�hcACIVIKG�<XP¦Gc=9?w<XPXPXEH=9?@B9TV=@ESB%PbYf¡H�tESB9G ¿ �nmj�0¯%YZLH=�PbYf=9ES<X?9GtN]=9GJESP>=%P>Gc=%QSRHTJLHACIKUJLHGc=}DMES<
ACLF?VPX<>GJE'sg[SGc=VTch9RHGJPXP>Gc=|[SGk?9GJIVQH=Ve~GOYZEHhcACESQ±QSPXEH=�P>ACLS�tEHGc=|DFEHGlP>Gk?9GJIVQH=V[SGkijACP:[]\ ESLHG�ACLH[SG�YChcACEH=@?@<>DMEHG
[HYZLH=�P>GVI|YZ?9TJB@<bYZE�hcACLH=@?@<X?@E.YZLF?6P>Gc=�eS<XPXP>Gc=6=@ESB2ESL�[a<bYZIKUJ?@B9G|[SGKeS<XPXP>G­��ht\mGc=@?<s�[a<XB9G�s�[SGc=}Tch'RHGJPXP>Gc=6[SGK?9GJIVQH=
<XLa��TJB@<>GJESB9Gc=»s

10−6s
Q0ACESBw[SGc=weS<XPXP>Gc=2[SG4ijGJB@B9G6[SG�[a<bYZIKUJ?@B9G

a = 2mm
£oN0=9ACLM?whcACLH=9<>[STJB9Tc=O�0��Gc=%QSRHTJLHACIKUJLHGc=

TJ?@EH[a<>Tc=¾Q0GJESijGJLF?�[SACLHh��J?@B9G,hcACLH=@<>[STJB9Tc= hcACIVIKG,DME.YC=@<¢_`=@?'YZ?@<>DMEHGc=¦Q0ACESB¾PbY}[STo��ACB@I|YZ?@<>ACL s2Pd\mTch'RHGJPXP>G,[]\ ESLHG�eS<XPXP>GtN
I|YZ<>=¾hcGchJ<8L�\ <XIVQSPX<>DFEHG�Q.YC=¾DMEHG:PbY%P>ACLS�tEHGJESB []\mACLH[SG,[]\ ESLHG,ACLH[SG�TJPbYC=@?@<>DMEHG:[HYZLH=vPbY2h9R.Y��>LHGw=9AC<X?¦�tB'YZLH[SG,[SGJiCYZLM?
P>Gf[a<bYZIKUJ?@B9Gk[SGc=6eS<XPXP>Gc=

a
�¤PbY­iM<X?9Gc=9='G|[SGlQSB9ACQ.YZ�FYZ?@<>ACL²YChcACEH=@?@<>DFEHGk[HYZLH=6PbYgh9R.Y��>LHGkGc=@?6?@B9Uc=6<XLa��TJB@<>GJESB9G s�PbY

iM<X?9Gc='=9G:[SG:QSB9ACQ.YZ�FYZ?@<>ACL�YChcACEH=@?@<>DMEHG�[HYZLH=vP>G:I|YZ?9TJB@<bYZEkhcACLH=@?@<X?@E.YZLF? P>Gc=veS<XPXP>Gc=�£o�F�,<XLH=@<dNtP>G,hOYZB'YChJ?9UJB9G,[a<>=9hJB9GJ? [SG
PbYKh'R.Y��>LHG4Gc=@?,?9ACEC��ACESB9=%hcACLH=@<>[STJB9Tt�Nj ACIVIKG4P>Gc=,[STo�°ACB@I|YZ?@<>ACLH=%TJPbYC=@?@<>DFEHGc=w=9ACLM?whcACLHhcGJLM?@B9TcGc=�YZE�ijAC<>=@<XL.YZ�jG6[aE
PX<>GJEK[SG�hcACLF?'YChJ? GJLF?@B9G:[SGJEanVeS<XPXP>Gc=ONC<XPHGc=@?�Q0At=9=@<XeSP>G�[SG�IKA*[STJPX<>=9GJB¦PbY%h'R.Y��>LHG:�tB'YZLMESPbYZ<XB9G¶mo_`¯ºhcACIVIKG�ESLHG:h'R.Y��>LHG
[SG�I|YC=9=9Gc=%Q0ACLHhJ?@EHGJPXP>Gc=

m = πa3ρ/6
��A�i

ρ
Gc=9?2PbYk[SGJLH=@<X?9TK[aE"I|YZ?9TJB@<bYZE�hcACLH=@?@<X?@E.YZLM?}P>Gc=%eS<XPXP>Gc=�£�YZ?@?'YCh9RHTcGc=

GJLF?@B9GlGJPXP>Gc=6Q.YZB4[SGc=4B9Gc=9=9ACB@?9=4<>[SGJLF?@<>DMEHGc=�LHACL�PX<XLHTOYZ<XB9Gc=VYc�FYZLM?�ESLHGKB9GJPbYZ?@<>ACL���ACB9hcGK_%[STJQSPbYChcGJIKGJLM?V[SGf;wGJB@? >
pm��YZL.xt�SNS�jACR.x À zRt

F0 + Fd ∝ (|δ0| + δd)
3/2 ,

� ¿ � =M£
A�i

F0
Gc=@?�PbYw�°ACB9hcG�=@?'YZ?@<>DFEHG,YZQSQSPX<>DFEHTcG:=9ESB¦PbY2h9R.Y��>LHGtN

Fd
Gc=@?�ESLHG�Q0GJ?@<X?9G���ACB9hcG�[a�ML.YZIV<>DMEHG:=@ESQ0GJB@Q~At='TcGtN

δ0
Gc=@?

PbYV[STJi*<bYZ?@<>ACLg=@?'YZ?@<>DMEHG�[SG}PbYV[a<>=@?'YZLHhcG4<XLF?9GJB�_deS<XPXP>Gc=�s�Q.YZB@?@<XB%[SG
a
��hOYZB'YChJ?9TJB@<>=@?@<>DFEHG6[SG2PbY|h9R.Y��>LHG4LHACL­h9R.YZB@�jTcG

YcijGch
F0 = 0

£�GJ?
δd

� |δd| � |δ0|
£�Gc=@?:PbY6Q0GJB@?@ESB@e.YZ?@<>ACLgYC=9='AMhJ<>TcG¶s6Pd\mACLH[SG6YChcACEH=@?@<>DMEHGt�H¥�L�hcACLH=@<>[STJB'YZLM?,P>G2hOYC=

F0 � Fd
NaPbYVB9GJPbYZ?@<>ACL�� ¿ � =*£vQ0GJES?:�J?@B9G�[STJijGJP>ACQSQ~TcG4GJL�=9TJB@<>Gc=»t

F0 + Fd ∝ |δ0|3/2 +
3

2
|δ0|1/2δd +

3

8
|δ0|−1/2δ2

d + . . . .
� ¿ � À £

��G�QSB9GJIV<>GJB¾?9GJB@IKG:LHACLKPX<XLHTOYZ<XB9G:[SG:hcG�[STJijGJP>ACQSQ0GJIKGJLF?�hcACLF?@<>GJLM?
δ2
d

NtDFES<8Gc=@?¦DFE.YC[aB'YZ?@<>DMEHGt�!j G:[STJijGJP>ACQSQ0GJIKGJLF?
[SG�PbY2B9GJPbYZ?@<>ACLf�°ACB9hcG�_�[STo�°ACB@I|YZ?@<>ACLlGJLM?@B9G�[SGJEanKeS<XPXP>Gc=vQ~GJES? YZEH=9=@<.�J?@B9G,ACeS?9GJLFE s2Q.YZB@?@<XBv[SG�PbY%B9GJPbYZ?@<>ACLkTJLHGJB@�t<>G



��� � �4�	��
!���

P���������#�������&���

P+����
/x�
�

 �
� ���:�

 �������N��$����&��
u�����

Q0AC?9GJLF?@<>GJPXP>G�_¾[STJQSPbYChcGJIKGJLF?wQ~ACESB�PbY6?9AC?'YZPX<X?9T4[SG%PbYVh9R.Y��>LHG4ACE�[aE�B9Tc=9GOYZE#mo_`¯�TcDMES<XiCYZP>GJLM?4�¤ijAC<XB�¡H�tESB9G ¿ �nm{£ht

Ep = Ep0 +
α

2!

∑

n

[U(n) − U(n + 1)]2
� ¿ �^�j£

+
β

3!

∑

n

[U(n) − U(n + 1)]3 + . . .

¯2YZLH= hcGJ?@?9G TcDFE.YZ?@<>ACL�N
U(n)

B9GJQSB9Tc='GJLF?9G P>G¾[STJQSPbYChcGJIKGJLM?¦[SG¦PbY�I|YC=9=9G,��ACE4eS<XPXP>G{£]LMESIKTJB9A
n
N
α
Gc=@?�PbY,hcACLH=@?'YZLM?9G

TJPbYC=9?@<>DFEHG6PX<XLHTOYZ<XB9GV[]\ ESL�hcACLF?'YChJ?�GJ?
β
Gc=@?%Q.YZB'YZIKUJ?@B9GV[SG�LHACLa_dPX<XLHTOYZB@<X?9TKDME.YC[aB'YZ?@<>DMEHGV[aEgIK�JIKGVhcACLM?'YChJ?O����G

?9GJB@IKGkhJESeS<>DMEHG�[SGlPd\mTcDFE.YZ?@<>ACL � ¿ �^�j£4hcACB@B9Gc=@Q0ACLH[ s­PbYgLHACLa_dPX<XLHTOYZB@<X?9T�DME.YC[aB'YZ?@<>DFEHG�[SGlPd\mTcDME.YZ?@<>ACL � ¿ � À £o��¯wG
hcGJ?@?9G}B9GJPbYZ?@<>ACLWLHACL�PX<XLHTOYZ<XB9GtN~<XP Gc=@?,Q~At='=@<XeSP>G}[SG6[STc[aES<XB9G}Pd\mTcDME.YZ?@<>ACLW[aE­IKACESijGJIKGJLM?wLHACLgPX<XLHTOYZ<XB9G�YZEg=9GchcACLH[
ACB9[aB9G}GJL�hcAMACB9[SACLSLHTcGc=,[a<>=9hJB9UJ?9Gc=:Q0ACESB:h9R.YCDMEHG�I|YC=9='G2[SG%PbYVh9R.Y��>LHG�t

m
∂2U(n)

∂t2
= F (n) = − ∂Ep

∂U(n)
= α [U(n + 1) − 2U(n) + U(n − 1)]

� ¿ �ryt£

− β

2
[U(n + 1) − 2U(n) + U(n − 1)] [U(n + 1) − U(n − 1)] .

��Gc=�=9ACPXES?@<>ACLH=�[SGVhcGJ?@?9GKTcDME.YZ?@<>ACL�[aE�IKACESijGJIKGJLM?}LHACL"PX<XLHTOYZ<XB9GVQ0ACESB2P>GVQSRHTJLHACIKUJLHGK[]\^YZES?9AZ_`[STJIKA*[aESPbYZ?@<>ACL
='ACLF?:ACeS?9GJLFEHGc=%YcijGch�PbY�IKTJ?@RHAM[SG}[SGc=�YZQSQSB9Acna<XI|YZ?@<>ACLH=,=9EHhchcGc=9=@<XijGc=}pmuwAOiSxjy{z`�
BIH&G,H B D(QU¿�L E�½�a ]XOEQSOR½�M�`bQ�Y´M�½�a ]X`ba TRYu¿�QUM a
]ROEQ�MlLN^_a TRM&E�½:\,TRQUMlOELN].M�¿:L'^��RL���]EQ

¥�LWQSB9GJIV<>GJBwPX<>GJE�N~P>Gc=%QSB9ACQSB@<>TJ?9Tc=%PX<XLHTOYZ<XB9Gc=�[]\ ESLWB9Tc=9GOYZEWB9TJ�tESPX<>GJB mo_`¯ =9ACLF?%B'YZQSQ0GJP>TcGc=ON0GJ?%GJLgQ.YZB@?@<>hJESPX<>GJBON
PbY�B9GJPbYZ?@<>ACL±[SGf[a<>=@Q0GJB9=@<>ACL��,j Gc=4QSB9ACQSB@<>TJ?9Tc=6PX<XLHTOYZ<XB9Gc=VhcACLHhcGJB@L.YZLM?6PbY�QSB9ACQ.YZ�FYZ?@<>ACL±[]\mACLH[SGc=�TJPbYC=@?@<>DFEHGc=�[HYZLH=
P>Gc=}B9Tc=9GOYZEan�ESLS<¢_`[a<XIKGJLH=@<>ACLSLHGJP>=�[SGKI|YC='=9Gc=}GJ?6[SGVB9Gc=9=9ACB@?9=4<>[SGJLF?@<>DMEHGc=4ACLM?6TJ?9TKe~GOYZEHhcACESQ´TJ?@EH[a<>TcGc=fpm� B@< À �Zz`�
� Y|B9GJPbYZ?@<>ACL�[SG6[a<>=@Q0GJB9=@<>ACL"Gc=@?2ACeS?9GJLFEHGV[SG6Pd\mTcDME.YZ?@<>ACLW[aEWIKACESijGJIKGJLM?�PX<XLHTOYZ<XB9GV[SG6PbYfh'R.Y��>LHG ∀n

�¤PbYfQ.YZB@?@<>G
PX<XLHTOYZ<XB9G}[SG2Pd\mTcDFE.YZ?@<>ACL�� ¿ �ryj£@£ht

m
∂2U(n)

∂t2
− α[U(n + 1) − 2U(n) + U(n − 1)] = 0 .

� ¿ �^xj£
��Gc=:IKA*[SGc=�QSB9ACQSB9Gc=w[SG�PbYKh9R.Y��>LHG4<XLa¡HLS<>G4=9ACLM?,ACeS?9GJLMEH=,=9ACEH=�PbY��°ACB@IKG

U(n) = Ã(ω)eiωt−ikan N.A�i ω
Gc=@?

PbY|QSESP>='YZ?@<>ACL�N
Ã(ω)

Pd\^YZIVQSPX<X?@EH[SGV=@Q0GchJ?@B'YZP>GtN8GJ?
k
P>G6LHACI}eSB9G�[]\mACLH[SG�hcACIVQSP>GonSGt�~¥¦LW=9ESeH=@?@<X?@E.YZLF?%PbYf[SGJB@LS<>UJB9G

�°ACB@IKG�[SG
U(n)

[HYZLH=%Pd\mTcDME.YZ?@<>ACL·� ¿ �^xM£oN8PbYfB9GJPbYZ?@<>ACL�[SGV[a<>=@Q0GJB9=@<>ACLWeS<>GJL"hcACLSLFEHGtN]B9GJLHhcACLM?@B9TcG|YZE"h9R.YZQS<X?@B9GlmtN
Gc=9?:ACeS?9GJLFEHG¸t

ω2 =
4α

m
sin2

(
ka

2

)
.

� ¿ �^sj£
¥¦L�<XLF?@B9A*[aES<>='YZLF?WP>Gc=�LHAC?'YZ?@<>ACLH=

ωc = 2
√

α
m

Q0ACESB�PbY±QSESP>='YZ?@<>ACL [SG�hcACESQSESB9GtN,ht\mGc=@?�_�s®_`[a<XB9G�PbY´��B9TcDFEHGJLHhcG
I|Y®na<XI}ESI [SGc=�ACLH[SGc=­QSB9ACQ.YZ�FYZ?@<XijGc=ONwGJ?

kc = π
a

Q~ACESB­P>G�LHACI}eSB9G�[]\mACLH[SGº�¤B9TcGJP £kI|Y®na<XI}ESI [SGc=­ACLH[SGc=
QSB9ACQ.YZ�FYZ?@<XijGc={NS<XP�Gc=@?�Q0At=9=@<XeSP>G2[SG2B9TcTchJB@<XB9G�PbY�B9GJPbYZ?@<>ACL�� ¿ �^sF£ =9ACEH=:PbY4��ACB@IKG�=9ES<XiCYZLM?9Gxt

sin2

(
π

2

k

kc

)
=

(
ω

ωc

)2

.
� ¿ �nm��j£

¯wGc=4=9ACPXES?@<>ACLH=�QSESB9GJIKGJLM?�B9TcGJPXP>Gc=}Q0ACESB�P>GKLHACI4eSB9G|[]\mACLH[SG
k
Gon*<>=9?9GJLF?4='GJESP>GJIKGJLF?�=@< |ω| ≤ ωc

��¯2YZLH=}hcG
hOYC={NaPbY6B9GJPbYZ?@<>ACL­[SG2[a<>=@Q0GJB9=@<>ACL�Gc=@?»t

π

2

k

kc
= ± arcsin

(
ω

ωc

)
,

� ¿ �nm�m{£
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A�i�P>G4=@<X�tLHG ¨
+
ª�hcACB@B9Gc=@Q~ACLH[WYZEan�ACLH[SGc=w=9G�QSB9ACQ.YZ�jGOYZLM?wijGJB9=,PbYK[aB9AC<X?9Gk��[a<XB9GchJ?@<>ACLgQ~At=@<X?@<XijG{£�GJ?�P>G4=@<X�tLHG ¨ − ªhcACB@B9Gc=@Q0ACLH[²YZEan�ACLH[SGc=K=9GlQSB9ACQ.YZ�jGOYZLM?|ijGJB9=VPbY­�FYZEHh9RHG���[a<XB9GchJ?@<>ACL²LHTJ�FYZ?@<XijG{£o�¦¥�L±LHG�hcACLH=9<>[STJB'YZLF?|DMEHGlP>Gc=

ACLH[SGc=:=9G%QSB9ACQ.YZ�jGOYZLM?,ijGJB9=�PbYK[aB9AC<X?9GtNSPbY6B9GJPbYZ?@<>ACL­[SG2[a<>=@Q0GJB9=@<>ACL�Gc=9?:ACeS?9GJLFEHG¸t

k =
2

π
kc arcsin

(
ω

ωc

) Q0ACESB − ωc ≤ ω ≤ ωc .
� ¿ �nm�kj£

qM< |ω| > ωc
NaPd\mTcDME.YZ?@<>ACL�� ¿ �nm��F£�L�\^Y�Q.YC=�[SG�='ACPXES?@<>ACL�QSESB9GJIKGJLF?wB9TcGJPXP>Gt�H� P�Gc=@?:LHTchcGc='='YZ<XB9G�[SG�hcACLH=@<>[STJB9GJB,P>G

LHACI}eSB9G4[]\mACLH[SG
k
=9ACEH=�PbY4�°ACB@IKG

k = k′ + ik′′ A�i k′ GJ? k′′ ='ACLF?:B9TcGJP>=O�.��P>ACB9=ON�s6Pd\^YZ<>[SG}[SG2Pd\mTcDFE.YZ?@<>ACL�� ¿ �nm��F£oN
<XP�Gc=@?�Q0At=9=@<XeSP>G2[]\mTchJB@<XB9G�ESLHG2GonaQSB9Gc=9=@<>ACL�iCYZPbYZeSP>G2Q0ACESB�P>G2LHACI4eSB9G�[]\mACLH[SG}TJitYZLHGc=9hcGJLF?ON.=9ACEH=�PbY6�°ACB@IKG t

k = kc
=@<X�tL

(ω) − i
2

π
kc
YZB9hcAt=9R ( |ω|

ωc

) Q~ACESB |ω| > ωc .
� ¿ �nm ¿ £

�`P.�°YZES?�LHAC?9GJB�DFEHGwPd\mTcDME.YZ?@<>ACL�� ¿ �nm ¿ £¦[STchJB@<X?�PbY4[a<>=@Q0GJB9=@<>ACLl[SGc= IKA*[SGc=�TJiCYZLHGc='hcGJLF?9=�DMES<~=9ACLM?�YZ?@?9TJLMEHTc=:[HYZLH= PbY
[a<XB9GchJ?@<>ACL|Q0At=@<X?@<XijGtNjht\mGc=@?�_�s®_`[a<XB9G,P>ACB9=9DMEHG

n
YZES�tIKGJLF?9Gt�*��Y�[SGc='hJB@<XQS?@<>ACLfhcACIVQSP>UJ?9G�[SG�PbY%B9GJPbYZ?@<>ACLf[SG�[a<>=@Q~GJB9=9<>ACL

[SG%PbYVh9R.Y��>LHG}Gc=@?:[SACLSLHTcG�Q.YZB:PbY�hcACI4eS<XL.YZ<>=9ACL­[SG�Pd\mTcDFE.YZ?@<>ACL�� ¿ �nm�kM£ GJ?�[SG%Pd\mTcDFE.YZ?@<>ACL´� ¿ �nm ¿ £o�
B,H&G,H � ¼,a ¿:T E�½:a ] `ba TEYu¿�
)a ]RORQ LNT,E�a��§OE[UcdaIORT.¿�[�Q

¹,LHG�YZLF?9GJLSLHG�Q.YZB'YZIKTJ?@B@<>DMEHG�TJIKGJ?W[SGc=g=@<X�tL.YZEan [SG�e.YC=9='G"��B9TcDFEHGJLHhcGµ��=@<X�tL.YZEan [STJIKA*[aESP>Tc=�£k�tB�
ChcGSs
Pd\^YZES?9AZ_`[STJIKAM[aESPbYZ?@<>ACLºLHACL²PX<XLHTOYZ<XB9G��¤B9GchJ?@<¢¡.hOYZ?@<>ACL8£f[]\mACLH[SGc=K<XLF?9GJLH='Gc=f[SG�R.YZES?9Gc=V��B9TcDFEHGJLHhcGc=ON¦IKAM[aESP>TcGc=lGJL
YZIVQSPX<X?@EH[SG���ACLH[SGc=fQSB@<XI|YZ<XB9Gc=�£oN GJ?|B'YO�jACLSLHTcGc=lGJL½QSB9GJIV<>GJBfPX<>GJEµ[HYZLH=|P>G�IV<XPX<>GJE��¾��YZBlhcACLH='TcDFEHGJLM?ONv[HYZLH=fPbY
B9TJ�t<>ACL·[]\ <XLF?9GJB'YChJ?@<>ACL�Nv<XP�Gona<>=@?9GkESLHG��tB'YZLH[SG�[a<¢§]TJB9GJLHhcG�[]\^YZIVQSPX<X?@EH[SGgGJLF?@B9G�P>Gc=fACLH[SGc=VQSB@<XI|YZ<XB9Gc=lGJ?VPd\mACLH[SG
[STJIKAM[aESP>TcGt��¥¦L±ES?@<XPX<>='YZLF?KPbYgIKTJ?@RHA*[SG�[SGc=KYZQSQSB9Acna<XI|YZ?@<>ACLH=|=9EHhchcGc=9=@<XijGc=ON�ht\mGc=@?�_�s®_`[a<XB9G�GJL²hcACLH=9<>[STJB'YZLF?|DMEHG
[HYZLH=�PbY%B9TJ�t<>ACLl[]\ <XLF?9GJB'YChJ?@<>ACL�NMP>Gc=¦ACLH[SGc=¦QSB@<XI|YZ<XB9Gc= ACLF?¦ESLHG,YZIVQSPX<X?@EH[SG:e0GOYZEHhcACESQ|QSPXEH=��tB'YZLH[SG,DFEHG�P>Gc=¾ACLH[SGc=
[STJIKAM[aESP>TcGc=}LHACL�PX<XLHTOYZ<XB9GJIKGJLM?ON�Pd\mTcDME.YZ?@<>ACL�YZE�QSB9GJIV<>GJB6ACB9[aB9G|[]\^YZQSQSB9AOn*<XI|YZ?@<>ACL�Q~ACESB}P>Gc=}ACLH[SGc=�QSB@<XI|YZ<XB9Gc=
;ºg½Gc=@?2TcDFES<XitYZP>GJLF?9G�s|Pd\mTcDME.YZ?@<>ACL·� ¿ �^xF£oN]YcijGch�PbYfLHAC?'YZ?@<>ACL

U ≡ Uω
Q~ACESB2[STc=@<X�tLHGJB2P>G�[STJQSPbYChcGJIKGJLM?6YC=9=9A*hJ<>T

YZEan´ACLH[SGc=|QSB@<XI|YZ<XB9Gc=K<XLM?9GJLH=9Gc=O�¾��¡HL²[SG�[STchJB@<XB9G�Pd\mGonahJ<X?'YZ?@<>ACL·[aE·IV<XPX<>GJE·Q.YZB|[SGJEan´R.YZES?9Gc=V��B9TcDFEHGJLHhcGc={N�PbY
hcACLH[a<X?@<>ACL�PX<XIV<X?9Gf=@ES<XitYZLF?9GtN Q~ACESB�PbY�I|YC=9=9G|LFESIKTJB9A

0
=@<X?@EHTcG�s�PbY�PX<XIV<X?9Gl[SGKPbY�h'R.Y��>LHG|<XLa¡HLS<>GtN�Gc=@?}ES?@<XPX<>='TcG

�¤ijAC<XB�¡H�tESB9G ¿ �nm{£oN
Uω(n = 0, t) = <e[Aω1(0)e

iω1t + Aω2(0)e
iω2t] .

� ¿ �nm�=M£
¯2YZLH=,hcGJ?@?9G6TcDFE.YZ?@<>ACL�N

Aω1(0)
GJ?

Aω2(0)
=9ACLM?,P>Gc=%YZIVQSPX<X?@EH[SGc=2hcACIVQSP>GonaGc=%[SGc=%ACLH[SGc=2YZEan��¤B9TcDMEHGJLHhcGc=

ω1
GJ?

ω2
sKPbYVPX<XIV<X?9G

n = 0
�8� Y|=9ACPXES?@<>ACLW[SG�Pd\mTcDME.YZ?@<>ACL±� ¿ �^xF£:='YZ?@<>=��dYZ<>='YZLF?%hcGJ?@?9G}hcACLH[a<X?@<>ACLWPX<XIV<X?9G6GJ?�PbYfhcACLH[a<X?@<>ACL

[SG¶q*ACIVIKGJB���GJP>[ s6Pd\ <XLa¡HLS<�[HYZLH=:PbY�[a<XB9GchJ?@<>ACL­Q~At=9<X?@<XijG�Gc=@?»t
Uω(n, t) = <e[Aω1(0)e

iω1t−ik(ω1)an + Aω2(0)e
iω2t−ik(ω2)an] ,

� ¿ �nm À £
A�i

k(ω)
ACe~TJ<X?ºs6PbY6B9GJPbYZ?@<>ACLg[SG2[a<>=@Q0GJB9=@<>ACL�[STchJB@<X?9G2Q.YZB:Pd\mTcDME.YZ?@<>ACL�� ¿ �nm�kF£ GJ?:Pd\mTcDME.YZ?@<>ACL�� ¿ �nm ¿ £o�

� hOYZEH=9G4[aE­QSRHTJLHACIKUJLHG�[SG4e.YZ?@?9GJIKGJLF?�GJLF?@B9G
ω1

GJ?
ω2
N.P>G4=9<X�tL.YZP ?9AC?'YZP�Gc=@?,TcDMES<XitYZP>GJLF?»sVESLW=@<X�tL.YZP�;ºg

IKAM[aESP>T}GJL�YZIVQSPX<X?@EH[SGt�
��G¦[STJQSPbYChcGJIKGJLM? [STJIKA*[aESP>T¾�wg

UΩ
Gc=@?�ACeS?9GJLME<s�Q.YZB@?@<XB [SG�Pd\mTcDFE.YZ?@<>ACL�YZE�=9GchcACLH[�ACB9[aB9G¦[]\^YZQSQSB9AOn*<XI|YZ?@<>ACL t

m
∂2UΩ(n)

∂t2
− α [UΩ(n + 1) − 2UΩ(n) + UΩ(n − 1)] =

− β

2
[Uω(n + 1) − 2Uω(n) + Uω(n − 1)] [Uω(n + 1) − Uω(n − 1)] ,

� ¿ �nmO�j£
A�i¸PbY±=9ACPXES?@<>ACL¸Q0ACESB

Uω
Gc=9?�=@ESeH=@?@<X?@EHTcG"[HYZLH=�P>GWIKGJI}eSB9G�[SG"[aB9AC<X?9G�[SGWPd\mTcDFE.YZ?@<>ACL � ¿ �ryj£oN:YZP>ACB9=�DMEHGWPbY

hcACLF?@B@<XeSES?@<>ACL�[SG
UΩ

YZEan­?9GJB@IKGc=%LHACL"PX<XLHTOYZ<XB9Gc=2Gc=@?%LHTJ�tPX<X�jTcGt�]¥�LWLHG4B9GJ?9GJL.YZLM?}=9GJESP>GJIKGJLM?�DFEHG4P>Gc=%?9GJB@IKGc=»s
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PbY���B9TcDFEHGJLHhcG%[a<¢§]TJB9GJLHhcG
Ω = ω1 −ω2

N*<XP]Gc=@? Q~At=9=9<XeSP>Gw[SG,B9TcTchJB@<XB9G%P>GwIKGJI}eSB9G2[SG%[aB9AC<X?9G2[SGwPd\mTcDFE.YZ?@<>ACL�� ¿ �nmO�F£
hcACIVIKG¸t

2β=m

{
Aω1(0)A

∗
ω2

(0)eiΩt−i[k1−k∗

2 ]an

[
cos(

k1 + k∗
2

2
a) − cos(

k1 − k∗
2

2
a)

]
sin(

k1 − k∗
2

2
a)

}
,

� ¿ �nm{yt£
A�i

k2 = k(ω2)
N
k1 = k(ω1)

GJ?
k∗

2

Gc=@?�P>GKhcACIVQSP>GonSG|hcACLC��ES�tEHT|[SG
k2
����Y�='ACPXES?@<>ACL��jTJLHTJB'YZP>G|[SGKPd\mTcDFE.YZ?@<>ACL

� ¿ �nmO�j£�Gc=@?wPbY|='ACIVIKG6[SG4PbYf=9ACPXES?@<>ACLW�jTJLHTJB'YZP>G6[SG4Pd\mTcDME.YZ?@<>ACLgRHACIKAC�jUJLHG6Q0ACESB,P>Gc=%ACLH[SGc=%[SG4�¤B9TcDMEHGJLHhcG
Ω
=9G

QSB9ACQ.YZ�jGOYZLM?,[HYZLH=�PbY�[a<XB9GchJ?@<>ACL�Q0At=@<X?@<XijG2GJ?�[]\ ESLHG�=9ACPXES?@<>ACL�Q.YZB@?@<>hJESPX<>UJB9G}[SG%Pd\mTcDME.YZ?@<>ACL�<XLSRHACIKAC�jUJLHG¸t

UΩ(n, t, ω1, ω2) = =m[UΩ(n, ω1, ω2)e
iΩt] ,

UΩ(n, ω1, ω2) = C1e
−ik(Ω)an + C2e

−i∆k an ,

C2 =
βAω1(0)A

∗
ω2

(0)
[
cos(

k1+k∗

2
2 a) − cos(

k1−k∗

2
2 a)

]
sin(

k1−k∗

2
2 a)

2α
[
sin2(∆k

2 a) − Ω2

ω2
c

] .
� ¿ �nmOxj£

� hJ<dN
∆k = k∗

2 − k1
N
C1

GJ?
C2

=9ACLM?w[SGJEan�hcACLH=@?'YZLM?9Gc=O�~¥�L­=@ESQSQ0At='YZLM?wDME�\ <XP���Y|YZeH='GJLHhcG4[SG}IKACESijGJIKGJLF?2�wg
sVPbYVPX<XIV<X?9G

n = 0
N8PbYVB9GJPbYZ?@<>ACL

C1 = −C2
Gc=@?�ijTJB@<¢¡.TcGt�~��Y|=9ACPXES?@<>ACL­Q0ACESB�P>G4[STJQSPbYChcGJIKGJLF?2[STJIKA*[aESP>T}QSB9GJLH[

YZP>ACB9=:PbY4��ACB@IKG%¡HL.YZP>G¸t

UΩ(n, t, ω1, ω2) =
� ¿ �nmOsj£

=m





βAω1 (0)A∗

ω2
(0)

»
cos(

k1+k∗2
2

a)−cos(
k1−k∗2

2
a)

–
sin(

k1−k∗2
2

a)

2α

»
Ω2

ω2
c
−sin2(∆k

2
a)

–
[
1 − ei[k(Ω)−∆k]an

]
ei(Ω)t−ik(Ω)an



 .
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��$�� ��)<9�6���F�3
¯2YZLH=|hcGJ?@?9G­=9GchJ?@<>ACL�N�P>G�B9Tc=9ESPX?'YZ?K?@RHTcACB@<>DFEHG�� ¿ �nmOsF£�Gc=@?lYZL.YZPX�*=9T­[HYZLH=KQSPXEH=@<>GJESB9=fhOYC=KPX<XIV<X?9Gc=ON¾Q~ACESBf[SGc=

ACLH[SGc=�[SG2Q0ACIVQ.YZ�jG�QSB9ACQ.YZ�FYZ?@<XijGc=%GJ?�TJitYZLHGc=9hcGJLM?9Gc=O�.¥�L­QSB9GJIV<>GJB�PX<>GJE�N.PbY6��ACB9hcG}LHACL�PX<XLHTOYZ<XB9G�B9Gc=9Q~ACLH='YZeSP>G4[aE
QSB9AMhcGc='=@EH=}[SGf[STJIKAM[aESPbYZ?@<>ACL´Gc=@?4=9<XIVQSPX<¢¡.TcGtN hcGfDFES<¦Q0GJB@IKGJ?�[SG|hcACIVQSB9GJLH[aB9Gl=9Gc=}hcACIVQ0ACB@?9GJIKGJLF?9=V[SG|e.YC=9Gt�
¥�L­[SGJRHACB9=%[SG}PbYVB9TJ�t<>ACLW[]\mGon*<>=@?9GJLHhcG6[SG}hcGJ?@?9G}�°ACB9hcGtNHPd\^YZL.YZPX�a=9G4[aEg[STJQSPbYChcGJIKGJLF?�[STJIKA*[aESP>T}<>='=@E�[]\mACLH[SGc=%[SG
Q~ACIVQ.YZ�jGc=6QSB9ACQ.YZ�FYZ?@<XijGc=VGc=@?�GJLH=@ES<X?9GfIKGJLHTcGt����Yg=9ACEH=�_`=9GchJ?@<>ACL ¿ � ¿ ��ka��kghcACIVQ~ACB@?9GlPd\^YZL.YZPX�a=9GfDME.YZPX<X?'YZ?@<XijGk[aE
hcACIVQ~ACB@?9GJIKGJLM?|[aE²=@<X�tL.YZP:[STJIKA*[aESP>TPs­Pd\ <XLF?9TJB@<>GJESBl[SGkPbYgB9TJ�t<>ACL²[SGc=V=9ACESB9hcGc=VLHACL±PX<XLHTOYZ<XB9Gc=KQSB9ACQ.YZ�FYZ?@<XijGc={�
� ACESB:¡HLS<XBONSPd\^YZL.YZPX�*='G�[aE�[STJQSPbYChcGJIKGJLF?w[STJIKAM[aESP>T}<>=9=@E�[]\mACLH[SGc=�[SG�Q~ACIVQ.YZ�jGc=,GJiCYZLHGc=9hcGJLM?9Gc=�Gc=@?�B9TOYZPX<>='TcGt�
B,H B,H�J �u]RLf¿ � M�QSOEQ ¿:L WZa�Y´^_QS]Ea ] ¿�½:]E[ULf½:Y�Q

¥�L­YChchcACB9[gYcijGch}Pd\mTcDFE.YZ?@<>ACL´� ¿ �ryj£oNSPd\mGonaQSB9Gc=9=@<>ACL�[SG2PbY���ACB9hcG2LHACL­PX<XLHTOYZ<XB9GtN.DME.YC[aB'YZ?@<>DFEHG}GJL­[STJQSPbYChcGJIKGJLF?ON
YZ�t<>=9='YZLM?,YZE�LS<XijGOYZE�[SG2PbY6eS<XPXP>G|��ACE�I|YC=9=9G{£vLFESIKTJB9A

n
=O\mTchJB@<X?¶t

FNL(n) = −β

2
[U(n + 1) − 2U(n) + U(n − 1)].[U(n + 1) − U(n − 1)] .

� ¿ ��k �j£
�¦\mGonaQSB9Gc=9=@<>ACL�=9ES<XiCYZLM?9G�[aE�[STJQSPbYChcGJIKGJLF?2YZE�LS<XijGOYZE�[SG2PbY6eS<XPXP>G

n
N

U(n) = <e
{

Aω1(0)e
iω1t−ik(ω1)an + Aω2(0)e

iω2t−ik(ω2)an
}

,
� ¿ ��k_m{£

=9ACPXES?@<>ACL½[SG�Pd\mTcDFE.YZ?@<>ACLµ[SG�QSB9ACQ.YZ�FYZ?@<>ACLµPX<XLHTOYZ<XB9G�� ¿ �^xj£�[HYZLH=fP>G�hOYC=f[SG�[SGJEan´�¤B9TcDMEHGJLHhcGc=l[]\mGonahJ<X?'YZ?@<>ACL
ω1GJ?

ω2
N�Gc=@?4B9GJQ~ACB@?9TcGk[HYZLH=4Pd\mGon*QSB9Gc=9=9<>ACLº� ¿ ��k �F£o��¥�L�LHG|B9GJ?9GJL.YZLM?VDFEHG|P>Gc=4?9GJB@IKGc= s�PbY���B9TcDFEHGJLHhcGl[a<¢§]TJB9GJLHhcG

Ω = ω2 − ω1
NaPbY4��ACB9hcG�LHACL�PX<XLHTOYZ<XB9G|� ¿ ��k �F£ =9G%B9TcTchJB@<X?w=9ACEH=�PbY6�°ACB@IKG2=@ES<XitYZLF?9G¸t

FNL = 2β<e

{
iAω1(0)A

∗
ω2

(0)eiΩt−i(k1−k∗

2)an

[
cos

(
k1 − k∗

2

2
a

)
− cos

(
k1 + k∗

2

2
a

)]
sin

(
k1 − k∗

2

2
a

)}
.� ¿ ��k�kj£

��ACB9=9DMEHG
ω1

?9GJLH[�ijGJB9=
ω2

�
Ω = ω2 − ω1

?9GJLH[�ijGJB9=
0
£oN.hcGJ?@?9G%��ACB9hcG2='G2=@<XIVQSPX<¢¡.G�=9ACEH=�PbY4�°ACB@IKGxt

FNL ' −2β<e
{
Aω1(0)A

∗
ω2

(0)eiΩt
}

e−2|k′′(ω)|an
[
cos
(
k′(ω)a

)
− hcAt=@R (|k′′(ω)|a

)] =@<XLSR (|k′′(ω)|a
)

,� ¿ ��k ¿ £
A�i

k′(ω) ' k′(ω1) ' k′(ω2)
GJ?

k′′(ω) ' k′′(ω1) ' k′′(ω2)
=9ACLF?fB9Gc=@Q0GchJ?@<XijGJIKGJLF?kP>Gc=|Q.YZB@?@<>Gc=fB9TcGJPXP>GgGJ?

<XI|YZ�t<XL.YZ<XB9G�[aEgLHACI4eSB9G�[]\mACLH[SG6[SG6Pd\mACLH[SG�[SG4Q~ACIVQ.YZ�jG�[SG4R.YZES?9G}��B9TcDMEHGJLHhcG
ω ' ω1 ' ω2

�8¯2YZLH=wPbY|PX<XIV<X?9G
e.YC=9=9G}�¤B9TcDMEHGJLHhcG

ω � ωc
GJ?�YZ?@?9TJLFE.YZ?@<>ACL��dYZ<XeSP>G |k′′|/|k′| � 1

N~ESLHG6��ACB@IKG�GJLHhcACB9G�QSPXEH=2=@<XIVQSP>GV[SG6PbY|��ACB9hcG
LHACL�PX<XLHTOYZ<XB9G�B9Gc=@Q0ACLH='YZeSP>G2[aE�QSB9A*hcGc=9=@EH=�[SG2[STJIKAM[aESPbYZ?@<>ACLWYZQSQ.YZB'Y��>?5t

FNL ' aβ

`a(ω)

ω2

ω2
c

<e
{
Aω1(0)A

∗
ω2

(0)eiΩt
}

e
− an

`a(ω) .
� ¿ ��k =M£

j GJ?@?9G��°ACB9hcG�LHACL|PX<XLHTOYZ<XB9G,Gc=@?¦QSB9ACQ0ACB@?@<>ACLSLHGJPXP>G,YZElhcAMG�r|hJ<>GJLM?v[SG�LHACLa_dPX<XLHTOYZB@<X?9TwDFE.YC[aB'YZ?@<>DMEHG
β
N!s%Pd\ <XLFijGJB9=9G

[SGVPbYkP>ACLS�tEHGJESB6[]\^YZ?@?9TJLFE.YZ?@<>ACL±hOYZB'YChJ?9TJB@<>=@?@<>DMEHG|[SGVPd\ <XLM?9GJLH=@<X?9T|R.YZES?9GK�¤B9TcDMEHGJLHhcG
`a(ω)

�
j GJ?@?9GV�°ACB9hcGK[STchJB9A �>?
YcijGch2PbY�[a<>=9?'YZLHhcG}hcACIVIKG

e
− an

`a(ω)
�

qM<�P>Gc=,QSR.YC='Gc=w[SGc=%ACLH[SGc=%[SG4Q~ACIVQ.YZ�jG�GJL
n = 0

=9ACLM?wQSB@<>='Gc=,LMESPXP>Gc=ON~P>Gc=wYZIVQSPX<X?@EH[SGc=}hcACIVQSP>GonaGc=
Aω1(0)GJ?

A∗
ω2

(0)
=9ACLF?vB9TcGJPXP>Gc=ONMGJ?vPbY2LHAC?'YZ?@<>ACL

A1
N
A2

Gc=@? [SACB9TJL.YcitYZLF?�ES?@<XPX<>=9TcGt�_qM<8[SG,QSPXEH=
A1 = A2

NFP>G:?9GJB@IKG
A1A2Gc=@?vTJ�FYZP�s

A2 A�i A = A1 = A2
Gc=@? Pd\^YZIVQSPX<X?@EH[SG2[]\mGonahJ<X?'YZ?@<>ACL�[SG,Pd\mACLH[SG�s2PbY��¤B9TcDMEHGJLHhcG

ω1
GJ?�[SG�Pd\mACLH[SG�s}PbY

�¤B9TcDMEHGJLHhcG
ω2
�.¯%YZLH=,hcG�hOYC=ONSPbY���ACB9hcG2LHACL­PX<XLHTOYZ<XB9Gf� ¿ ��k =M£ itYZB@<>G}hcACIVIKG�Pd\^YZIVQSPX<X?@EH[SG4[SG2Pd\mACLH[SG4[SG2Q0ACIVQ.YZ�jG

YZE�hOYZB@B9T
A2 �]��G�B9TJ�t<XIKG|�wg �

ω � ωc
£w[STchJB@<X?�Q.YZB2Pd\mTcDFE.YZ?@<>ACLº� ¿ ��k =*£wGc=@?2<>[SGJLM?@<>DFEHG|YZE�B9TJ�t<XIKGlmo_`¯ ��ACLH[SG

QSPbYZLHG{£�[SG%Pd\^YZLF?9GJLSLHG4Q.YZB'YZIKTJ?@B@<>DMEHG}[HYZLH=�P>Gc=�IV<XPX<>GJEan�RHACIKAC�jUJLHGc=4pmu,A{iaxjy®z`�
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BIH B,H&G �u]ELN¿ � M�QSORT M�½�e ]RLN¿hOR[UcdaIORTR¿:[ÁORQ À.LNM�M�Q WZY�[U\,TRQU]R^_Q
�¦\^YZL.YZPX�*='G�[aEf[STJQSPbYChcGJIKGJLM?�[STJIKAM[aESP>T

U(n)
[SG�e.YC=9='G���B9TcDFEHGJLHhcG

Ω
NjACeS?9GJLFEk=9ACEH=¦PbY2��ACB@IKG�[SG:Pd\mTcDME.YZ?@<>ACL

� ¿ �nmOsj£oN~Gc=@?,B9TOYZPX<>=9T}GJLgQSB9GJIV<>GJB,PX<>GJEgQ0ACESB�P>Gc=wACLH[SGc=,[SG4Q~ACIVQ.YZ�jG6;hg´QSB9ACQ.YZ�FYZ?@<XijGc=2GJ?,GJLW=9GchcACLH[�PX<>GJEgQ~ACESB
P>Gc=kACLH[SGc=�[SGgQ0ACIVQ.YZ�jG";ºg TJiCYZLHGc='hcGJLF?9Gc=O�:¥¦Lº[SGJRHACB9=�[SG­PbY�B9TJ�t<>ACL�[]\mGonShJ<X?'YZ?@<>ACL�N�<d�mGt� P>ACB9=9DMEHG­P>Gg?9GJB@IKG
e
− an

`a(ω)
[SGc= TcDFE.YZ?@<>ACLH=%� ¿ �nmOsF£�ACEW� ¿ ��k =*£�?9GJLH[|ijGJB9=

0
�¤P>Gc=vACLH[SGc=v[SG�Q~ACIVQ.YZ�jG,=9ACLF? =@E_r|='YZIVIKGJLM?�YZ?@?9TJLMEHTcGc=�£oN

PbY���ACB9hcG|LHACL�PX<XLHTOYZ<XB9Gl[SGJiM<>GJLM?�LHTJ�tPX<X�jGOYZeSP>Gt� �¦\mACLH[SGk[STJIKA*[aESP>TcGf�wg�Gc=9?4YZP>ACB9=�GJLF?@<>UJB9GJIKGJLF?��jTJLHTJB9TcGkGJ?4GJPXP>G
='GkQSB9ACQ.YZ�jG�PX<XeSB9GJIKGJLF?k[HYZLH=KP>G�IV<XPX<>GJE��¾¯2YZLH=|hcG�hOYC={N�Pd\mACLH[SG�[STJIKA*[aESP>TcG

U(n)
Gc=@?fTJ�FYZP>GPsWESLHGk�°ACLHhJ?@<>ACL

G(ω1, ω2)
I}ESPX?@<XQSPX<>TcG�Q.YZB%ESLW?9GJB@IKGV[SG6QSR.YC=9G [

1 − eik(Ω)an−i∆kan
]
eiΩt−ik(Ω)an ' eiΩt−ik(Ω)an DMES<�[STchJB@<X?

=�Y�QSB9ACQ.YZ�FYZ?@<>ACLf[HYZLH=�P>G�IV<XPX<>GJE|[a<>=@Q0GJB9=@<¢�@��j GJ?@?9G �°ACLHhJ?@<>ACL
G(ω1, ω2)

B9GJQSB9Tc=9GJLF?9G�[SACLHh�ESLHG ��ACLHhJ?@<>ACL|=9Q~GchJ?@B'YZP>G
[SG´?@B'YZLH=@��GJB@?�[STchJB@<XitYZLF?�P>G´QSB9AMhcGc=9=9EH="LHACL PX<XLHTOYZ<XB9G²[]\mGonShJ<X?'YZ?@<>ACL [SG´PbY½��B9TcDFEHGJLHhcG²[a<¢§]TJB9GJLHhcG±Q.YZB�YZES?9AZ_
[STJIKA*[aESPbYZ?@<>ACL���¥�PXP>Gk[SACLSLHGlPd\mACQSQ~ACB@?@ESLS<X?9T�[SGl?@B9ACESijGJBVPd\^YZIVQSPX<X?@EH[SG�GJ?6PbY­QSR.YC=9Gk[aE�=@<X�tL.YZP�[STJIKA*[aESP>Tls�PbY
��B9TcDMEHGJLHhcG

Ω = ω2 − ω1
s6Q.YZB@?@<XB�[SG2PbYVhcACLSL.YZ<>='='YZLHhcG�[SGc=:ACLH[SGc=,[SG%Q~ACIVQ.YZ�jG4TJIV<>=9Gc=�YZEanl�¤B9TcDMEHGJLHhcGc=

ω1
GJ?

ω2
�
��Y��°ACLHhJ?@<>ACL

G(ω0,Ω) = G(ω1 = ω0, ω2 = ω0 − Ω)
Q0GJES?�YZEH=9=9< �J?@B9GfES?@<XPX<>=9TcGfQ~ACESB6Pd\^YZL.YZPX�*='Gf[aE´hOYC=

[HYZLH=%P>GcDMEHGJP�ESL"Q.YCDMEHGJ?}[]\mACLH[SGV;ºgºGc=@?%ES?@<XPX<>=9T|hcACIVIKGV=@<X�tL.YZP¦[SG�Q~ACIVQ.YZ�jGt��¯%YZLH=}hcGVhOYC=ON0GJL�YChchcACB9[�YcijGch
Pd\mTcDME.YZ?@<>ACL�� ¿ � ¿ £�GJ?�PbYV[STo¡HLS<X?@<>ACL­[SG

UΩ(n, t, ω1 = ω0, ω2 = ω0 − Ω)
[HYZLH=�Pd\mTcDME.YZ?@<>ACL�� ¿ �nmOsM£oNHGJL�[SGJRHACB9=�[SG

PbY6B9TJ�t<>ACL­=9ACESB9hcG|�
n � 1

£oN

UΩ(n � 1, t, ω0, τm) = =m

∫ +∞

−∞
G(ω0,Ω)e−Ω2τ2

meiΩ(t−
k(Ω)

Ω
an)dΩ .

� ¿ ��k À £

��YZB�hcACLH=9TcDFEHGJLM?ONZP>G¾QSB9A*[aES<X?
2πG(ω0,Ω)e−Ω2τ2

m
B9GJQSB9Tc=9GJLM?9G�P>G¾=@Q0GchJ?@B9G [SG¾Pd\mACLH[SG [STJIKAM[aESP>TcG�[HYZLH=�P>G¾=9�*=@?9UJIKG

[SG�hcA*ACB9[SACLSLHTcGc=�=9G�[STJQSPbY��OYZLF?vYOijGch�GJPXP>GtNCP>ACB9=9DFEHG
n � 1

�C¥�LV[]\^YZES?@B9Gc=�?9GJB@IKGc=ONZP>G�=@Q0GchJ?@B9G [aEV=@<X�tL.YZPS[STJIKA*[aESP>T
Q0GJES?��J?@B9G ACeS?9GJLMEKGJL�I}ESPX?@<XQSPX<bYZLF?¾P>G =9Q~GchJ?@B9G�[SG Pd\mGJLFijGJP>ACQSQ0G�[]\ <XLF?9GJLH=@<X?9T�[aE�Q.YCDMEHGJ?�[]\mACLH[SG�;ºg

e−Ω2τ2
m
Q.YZB�PbY

�°ACLHhJ?@<>ACL
G(ω0,Ω)

��jw\mGc=@? PbY�B'YZ<>=9ACL}Q0ACESB�PbYCDMEHGJPXP>G
G(ω0,Ω)

Gc=9? YZQSQ~GJP>TcG¦��ACLHhJ?@<>ACL6=@Q0GchJ?@B'YZP>G¾[SG�?@B'YZLH=��°GJB@?O�{��¡HL
[SG hcACIVQSB9GJLH[aB9G�PbYw[a�ML.YZIV<>DMEHG�[SG PbY:�jTJLHTJB'YZ?@<>ACL|�wg­[HYZLH= PbY,B9TJ�t<>ACLV[SGc=�=9ACESB9hcGc=�LHACL�PX<XLHTOYZ<XB9Gc=�GJ?�LHAC?'YZIVIKGJLF?
P>G�BBvCP>GW[SG�PbY�[a<>=@Q~GJB9=9<>ACLµ[SG­iM<X?9Gc='=9GtN¾P>G�?9GJB@IKGW[SG�QSR.YC=9GghcACIVQSP>GJ? [

1 − eik(Ω)an−i∆kan
]
eiΩt−ik(Ω)an =9GJB'Y

YZL.YZPX�a=9T­Q.YZBfPbY�=@ES<X?9Gt� �gYZ<>={NvGJLµQSB9GJIV<>GJBkPX<>GJE�NvESLHGWYZL.YZPX�a=9GWGc=@?K�dYZ<X?9G­[SGgPbY�=9GJESP>G���ACLHhJ?@<>ACL¸[SG­?@B'YZLH=���GJB@?
G(ω1, ω2)

�
� ACESB2Pd\^YZL.YZPX�a=9G�[aEWQSB9AMhcGc=9=9EH=w[SG�[STJIKA*[aESPbYZ?@<>ACL�DFES<�=@ES<X?ON~P>Gc=,��B9TcDFEHGJLHhcGc=2[SG6Q0ACIVQ.YZ�jG

ω
GJ?%P>G6LHACI}eSB9G

[]\mACLH[SG±YC=9='AMhJ<>T�=9ACLF?WLHACB@I|YZPX<>=9Tc=gB9Gc=@Q0GchJ?@<XijGJIKGJLF?"Q.YZBWPbY²�¤B9TcDMEHGJLHhcG´[SG�hcACESQSESB9G
ωc

GJ?WP>G��dYChJ?9GJESB 2
πkc

�
�¾\^YcitYZLF?'YZ�jG�QSB@<XLHhJ<XQ.YZPH[]\ ESLHG�?9GJPXP>G LHACB@I|YZPX<>='YZ?@<>ACL�NjACES?@B9G�PbYw=@<XIVQSPX<¢¡.hOYZ?@<>ACLK[SG PbY,LHAC?'YZ?@<>ACL�NjGc=@?�DMEHGvP>Gc=�i*<X?9Gc=9=9Gc=
[SG%QSR.YC='G

cφ
GJ?�[SG%�tB9ACESQ0G

cg
=9ACLF?,TJ�FYZP>Gc=>s m%P>ACB9=9DMEHG%PbY6��B9TcDFEHGJLHhcG

ω
?9GJLH[kijGJB9= �a�

��ACB9=9DMEHG4hcGc=,LHACB@I|YZPX<>='YZ?@<>ACLH=2=9ACLM?%Go§]GchJ?@EHTcGc=ON8PbYV�°ACLHhJ?@<>ACLW[SG}?@B'YZLH=��°GJB@?%[aE­QSB9A*hcGc=9=@EH=%[SG}[STJIKA*[aESPbYZ?@<>ACL
QSB9GJLH[�PbY4��ACB@IKG2�jTJLHTJB'YZP>G}=@ES<XiCYZLM?9Gxt

G(ω1, ω2) =
β

2α
A2 {cos(k1 − k∗

2) − cos(k1 + k∗
2)}

Ω2 − sin2(k1 − k∗
2)

sin(k1 − k∗
2) .

� ¿ ��kt�j£

��� �N�)�f�%� �¶��/x+�
´/��	� +�
´/ +�
P� ������� �U
P�
���U��� �U�_�*����
!/
¯%YZLH=4P>GlhOYC=4[SGc=�ACLH[SGc=�[SGKQ0ACIVQ.YZ�jGlQSB9ACQ.YZ�FYZ?@<XijGc=ONIs�Pd\ <XLMijGJB9=9Gk[SGc=4ACLH[SGc=�[SGfQ~ACIVQ.YZ�jGlTJiCYZLHGc='hcGJLF?9Gc=

Q0ACESB2P>Gc=9DMEHGJPXP>Gc=2ESL�[STJijGJP>ACQSQ0GJIKGJLF?6GonSYChJ?�QSPXEH=�Q~ACEH=9='TV[SGVPbYf��ACLHhJ?@<>ACL�[SG�?@B'YZLH=���GJB@?
G
Gc=@?2Q0At=9=@<XeSP>GtN0<XP¦Gc=@?

LHTchcGc='='YZ<XB9G2[SG%�dYZ<XB9G2DFEHGJP>DMEHGc=:RM�MQ0AC?@RHUc=9Gc=:=@<XIVQSPX<¢¡.hOYZ?@B@<>hcGc=<t
|Ω| � |ω1|, |ω2| ,

ω1 = ω ,

ω2 = ω − Ω , Ω > 0 .
� ¿ ��kjyt£
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ω = 1

ω − 1 � Ω1 − ω � Ω

1 − ω = Ω ω − 1 = Ω

ω

ω = 0

Ω

ω � Ω ω − 1 � Ω

p � 1 → p � 1

1 − ω � Ω

�h����� ���)�f  8 ¢p¦5²�« �º¥�¤B¢�¨U©�¦5­Bª�¦»µ «�¯³«�©:¢p¦¶²´¢¶µB· ª�¨�ª�µ� �¦�¢¶²�±l¤2¥�¦p±�µ ©�ª�© 5 �!¹����.7

��Y­B9GJPbYZ?@<>ACL
0 < Ω � ω ≤ 1

Gc=@?KYZP>ACB9=�B9TOYZPX<>=9TcGt��¥�L±QSB9GJL.YZLM?|GJL±hcACIVQS?9G�hcGc=VTJ�FYZPX<X?9Tc=KGJ?�<XLHTJ�FYZPX<X?9Tc=ON
h9R.YCDMEHG2?9GJB@IKG�[SG2PbY4�°ACLHhJ?@<>ACL�[SG2?@B'YZLH=@��GJB@?}� ¿ ��kt�F£vQ0GJES?�=9G2=9<XIVQSPX<¢¡.GJBO�

¥�L´hcACLH=@<>[STJB'YZLF?VDMEHG|Pd\^YZ?@?9TJLME.YZ?@<>ACL²[SGc=�ACLH[SGc=4QSB9ACQ.YZ�FYZ?@<XijGc=VGc=9?4=@E_r|='YZIVIKGJLM?6�°YZ<XeSP>GfQ~ACESB6Q0GJB@IKGJ?@?@B9G
P>GJESBvQSB9ACQ.YZ�FYZ?@<>ACL�Na<d�mGt�MP>G,IKAM[aESP>Gw[SG�PbY}Q.YZB@?@<>Gw<XI|YZ�t<XL.YZ<XB9G%[aEfLHACI4eSB9Gw[]\mACLH[SG |k′′(ω)| � 1

GJ?�GJLfLHTJ�tPX<X�jGOYZLM?
PbY%[a<>=@Q0GJB9=@<>ACL|[]\^YZ?@?9TJLFE.YZ?@<>ACL"� |k′′(ω)| ' |k′′(ω−Ω)| £oNtPbY2Q.YZB@?@<>G�<XI|YZ�t<XL.YZ<XB9G�[SG�PbY%[a<¢§]TJB9GJLHhcG (k1−k∗

2)
={\mTchJB@<X?

2i|k′′(ω)| �M¥�LKES?@<XPX<>='YZLM?¾P>G:[STJijGJP>ACQSQ0GJIKGJLF?�[SG:¬ YO�MP>ACB�YZEKQSB9GJIV<>GJBvACB9[aB9G�[SG�PbY%B9GJPbYZ?@<>ACLf[SG�[a<>=9Q~GJB9=@<>ACL|Q~ACESB¦P>G?9GJB@IKG B9TcGJP
(k′

1−k′
2)
NCitYZPbYZeSP>G Q~ACESB |Ω| � |(∂k′/∂ω)/(∂2k′/∂ω2)| NthcG ?9GJB@IKG�=O\mTchJB@<X? k′

1−k′
2 ' Ω∂k′

∂ω (ω) � 1
�

¯2YZLH=:hcG2hOYC=ON

sin(k1 − k∗
2) ' Ω

∂k′

∂ω
(ω) + 2i|k′′(ω)| � ¿ ��ktxj£

cos(k1 − k∗
2) ' 1 ,

� ¿ ��ktsj£
YZE�QSB9GJIV<>GJB,ACB9[aB9G�GJL

Ω∂k′

∂ω (ω)
GJ?�GJL |k′′(ω)| �.��ijGch2P>Gc=:IK�JIKGc=,YZQSQSB9Acna<XI|YZ?@<>ACLH=ON

cos(k1 + k∗
2) ' cos(k′

1 + k′
2)

' cos(2k′(ω) − Ω
∂k′

∂ω
(ω)) ' cos(2

YZB9hc=@<XL
(ω)) + Ω

∂k′

∂ω
(ω) sin(2

YZB9hc=@<XL
(ω))

' 1 − 2ω2 + 2ω
√

1 − ω2

(
Ω

∂k′

∂ω
(ω)

)
.

� ¿ � ¿ �j£
¥�L�B9GJIVQSPbY��OYZLF?�P>Gc=}?9GJB@IKGc=6=@<XIVQSPX<¢¡.Tc=�� ¿ ��ktsF£�GJ?l� ¿ � ¿ �F£�[HYZLH=}Pd\mGonaQSB9Gc=9=@<>ACL�[SGKPbYk�°ACLHhJ?@<>ACL´[SGK?@B'YZLH=��°GJB@?

� ¿ ��kt�j£oN.GJ?wGJL�LHAC?'YZLF?2DMEHG ∂k′

∂ω (ω) = c−1
g (ω) = (1 − ω2)−1/2 NSESLHG}LHACESijGJPXP>G6GonaQSB9Gc=9=@<>ACL�Q0ACESB�PbY���ACLHhJ?@<>ACLW[SG?@B'YZLH=��°GJB@?

G
Gc=@?:ACeS?9GJLFEHG�t

G(ω,Ω) ' β

α
A2ω2

Ω
cg(ω) + 2i|k′′(ω)|

(
Ω

cg(ω) + 2i|k′′(ω)|
)2

− Ω2

.
� ¿ � ¿ m{£

¥�LlES?@<XPX<>='YZLF? PbY}LHAC?'YZ?@<>ACL
`a(ω) = 1

2|k′′(ω)|

Q~ACESB PbY2P>ACLS�tEHGJESB�[]\^YZ?@?9TJLME.YZ?@<>ACL�[SG:Pd\ <XLF?9GJLH=9<X?9T%YChcACEH=9?@<>DFEHGw[SG
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Q0ACIVQ.YZ�jGtNHGJ?:GJL�IKA*[a<¢¡8YZLF?,Pd\mGon*QSB9Gc='=@<>ACL�� ¿ � ¿ m®£oNHhcGJ?@?9G�[SGJB@LS<>UJB9G}=9G%B9TcTchJB@<X?¶t

G(ω,Ω) ' β

α
A2ω2

Ω`a(ω)
cg(ω) + i

[
Ω `a(ω)

cg(ω) (1 − cg(ω)) + i
] [

Ω `a(ω)
cg(ω) (1 + cg(ω)) + i

] .
� ¿ � ¿ kj£

¥�L½<XLM?@B9AM[aES<>=�YZLF?�P>G­Q.YZB'YZIKUJ?@B9G
p′ = `a(ω)

cg(ω)Ω = k(Ω)`a(ω)
cφ(Ω)
cg(ω)

[HYZLH=khcGJ?@?9GW[SGJB@LS<>UJB9GWGon*QSB9Gc='=@<>ACL�N¾PbY
�°ACLHhJ?@<>ACL

G
QSB9GJLH[�PbY���ACB@IKG t

G(ω,Ω) ' β

α
A2ω2`a(ω)

p′ + i

[p′ (1 − cg(ω)) + i] [p′ (1 + cg(ω)) + i]
.

� ¿ � ¿t¿ £

¥�L­hcACLH=@<>[STJB'YZLM?wDMEHG�Q0ACESB�ESLHG6YZL.YZPX�*='G}DME.YZPX<X?'YZ?@<XijG}[aE­hcACIVQ0ACB@?9GJIKGJLF?2[SG4hcGJ?@?9G2�°ACLHhJ?@<>ACL
G
N
1 + cg(ω)Gc=9?¦[aE|IK�JIKG�ACB9[aB9G�[SG:�tB'YZLH[SGJESBvDMEHG

1
�
0 ≤ cg(ω) ≤ 1

£oNFPd\mGon*QSB9Gc='=@<>ACLg� ¿ � ¿t¿ £�Gc=@?�¡HL.YZP>GJIKGJLM?�=@<XIVQSPX<¢¡.TcG�=9ACEH=
PbY4�°ACB@IKGxt

G(ω,Ω) ∼ β

α
A2ω2`a(ω)

1

p + i
,

� ¿ � ¿ =M£

A�i
p = p′(1 − cg(ω)) = `a(ω)k(Ω)

cφ(Ω)
cg(ω) (1 − cg(ω))

Gc=@?�ESLgQ.YZB'YZIKUJ?@B9GVYC[a<XIKGJLH=@<>ACLSLHGJPd�0��ijGch
Ω � ω ≤ 1

N
PbY6B9GJPbYZ?@<>ACL

cφ(Ω) ' cφ(0) = 1
Gc=9?�ijTJB@<¢¡.TcGtN.GJ?�P>G2Q.YZB'YZIKUJ?@B9G

p
Q~GJES?�='G%B9TcTchJB@<XB9G�=9ACEH=�PbY4�°ACB@IKGxt

p ' `a(ω)k(Ω)
cφ(Ω) − cg(ω)

cg(ω)
.

� ¿ � ¿tÀ £

¯2YZLH=­hcGJ?@?9G�Gon*QSB9Gc='=@<>ACL�N `a(ω)
cg(ω)

B9GJQSB9Tc=9GJLF?9G�P>G"?9GJIVQH=­IV<>=�Q.YZB�P>G�Q.YCDFEHGJ?g[]\mACLH[SG�[SG"Q0ACIVQ.YZ�jG�;hg»Q~ACESB
Q.YZB9hcACESB@<XB�='Y�B9TJ�t<>ACL¸[]\^YZ?@?9TJLFE.YZ?@<>ACL hOYZB'YChJ?9TJB@<>=9?@<>DFEHGt����G��dYChJ?9GJESB `a(ω)

cg(ω) (cφ(Ω) − cg(ω))
B9GJQSB9Tc='GJLF?9GWDFE.YZLM?

s�PXES<,PbY�=9TJQ.YZB'YZ?@<>ACL¸=@Q.YZ?@<bYZP>GghOYZB'YChJ?9TJB@<>=@?@<>DMEHGgGJLM?@B9GgP>G�Q.YCDMEHGJ?l[]\mACLH[SGW;hg GJ?lP>G­=@<X�tL.YZP%�wg [STJIKA*[aESP>T(s
Pd\mTch'RHGJPXP>G

`a(ω)
N.ht\mGc=@?�_�s®_`[a<XB9G<sVPbY�PX<XIV<X?9G4[SG�PbY�B9TJ�t<>ACLg[]\ <XLF?9GJB'YChJ?@<>ACLWLHACL�PX<XLHTOYZ<XB9Gt�8��G�Q.YZB'YZIKUJ?@B9G

p
Gc=9?,YZP>ACB9=

QSB9ACQ0ACB@?@<>ACLSLHGJP�s�hcGJ?@?9G}[a<>=@?'YZLHhcG2IKGc=@ESB9TcG�GJL�LHACI4eSB9G}[SG2P>ACLS�tEHGJESB9=,[]\mACLH[SGc=,YChcACEH=@?@<>DMEHGc=��wg��

��� �N�)�f�%�U�%� �»��
!� �&
!� ����/ $��%� �)��
U� ��ACB9=9DMEHG
p � 1

N8hcGJ?@?9G4='TJQ.YZB'YZ?@<>ACLg=@Q.YZ?@<bYZP>G6Gc=@?,?@B9Uc=�Q0GJ?@<X?9G4[SGJitYZLF?wPbY
P>ACLS�tEHGJESB,[]\mACLH[SG

λ(Ω)
[aE­=@<X�tL.YZP�[STJIKAM[aESP>TtN8GJ?�PbY6�°ACLHhJ?@<>ACL�[SG%?@B'YZLH=��°GJB@?:QSB9GJLH[�PbY4�°ACB@IKG�=@ES<XitYZLF?9Gxt

G(ω,Ω) ∼ −i
β

α
A2ω2`a(ω) .

� ¿ � ¿ �j£
¯2YZLH=%hcGVhOYC=ON8PbYliCYZB@<bYZ?@<>ACL"[SG�Pd\^YZIVQSPX<X?@EH[SGV[aE"=@<X�tL.YZP¦[STJIKA*[aESP>TVGJLg��ACLHhJ?@<>ACL"[SG�PbY|�¤B9TcDMEHGJLHhcG�[SG6Q~ACIVQ.YZ�jG
Gc=9?�B9TJ�t<>G:Q.YZB¦Pd\^YZ?@?9TJLME.YZ?@<>ACLl[SGc=vACLH[SGc=¾[SG�Q0ACIVQ.YZ�jG4�¤Q.YZB'YZIKUJ?@B9G

ω2`a(ω)
£o�F� Y2[a<>=@Q0GJB9=@<>ACL|[SG�i*<X?9Gc=9=9G�LHG��@ACEHG

Q.YC=¾[SG�BBvCP>G�<XIVQ~ACB@?'YZLM?¾=9AC<X?¦Q.YZB9hcG�DFEHG�PbYwP>ACLS�tEHGJESB [SG�Pd\^YZLF?9GJLSLHG�Gc=9?�?@B9ACQV�°YZ<XeSP>GtNF=9AC<X?�Q.YZB9hcG:DMEHG�PbY%[a<¢§0TJB9GJLHhcG
GJLM?@B9GwP>Gc=vi*<X?9Gc=9=9Gc=

cg(ω)
GJ?

cφ(Ω)
Gc=@? LHTJ�tPX<X�jGOYZeSP>GtNaQ0ACESB�GJLM?@B'Y��>LHGJB�ESLHG%=9TJQ.YZB'YZ?@<>ACL�=@Q.YZ?@<bYZP>G2=@E_r|='YZLM?9GwGJLM?@B9G

P>G|Q.YCDFEHGJ?�[]\mACLH[SGk;ºg GJ?4P>Gl=@<X�tL.YZP�[STJIKAM[aESP>Tl�wg s�PbY­=9ACB@?@<>Gl[SG|PbY�B9TJ�t<>ACL±[]\ <XLF?9GJB'YChJ?@<>ACL�����Y���ACLHhJ?@<>ACL
GTJ?'YZLM?�<XLH[STJQ~GJLH[HYZLM?9G�[SGwPbY}itYZB@<bYZeSP>G

Ω
NM[HYZLH=�hcGwhOYC=�PX<XIV<X?9GtN*P>GwQSB9AZ¡HP~?9GJIVQ0ACB9GJP�[aE�=@<X�tL.YZP][STJIKAM[aESP>TV��[HYZLH=�P>G

hOYC=,[SG�PbY|[STJIKAM[aESPbYZ?@<>ACLW[]\ ESL­Q.YCDMEHGJ?,[]\mACLH[SG{£:B9Gc=@?9G}<XLHh9R.YZLS�jT6DFE.YZPX<X?'YZ?@<XijGJIKGJLM?wQ.YZB,B'YZQSQ~ACB@?�sVPbY���ACLHhJ?@<>ACL
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G(ω,Ω) ∼ β

α
A2ω2`a(ω)
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p
=

β

α
A2 ω2cg(ω)

Ω(1 − cg(ω))
,
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G(ω,Ω) ∼ β

α
A2 ω2

√
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G(ω,Ω) ' β

α
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Ω
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k′

1 − k′
2

LHG2Q0GJES?�Q.YC=
=9Gw�dYZ<XB9G�YcijGch2P>G2Q0GJ?@<X?�Q.YZB'YZIKUJ?@B9G

Ω
NaI|YZ<>=�Q~GJES?:�J?@B9G�B9TOYZPX<>=9T}YcijGch�P>G%Q~GJ?@<X?:Q.YZB'YZIKUJ?@B9G

1 − ω
t

k′
1 − k′

2 = k′(ω) − k′(ω − Ω) = k′(1 − (1 − ω)) − k′(1 − Ω − (1 − ω))

' k′(1 − (1 − ω)) −
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∂k′

∂ω
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1

2
(1 − ω)2

∂2k′

∂ω2
(1 − Ω) + . . .

]
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2Ω
' −

√
2Ω +

√
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]
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√

2x + . . .
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sin(k1 − k∗
2) ' sin(−

√
2Ω − 2i|k′′(ω)|) ' −

√
2Ω − 2i|k′′(ω)|

cos(k1 − k∗
2) ' 1 − 2 sin2

(
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2

2

)
' 1 − 1

2

(√
2Ω + 2i|k′′(ω)|

)2

cos(k1 + k∗
2) ' cos(k′

1 + k′
2) ' −1 + Ω .
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1
Nt='G���EH=@?@<¢¡.G�Q0ACESB¦[SGc=�ACLH[SGc=¦[SG�Q0ACIVQ.YZ�jG�QSB9ACQ.YZ�FYZ?@<XijGc=O�j��ACESB¾[SGc=�ACLH[SGc=¦[SG�Q0ACI�_

Q.YZ�jGKTJitYZLHGc=9hcGJLF?9Gc=ON�YZ?@?9TJLFEHTcGc=6=@ESB2ESLHGK[a<>=@?'YZLHhcGf[SGKDMEHGJP>DFEHGc=2eS<XPXP>Gc={N]PbYkB9TJ�t<>ACL�='ACESB9hcGKGc=@?�=@<�PX<XIV<X?9TcGf[HYZLH=
Pd\mGc=@Q.YChcG|DMEHGKPd\mACL´=9GV?@B9ACESijGfQSB9Gc=9DMEHGK?9ACEC�@ACESB9=�GJL�[SGJRHACB9=O� ��G|B9Tc=9ESPX?'YZ?l� ¿ �nmOsF£�TJ?'YZLF?6P>G|QSB9A*[aES<X?4[aE�?9GJB@IKG
[SG�QSR.YC='G [

1 − eik(Ω)an−i∆kan
]
eiΩt−ik(Ω)an GJ?�[SG,PbY��°ACLHhJ?@<>ACLk[SGw?@B'YZLH=��°GJB@?

G(ω,Ω)
TJ?@EH[a<>TcGwQSB9TchcTc[SGJIVIKGJLM?

Q~ACESB�P>Gc=¦ACLH[SGc=¾[SGvQ0ACIVQ.YZ�jG�QSB9ACQ.YZ�FYZ?@<XijGc=ONj<XPSB9Gc=@?9G P>G�?9GJB@IKG�[SG�QSR.YC=9G�s2YZL.YZPX�*='GJBO�t��G�?9GJB@IKG
eiΩt−ik(Ω)an [STo_hJB@<X?�PbY�QSB9ACQ.YZ�FYZ?@<>ACLV[SG�Pd\mACLH[SG �wg�[STJIKAM[aESP>TcGv[HYZLH=�PbY�h9R.Y��>LHGt�Z�`PFB9Gc=@?9GRs�YZL.YZPX�a=9GJB P>G�?9GJB@IKG

1−eik(Ω)an−i∆kan NGJ?�Q.YZB�hcACLH=9TcDMEHGJLF?ºs��°YZ<XB9G2TJIKGJB@�jGJB,P>G2hcACIVQ~ACB@?9GJIKGJLM?w[SG%PbY�QSR.YC='G%LHAC?9TcG
Φ
=@ES<XitYZLF?9Gxt

Φ = (∆k − k(Ω))an .
� ¿ � À �j£

¯2YZLH=¾PbY�PX<XIV<X?9G,A�ifPd\^YZ?@?9TJLFE.YZ?@<>ACL�[SGc= ACLH[SGc=�[SG:Q0ACIVQ.YZ�jG,Gc=@?¾�°YZ<XeSP>GtNFP>G�IKA*[aESP>G�[aEl?9GJB@IKG
eik(Ω)an−i∆kanGc=@?¦QSB9A*h9RHGw[SG

1
�*¯%YZLH=vPd\^YZL.YZPX�a=9G�DMES<8=@ES<X?ONFPbY2Q.YZB@?@<>G,<XI|YZ�t<XL.YZ<XB9G,[aElLHACI}eSB9Gw[]\mACLH[SG,QSB9ACQ.YZ�FYZ?@<¢� Gc=@?¾LHTJ�tPX<X�jTcGt�

∆k = k′(ω1) − k′(ω2)
Q~GJES?��J?@B9G4=@<XIVQSPX<¢¡.T}=9<

k′(ω1 = ω + Ω/2)
GJ?

k′(ω2 = ω − Ω/2)
=9ACLF?w[STJijGJP>ACQSQ~Tc=wGJL

=9TJB@<>Gc=w[SG6¬�Yc�*P>ACBK��=9ACEH=wPbY|hcACLH[a<X?@<>ACL
1 − ω � Ω

£o�8¯2YZLH=%hcG4hOYC={N
∆k ' Ω/cg(ω)

��EH=9DME�\^YZE­?@B9AC<>=9<>UJIKG4ACB9[aB9G
GJL

Ω
NSA�i

cg(ω) = ∂ω
∂k (ω)

Gc=@?ONaB'YZQSQ~GJP>ACLH=@_dP>GtNSPbY�i*<X?9Gc=9=9G2[SG%�tB9ACESQ0G�[aE�Q.YCDMEHGJ?:[]\mACLH[SG}[SG%Q0ACIVQ.YZ�jG�;ºg��
��G4LHACI}eSB9G�[]\mACLH[SG

k(Ω)
Gc=@?wTJ�FYZP,s

Ω/cΦ(Ω)
N~A�i

cΦ(Ω)
Gc=@?,PbYKi*<X?9Gc=9=9G4[SG}QSR.YC='G<s|PbYVe.YC=9='G���B9TcDFEHGJLHhcG

Ω
��j GJ?@?9GViM<X?9Gc='=9G�[SGVQSR.YC=9GVGc=@?�ACeS?9GJLMEHG¸slQ.YZB@?@<XB}[SG�PbYlB9GJPbYZ?@<>ACL�[SGV[a<>=@Q0GJB9=@<>ACL·� ¿ �^sM£wGJ?�=O\mGon*QSB@<XIKG|=9ACEH=%PbY

��ACB@IKG
cΦ(Ω) = Ω/ arcsin(Ω) ' 1

Q0ACESB
Ω � 1

�]��Y�iM<X?9Gc=9='GV[SG��tB9ACESQ~GK='GV[STJB@<XijG|YZEH=9=@<¦[SG�PbYkB9GJPbYZ?@<>ACL�[SG
[a<>=@Q0GJB9=@<>ACL�� ¿ �^sF£�GJ?wGc=@?�TJ�FYZP>G<s

cg(ω) = cΦ(0)
√

1 − ω2
�.��YZB%hcACLH=9TcDMEHGJLF?ONHPbYKQSR.YC=9Gf� ¿ � À �M£bsKYZL.YZPX�a=9GJB�Q0GJES?

=9G%B9TcTchJB@<XB9G}YOijGch�[SGc=�DME.YZLF?@<X?9Tc=�LHACB@I|YZPX<>=9TcGc=¶t

Φ = −2Ω

(
1 − 1

cg(ω)

)
n .

� ¿ � À m{£

qM<8hcGJ?@?9GwQSR.YC=9GwGc=@?vTJ�FYZP>G�s −2π`
�¤B9Gc=@Q~GchJ?@<XijGJIKGJLM? −(2π +1)`

£¾YOijGch
` ∈ N

NFP>G�?9GJB@IKG
1− eik(Ω)an−i∆kan [aE

B9Tc=@ESPX?'YZ?f� ¿ �nmOsF£wGc=9?�IV<XLS<XI}ESI	�¤B9Gc=@Q~GchJ?@<XijGJIKGJLM?4I|Y®na<XI}ESIf£o����Gc=%��B9TcDMEHGJLHhcGc=}[SGVQ0ACIVQ.YZ�jGVQ0ACESB�P>Gc=9DMEHGJPXP>Gc=
ESL�IV<XLS<XI}ESI Gc=@?�ACeS?9GJLFE�N.='YZ?@<>=��°ACLF?,YZP>ACB9=�PbY6B9GJPbYZ?@<>ACL­=@ES<XitYZLF?9GtN

ω =

√

1 −
(

1 − π`

Ωn

)−2

,
� ¿ � À kj£

ACE�GJLHhcACB9GtNHP>Gc=:[a<>=9?'YZLHhcGc=�Q~ACESB�P>Gc=9DFEHGJPXP>Gc=:ESL�IV<XLS<XI}ESI Gc=@?:ACeS?9GJLFEg=9ACLF?¶t

n =
π`

Ω
(1 − (1 − ω2)−1/2)−1 .

� ¿ � Àt¿ £
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qM<.Pd\^YZeH=9ACB@QS?@<>ACLl[SGc=¾ACLH[SGc=v[SG�Q0ACIVQ.YZ�jG:Gc=@?¾QSB@<>=9G:GJL|hcACIVQS?9GtNFP>G�?9GJB@IKG
1−eik(Ω)an−i∆kan Y�[SGc=¦IV<XLS<XI|Y�ACE[SGc=:I|Y®n*<XI|Y�IKAC<XLH=:I|YZB9DFEHTc=,hOYZB:P>G%IKAM[aESP>G}[SG

eik(Ω)an−i∆kan L�\mGc=@?�QSPXEH=�TJ�FYZP
s
1
I|YZ<>=�[SGJi*<>GJLF?:<XLa�°TJB@<>GJESBO�

q*ACL�hcACIVQ0ACB@?9GJIKGJLF?w[STJQ~GJLH[�[SGwPbY�[a<¢§]TJB9GJLHhcG2GJLF?@B9G2PbY4i*<X?9Gc=9=9G%[SG%QSR.YC=9G%�wg�[aE�=@<X�tL.YZP�[STJIKA*[aESP>T
cΦ(0) ' 1GJ?�PbYViM<X?9Gc=9='G2[SG2�tB9ACESQ~G};ºg±[SGc=:='ACESB9hcGc=:LHACL�PX<XLHTOYZ<XB9Gc=

cg(ω)
�H¯2YZLH=�PbY6B9TJ�t<>ACL­[]\mGona<>=@?9GJLHhcG�[SGc=�='ACESB9hcGc=:LHACL

PX<XLHTOYZ<XB9Gc={NSPd\^YZQSQ.YZB@<X?@<>ACLg[]\ ESLHG}=@EHhchcGc=9=@<>ACL�[SG�IV<XLS<XI|YKGJ?�[SG%I|Y®na<XI|YK[HYZLH=�Pd\^YZIVQSPX<X?@EH[SG}[aE�=@<X�tL.YZP [STJIKAM[aESP>T
�wg±Gc=@?,[SACLHh}ESLgGo§0GJ?�[SG4[a<>=@Q0GJB9=@<>ACL­[SG}iM<X?9Gc=9='G}YC=9=9A*hJ<>T¶sVPd\^YC=9�MLHh'RSB9ACLS<>=@IKG4GJLM?@B9G}P>Gc=,=9ACESB9hcGc=,LHACL�PX<XLHTOYZ<XB9Gc=
GJ?�P>G2=9<X�tL.YZP�[STJIKAM[aESP>Tt�
��� �N�)�f� � �¶��/x+�
´/��	� +�
´/ +�
P� ������� �U
P� ����� 
!/ ��
��	��
´/

��Gc=¾ACLH[SGc= [SG:Q0ACIVQ.YZ�jG,[SGJi*<>GJLSLHGJLF?�TJitYZLHGc=9hcGJLF?9Gc=vP>ACB9=9DMEHG:PbY%��B9TcDMEHGJLHhcG�[SG:Q0ACIVQ.YZ�jG
ω
Gc=9?v=@ESQ0TJB@<>GJESB9Gºs

PbY,��B9TcDMEHGJLHhcG�[SG:hcACESQSESB9G,[SG�PbY2h9R.Y��>LHG��tB'YZLFESPbYZ<XB9G
ωc
�j¥�PXP>Gc=v=9ACLF? YZP>ACB9=¦P>A*hOYZPX<>=9TcGc=vYZEKijAC<>=9<XL.YZ�jG�[SG�Pd\mTJIKGJ?@?9GJESB

[SG Q0ACIVQ.YZ�jGt�t��YZB¦hcACLH='TcDFEHGJLM?ONtP>G�=@<X�tL.YZPS[STJIKAM[aESP>T�Gc=@?�GJLVQSB'YZ?@<>DMEHG�?9ACEC��ACESB9=�ACeH='GJB@ijT�GJL�[SGJRHACB9=¾[SGvPbY,B9TJ�t<>ACL
[]\ <XLM?9GJB'YChJ?@<>ACL�LHACL�PX<XLHTOYZ<XB9Gl�¤P>G%IKAM[aESP>G}[aE�?9GJB@IKG

e−i∆kan [SG%Pd\mTcDFE.YZ?@<>ACL´� ¿ �nmOsF£ Gc=@?�?@B9Uc=�<XLa�°TJB@<>GJESBhs
1
£o�

j ACIVIKG"[HYZLH=�Pd\^YZL.YZPX�*='G"[SGWPbY´[STJIKAM[aESPbYZ?@<>ACL�[]\mACLH[SGc=�QSB9ACQ.YZ�FYZ?@<XijGc=ON�<XP�Gc=@?�Q0At=9=@<XeSP>GW[SGWB9GJQ.YZB@?@<XB�[SG
Pd\mGonaQSB9Gc=9=@<>ACL��jTJLHTJB'YZP>Gk[SG|PbY��°ACLHhJ?@<>ACL�[SGl?@B'YZLH=��°GJB@?k� ¿ ��kt�M£%Q0ACESB4Pd\^YZL.YZPX�a=9Gk[SG|PbY­[STJIKA*[aESPbYZ?@<>ACL´[SGc=�ACLH[SGc=
TJitYZLHGc=9hcGJLM?9Gc=O�_gSB9TcDFEHGJLHhcGc=�GJ? LHACI}eSB9Gc=�[]\mACLH[SGc=�='ACLF?�[SACLHh,LHACB@I|YZPX<>='Tc=�B9Gc=@Q~GchJ?@<XijGJIKGJLM?�Q.YZB

ωc
GJ?

2kc/π
�a��Y

B9GJPbYZ?@<>ACL­[SG�[a<>=@Q0GJB9=@<>ACL�LHACB@I|YZPX<>=9TcGtNHQ0ACESB�P>Gc=�IKA*[SGc=:TJitYZLHGc=9hcGJLF?9=6�
ω > 1

£oNH=O\mTchJB@<X?�YZP>ACB9=¶t

k(ω) =
π

2
− i

YZB9hcAt=@R
(ω) .

� ¿ � À =M£
¥¦LgQ0At='YZLM?

ω2 = ω
GJ?

ω1 = ω + Ω
YcijGch

Ω > 0
N~PbY|��ACLHhJ?@<>ACL"[SG6?@B'YZLH=��°GJB@?V� ¿ ��kt�F£:Q0GJES?%='G}B9TcTchJB@<XB9GVhcACIVIKG

ESLHGw�°ACLHhJ?@<>ACL�[SG
ω
GJ?

Ω
�S��Gc=�[STJijGJP>ACQSQ0GJIKGJLF?9=wGonSYChJ?9=:=9ES<XiCYZLM?9=

sin(k1 − k∗
2) = iω

√
(ω + Ω)2 − 1 + i(ω + Ω)

√
ω2 − 1

cos(k1 − k∗
2) = ω(ω + Ω) +

√
(ω + Ω)2 − 1

√
ω2 − 1

cos(k1 + k∗
2) = −ω(ω + Ω) +

√
(ω + Ω)2 − 1

√
ω2 − 1 ,

='ACLF?%=@ESeH=@?@<X?@EHTc=2[HYZLH=wPd\mTcDFE.YZ?@<>ACL·� ¿ ��kt�M£�Q0ACESBw[SACLSLHGJB2ESLHG}�°ACB@IKG6GonHYChJ?9G�[SG}PbY|�°ACLHhJ?@<>ACL"[SG}?@B'YZLH=��°GJB@?%Q~ACESB
[SGc=�ACLH[SGc=:[SG2Q0ACIVQ.YZ�jG�TJiCYZLHGc='hcGJLF?9Gc=¶t

G(ω,Ω) = −i
β

α
A2

ω(ω + Ω)
[
ω
√

(ω + Ω)2 − 1 + (ω + Ω)
√

ω2 − 1
]

Ω2 +
[
ω
√

(ω + Ω)2 − 1 + (ω + Ω)
√

ω2 − 1
]2 .

� ¿ � ÀtÀ £

¥¦L­QSB9GJL.YZLM?%GJLWhcACIVQS?9G6P>G��dYZ<X?,DMEHG
Ω � ω

N8GJ?,Q0ACESBw[SGc=,��B9TcDFEHGJLHhcGc=w[SG4Q~ACIVQ.YZ�jG�=@E_r|='YZIVIKGJLM?2TJP>AC<X�tLHTcGc=
[SG%PbY��¤B9TcDMEHGJLHhcG2[SG�hcACESQSESB9G|�

ω − 1 � Ω
£ hcGJ?@?9G}Gon*QSB9Gc=9=9<>ACL�[SGJiM<>GJLM?¶t

G(ω,Ω) ' −i
β

α
A2 ω

2
√

ω2 − 1
.

� ¿ � À �j£
� P.Gc=@?v<XLF?9TJB9Gc=9=�YZLF?�[SG:B9GJI|YZB9DMEHGJB�DFEHG,[HYZLH=vhcG,hOYC=ONjP>ACB9=9DMEHG

ω
[SGJiM<>GJLM?v�tB'YZLH[SGwQ.YZB¾B'YZQSQ0ACB@?bs2PbY%��B9TcDMEHGJLHhcG,[SG

hcACESQSESB9G
ωc = 1

NHP>G4IKAM[aESP>G |G(ω,Ω)| ∼ β
α

A2

2

Gc=@?,<XLH[STJQ~GJLH[HYZLM?%[SG4PbY���B9TcDMEHGJLHhcG4[SG}Q~ACIVQ.YZ�jG
ω
YZ<XLH=@<�DFEHG

[SG�PbYk�¤B9TcDMEHGJLHhcGK[a<¢§]TJB9GJLHhcG
Ω
�]��Gc=}='ACESB9hcGc=2LHACL�PX<XLHTOYZ<XB9Gc=}='ACLF?�P>A*hOYZPX<>=9TcGc=�=@ESB}PbYk=@ESB��°YChcG|hcGVDFES<¦<XLSRS<Xe0G�P>Gc=

Go§]GJ?9=w[SG}[a<>=@Q0GJB9=@<>ACLW[SG�i*<X?9Gc=9=9G}GJ?%[]\^YZ?@?9TJLFE.YZ?@<>ACL��]��Pd\ <XLMijGJB9=9GtN8?9ACEC��ACESB9=%GJLWhcACLH=@<>[STJB'YZLF?2DMEHG
Ω � ω

N.I|YZ<>=
Q0ACESB�[SGc=��¤B9TcDMEHGJLHhcGc=w[SG�Q0ACIVQ.YZ�jG�?@B9Uc=,QSB9AMh'RHGc=,[SG}PbY���B9TcDFEHGJLHhcG4[SG}hcACESQSESB9Gk�

ω − 1 � Ω
£oNHPbY���ACLHhJ?@<>ACLW[SG

?@B'YZLH=@��GJB@?�itYZES?¶t
G(ω,Ω) ' −i

β

α
A2

√
2√
Ω

.
� ¿ � À yt£
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��Y|PX<XIV<X?9G�� ¿ � À �j£�IKACLF?@B9G�DFEHG�[HYZLH=wP>G6hOYC=w[SG6PbYf[STJIKAM[aESPbYZ?@<>ACL�[]\ ESLWQ.YCDMEHGJ?2[]\mACLH[SG6[SG4Q0ACIVQ.YZ�jGV;ºg�N
P>G}[STJQSPbYChcGJIKGJLM?w?9GJIVQ0ACB9GJP�[STJIKAM[aESP>T6YZESB'YKESL­QSB9AZ¡HP <>[SGJLM?@<>DFEHG³sVPbYV��ACLHhJ?@<>ACLg[SG�IKA*[aESPbYZ?@<>ACLW[SG4hcG�Q.YCDMEHGJ?
[]\mACLH[SG|;hg�N�GJL�B'YZ<>=9ACL�[SGVPd\^YZeH=9GJLHhcG|[SG|[STJQ~GJLH[HYZLHhcGlGJL

Ω
���,E�hcACLF?@B'YZ<XB9GtN PbY�PX<XIV<X?9Gg� ¿ � À yj£oN�YC='=@ESB9GKDMEHGVP>G

QSB9AZ¡HP�[aE�=@<X�tL.YZP�?9GJIVQ~ACB9GJP¦[STJIKA*[aESP>TVGc=@?%Q.YZB@?@<>GJPXP>GJIKGJLF?4<XLF?9TJ�tB9T¸slhOYZEH=9G�[SG6PbYlQSB9Tc=9GJLHhcG�[aE"?9GJB@IKG √
Ω
YZE

[STJLHACIV<XL.YZ?9GJESBO�
��ACESB¾Pd\^YZL.YZPX�a=9G�[aEl=@<X�tL.YZP.[STJIKA*[aESP>Tºs2Q.YZB@?@<XB []\mACLH[SGc=v[SG:Q~ACIVQ.YZ�jG,TJiCYZLHGc=9hcGJLM?9Gc=ONMPbY2hcACLFijGJLM?@<>ACL

ω2 = ωGJ?
ω1 = ω + Ω

YOijGch
Ω > 0

YVTJ?9T2ES?@<XPX<>='TcGtN8YZP>ACB9=wDFEHG2Q0ACESB:Pd\^YZL.YZPX�a=9G�[aEg=@<X�tL.YZP�[STJIKA*[aESP>T5sVQ.YZB@?@<XBw[]\mACLH[SGc=
[SG�Q0ACIVQ.YZ�jG6QSB9ACQ.YZ�FYZ?@<XijGc=2ht\mGc=@?,PbY|hcACLFijGJLM?@<>ACL

ω1 = ω
GJ?

ω2 = ω − Ω
YcijGch

Ω > 0
DFES<�Y|TJ?9T}ES?@<XPX<>=9TcGt�0��Y

hcACIVQ.YZB'YZ<>=9ACL"[aE­B9Tc=9ESPX?'YZ?V� ¿ � À yF£:ACeS?9GJLME�[HYZLH=,PbY|PX<XIV<X?9G�TJiCYZLHGc='hcGJLF?9G
ω → 1

N
ω > 1

GJ?w[aEWB9Tc=@ESPX?'YZ?V� ¿ � =FsF£
ACeS?9GJLFE"[HYZLH=wPbYKPX<XIV<X?9G6QSB9ACQ.YZ�FYZ?@<XijG

ω → 1
N
ω < 1

N~[SAC<X?%[SACLHh6�J?@B9G�Go§0GchJ?@EHTcG6GJL"h9R.YZLS�jGOYZLM?�[HYZLH=,Pd\ ESLW[SGc=
[SGJEan�hOYC=

Ω
Q.YZB −Ω

��j GchJ<a�dYZ<X?¾YZQSQ.YZB'Y��>?@B9G�ESL��dYChJ?9GJESB −i
[HYZLH=�PbY,�°ACLHhJ?@<>ACLK[SG�?@B'YZLH=��°GJB@?¦A�i −Ω

Gc=@?�<XLF?@B9A*[aES<X?
��GJLkB'YZ<>=9ACL�[aEk�°YChJ?9GJESB

(Ω)−1/2 DMES<]YZQSQ.YZB'Y��>?:[HYZLH=�hcGc=�hOYC=�PX<XIV<X?9Gc=o£oNSGJ? P>Gc=�[SGJEanlB9Tc=@ESPX?'YZ?9=�hcACLHhcACB9[SGJLF?,eS<>GJL����Y�hcACLM?@<XLFES<X?9Tk[SG
G(ω,Ω)

s�PbYk?@B'YZLH=@<X?@<>ACL´[SG
ω < 1

s
ω > 1

Q.YZB6hcGc=}hOYC=�PX<XIV<X?9Gc=6Gc=@?}hcACLa¡HB@IKTcGfQ.YZB�P>Gc=
B9Tc=@ESPX?'YZ?9=�LMESIKTJB@<>DFEHGc=,QSB9GJL.YZLF?wGJL�hcACIVQS?9G�Pd\mGonaQSB9Gc=9=@<>ACL�hcACIVQSP>UJ?9Gf� ¿ �nmOsM£ =@ESB�PbY6¡H�tESB9G ¿ �^�S�
�N� �N�)�N��5 �4�
��$���/*
P���
��$��&���_�*����
 �U��� �!����$�
 +

�$&�u+��´�R
!�
+
��� ��
P+,� /�� �	� ��$ +��!� �N+���$��l/*�
�

ω

��

Ω
��G�[STJQSPbYChcGJIKGJLM?,[STJIKA*[aESP>T}Gc=@?:[HYZLH=:P>G�hOYC=��jTJLHTJB'YZP�QSB9ACQ0ACB@?@<>ACLSLHGJP�s

UΩ ∼ FNL(n = 0, ω,Ω)

Ω2 − sin2(∆k)
,

� ¿ � À xj£

A�i
FNL

Gc=@?kPbY"�°ACB9hcGgLHACLºPX<XLHTOYZ<XB9G­<XIVQSPX<>DMEHTcG"[HYZLH=lP>GgQSB9AMhcGc=9=9EH=l[]\^YZES?9AZ_`[STJIKA*[aESPbYZ?@<>ACL �¤PbY�[STJQ0GJLH[HYZLHhcG
?9GJIVQ~ACB9GJPXP>G

eiΩt Gc=@?:ACIV<>=9G{£o�.��G2[STJLHACIV<XL.YZ?9GJESBw[SG%? �MQ0G ¨ B9Tc=9ACL.YZLM?�ª�Gc=@?�R.YZeS<X?@EHGJP�Q0ACESB:P>Gc=�QSB9A*hcGc=9=@EH= �°ACB9hcTc=O�¯2YZLH=:P>G}hOYC=,PX<XIV<X?9G
ω � 1

�¤P>G�Q.YZB'YZIKUJ?@B9GVYC[a<XIKGJLH=@<>ACLSLHGJP
p � 1

£oN8hOYZB'YChJ?9TJB@<>='T�Q.YZBwESL�BBvCP>G�LHTJ�tPX<X�jGOYZeSP>G6[SGc=
Go§0GJ?9=,[SG�[a<>=@Q0GJB9=@<>ACL�NSP>G�[STJLHACIV<XL.YZ?9GJESB2[STchJB@<X?,P>Gc=�Go§]GJ?9=:[SG}=@�*LHh9RSB9ACLS<>=9IKG}GJ?:Pd\mGo§]GJ?:¡HL.YZP�Gc=@?:QSB9ACQ0ACB@?@<>ACLSLHGJP
s6PbY�[a<>=@?'YZLHhcG�[SG2P>GJESBwYChchJESI}ESPbYZ?@<>ACL�N~ht\mGc=@?>sV[a<XB9G2QSB9ACQ0ACB@?@<>ACLSLHGJP�s6PbY6P>ACLS�tEHGJESBw[SG%Pd\^YZLF?9GJLSLHG

`a(ω)
t

1

Ω2 − sin2(∆k)
∼ `a(ω)λ(Ω) .

� ¿ � À sj£
� Pd\ <XLFijGJB9=9GtN�[HYZLH=�P>GfhOYC=�PX<XIV<X?9G

ω � 1
N�<XP¦L�\ ��Y�Q.YC=4[]\mGo§]GJ?9=}[]\^YChchJESI4ESPbYZ?@<>ACL²[aE�=@<X�tL.YZPdN�=9<XIVQSP>GJIKGJLF?

Q.YZB9hcG,DMEHG:Pd\^YZLM?9GJLSLHG%Gc=@?vPX<XIV<X?9TcG s}ESLf=9GJESP��¤P>G:QSB9GJIV<>GJB�£¾B9Gc=9=9ACB@? LHACL|PX<XLHTOYZ<XB9GwQSB9Uc= [SG�PbY4=@ESB��dYChcGt�F¯2YZLH=�hcGJ?@?9G
PX<XIV<X?9GtN

sin2(∆k) ' − sinh2(2|k′′(ω)|) ∼ e4|k′′(ω)| ∼ ω4 � ¿ �^� �j£
[SACIV<XLHG��°ACB@?9GJIKGJLF?¾[HYZLH=�P>G�[STJLHACIV<XL.YZ?9GJESBvB9Tc=9ACL.YZLF?ONMGJ?�P>Gc=�hcACLH[a<X?@<>ACLH=¾[]\^YChchJESI4ESPbYZ?@<>ACLl[aEK=@<X�tL.YZP8[a<XIV<XLFEHGJLF?
B'YZQS<>[SGJIKGJLF?%YcijGch�Pd\^YZES�tIKGJLM?'YZ?@<>ACLg[SG

ω
�

j GJQ0GJLH[HYZLF?ON�GJL´YChchcACB9[±YOijGchfPd\mTcDME.YZ?@<>ACL�� ¿ � À xF£oN LHACL�=9GJESP>GJIKGJLM?VPd\^YChchJESI}ESPbYZ?@<>ACL²[aE´=@<X�tL.YZP�I|YZ<>=VYZEH=9=@<
Pd\^YZIVQSPX<X?@EH[SG�[SGc=��°ACB9hcGc=�[SAC<XijGJLF?��J?@B9G2hcACIVQ.YZB9TcGc=,[HYZLH=:hcGc=�[SGJEan�hOYC=�PX<XIV<X?9Gc=O�H��Y4�°ACB9hcG%LHACL�PX<XLHTOYZ<XB9G�YZ�t<>=9='YZLM?
=@ESB¾PbY}eS<XPXP>GwLFESIKTJB9A

n
Gc=9?vTJ�FYZP>G�s�PbY4[a<¢§]TJB9GJLHhcGwGJLM?@B9GwP>Gc=¦�°ACB9hcGc=�YZQSQSPX<>DFEHTcGc=�=@ESB =9Gc=�[SGJEanfh§vC?9Tc=O�*�ºQ.YZB@?@<XB�[SG

Pd\mTcDFE.YZ?@<>ACL�� ¿ �ryj£oN
FNL(n) ∼ [Uω(n + 1) − Uω(n)]2 − [Uω(n) − Uω(n − 1)]2 ,

� ¿ �^�_m{£
[HYZLH=�PbY�PX<XIV<X?9G2e.YC='=9Gw�¤B9TcDMEHGJLHhcG|�

ω � 1
£oNHh'R.YCDFEHG�[STo�°ACB@I|YZ?@<>ACL

[Uω(n + 1) − Uω(n)] /a
GJ?

[Uω(n) − Uω(n − 1)] /a ,

Gc=@?:<XLMijGJB9=9GJIKGJLF?%QSB9ACQ0ACB@?@<>ACLSLHGJPXP>G³sVPbYVP>ACLS�tEHGJESB%[]\mACLH[SG4YChcACEH=@?@<>DMEHG4;hg�NHhcG}DMES<�Gc=@?�QSB9ACQ~ACB@?@<>ACLSLHGJPEs
ω
�.� Y

[a<¢§0TJB9GJLHhcG6GJLF?@B9G6P>Gc=���ACB9hcGc=%YZQSQSPX<>DMEHTcGc= sKPbYKeS<XPXP>G6[SG}h'R.YCDFEHG�h§vC?9T6Gc=@?,hcACLM?@BBvCP>TcG6Q.YZB,Pd\^YZeH=9ACB@QS?@<>ACL"[SG}Pd\mACLH[SG
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/x�
�

 �
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u�����

;hg�N8ACEgQ.YZB%PbYl[a<¢§0TJB9GJLHhcG�GJLF?@B9G�P>Gc=wR.YZES?9Gc=w��B9TcDFEHGJLHhcGc={N~ht\mGc=9? sl[a<XB9G6Q.YZB
Ω
�fj GchJ<�<XIVQSPX<>DMEHGtN~[HYZLH=%PbY|PX<XIV<X?9G

ω � 1
N

FNL ∼ ω2 max
{
k(Ω), k′′(ω)

}
.

¯%YZLH= P>G%hOYC=�[]\ ESLHG2YZLF?9GJLSLHG}YOijGch
`a(ω) � λ(Ω)

� �°YZ<XeSP>G2YZ?@?9TJLME.YZ?@<>ACL�[SGc=�ACLH[SGc=�[SGwQ~ACIVQ.YZ�jG{£wp^uwAOiSxjy{z`N

FNL ∼ ω2k(Ω)
� ¿ �^��kj£

��YZB�hcACLH='TcDFEHGJLM?ON�s6Pd\^YZ<>[SG�[SGc=:TcDME.YZ?@<>ACLH=4� ¿ � À xM£oN�� ¿ � À sj£�GJ?}� ¿ �^��kF£oN

UΩ ∼ ω2`a(ω) ,
� ¿ �^� ¿ £

hcG2DMES<�Gc=@?�P>G2B9Tc=9ESPX?'YZ?�hJPbYC=9=@<>DMEHG%Q~ACESB�Pd\^YZLM?9GJLSLHG}Q.YZB'YZIKTJ?@B@<>DMEHG¸mo_`¯�[HYZLH=�P>Gc=�IV<XPX<>GJEan�RHACIKAC�jUJLHGc=}pmuwAOiSxjy®z`�
¯%YZLH=�PbYkPX<XIV<X?9G

ω � 1
N0PbY�=@<X?@E.YZ?@<>ACL�Gc=@?}[a<¢§]TJB9GJLF?9Gt� ��Yl�°ACB9hcG

FNL
[SGVPd\mTcDME.YZ?@<>ACLµ� ¿ �^�_m{£%Gc=9?�hcACLF?@BBvCP>TcG

Q.YZB�P>G}[STJQSPbYChcGJIKGJLF?,[SG�PbY�=9GJESP>G2QSB9GJIV<>UJB9G�eS<XPXP>GtN.[]\mA�i�PbY6B9GJPbYZ?@<>ACL�N

FNL(n = 0, ω,Ω) ∼ −U 2
ω(−1) ∼ e4|k′′(ω)| ∼ ω4 .

� ¿ �^� =M£
� YlP>AMhOYZPX<>='YZ?@<>ACL�[SG�PbYl�°ACB9hcGVDFES<�IKUJLHG4slPbYk[STJQ~GJLH[HYZLHhcG ∼ ω4 YZE�[STJLHACIV<XL.YZ?9GJESB4Gc=@?�[SACLHhKhcACIVQSP>UJ?9GJIKGJLM?
hcACIVQ0GJLH=9TcG�Q.YZB|Pd\^YZES�tIKGJLF?'YZ?@<>ACLº[SG�Pd\^YZIVQSPX<X?@EH[SG�[SG�PbYW��ACB9hcG�� ∼ ω4 £6[STchJB@<X?9G�Q.YZBKPd\mTcDME.YZ?@<>ACL � ¿ �^� =*£o�¾��YZB
hcACLH='TcDFEHGJLM?ONH[HYZLH=:P>G%B9TJ�t<XIKG

ω � 1
N
UΩ

LHG2[STJQ0GJLH[�LS<�[SG
Ω
LS<�[SG

ω
�

j GJ?@?9G­YZL.YZPX�a=9G�DME.YZPX<X?'YZ?@<XijG­hcACLa¡HB@IKG�P>G�B9Tc=@ESPX?'YZ?lACeS?9GJLFEµQSB9TchcTc[SGJIVIKGJLF?�=@ESBKPbYWe.YC='G�[SGc=|GonaQ.YZLH=@<>ACLH=
YC=9�MIVQS?9AC?@<>DMEHGc=O��¯2YZLH=�P>G�[SACI|YZ<XLHG�[SG"��B9TcDFEHGJLHhcGc=­<XLF?9GJB@IKTc[a<bYZ<XB9Gc=

ω ∼ 1
��ACE�N,GJL �jTJLHTJB'YZPdN,P>ACB9=9DMEHG"P>Gc=

Q.YZB'YZIKUJ?@B9Gc=KYC[a<XIKGJLH=9<>ACLSLHGJP>=
p
ACE

P
LHGf='ACLF?�Q.YC=6Q~GJ?@<X?9=�£oN�Pd\ <XLa³HEHGJLHhcG�[SGfPbY�[a<>=9Q~GJB9=@<>ACL±[SGfiM<X?9Gc='=9Gf=9ESB4PbY

�°ACLHhJ?@<>ACL�[SG%?@B'YZLH=��°GJB@?
G(ω0,Ω)

[SAC<X?��J?@B9G2QSB@<>=9G2GJL�hcACIVQS?9Gt�



�!¹�� ��¤Zª�«�©:¢�¯¸¢�¨�©E¨�±�¯¸¥�¤p«�°�±�¢ ¢�©.¤2¥p¦�±!µ ©�ª�©�¦ ���

��$�� �l-	9:7@+�3E=@3�),+ )%3<=@?�-07BA%35373�+�-f?IF.3<6�+�9�+	F
j ACIVIKGWQSB9TchcTc[SGJIVIKGJLF?ON�P>Gc=l�¤B9TcDMEHGJLHhcGc=�GJ?kLHACI}eSB9Gc=�[]\mACLH[SG�=9ACLF?kLHACB@I|YZPX<>=9Tc={N�Q~ACESB�P>Gc=�hOYZP>hJESP>=kLMEa_

IKTJB@<>DFEHGc=4GJ?}[HYZLH=4PbYkQSB9Tc=9GJLF?'YZ?@<>ACL´[SGc=�B9Tc=9ESPX?'YZ?9=O����Gc=4DFE.YZLM?@<X?9Tc=}itYZB@<bYZeSP>Gc=6Gon*Q0TJB@<XIKGJLF?'YZP>GJIKGJLM?�hcACIVIKG|PbY
�¤B9TcDMEHGJLHhcG�[SG:Q~ACIVQ.YZ�jG

ω
NtPbYw��B9TcDFEHGJLHhcG,[SG:IKA*[aESPbYZ?@<>ACL

Ω
NFACEfGJLHhcACB9G:PbY}[a<>=@?'YZLHhcG�[]\mACeH='GJB@iCYZ?@<>ACL

n
�¤LHACI}eSB9G

[SG�eS<XPXP>Gc=�£�='ACLF?¦ES?@<XPX<>=9TcGc=v[HYZLH=¦PbY2=9ES<X?9G�Q~ACESB��dYZ<XB9G�itYZB@<>GJB¦P>Gc=¦Q.YZB'YZIKUJ?@B9Gc=�YC[a<XIKGJLH=@<>ACLSLHGJP>= [aEKQSB9ACeSP>UJIKGtN
p
N
P
N

ACEkQ.YC=9=9GJB�[]\ ESL�hOYC=�PX<XIV<X?9G�YZL.YZPX�*=9TwQSB9TchcTc[SGJIVIKGJLM?ºs4ESL�YZES?@B9Gt�S�¾\^YZ?@?9TJLFE.YZ?@<>ACL­[SGc=�ACLH[SGc=�[SGwQ0ACIVQ.YZ�jG%QSB9AZ_
Q.YZ�FYZ?@<XijGc=�Gc=@?�QSB@<>=9G GJL�hcACIVQS?9G��tB�
ChcGbs,ESLHG Q.YZB@?@<>G <XI|YZ�t<XL.YZ<XB9G�[aE6LHACI4eSB9G�[]\mACLH[SG�[SG PbY��°ACB@IKG |k′′(ω)| = CωA�i

C
Gc=@?wESLHG4hcACLH=9?'YZLF?9Gt��j GJ?@?9G�[STJQ~GJLH[HYZLHhcG�GJL­�¤B9TcDMEHGJLHhcG4[SG4Pd\^YZ?@?9TJLFE.YZ?@<>ACL�Y|TJ?9T6ACeH=9GJB@ijTcG�Gon*Q0TJB@<XIKGJLF?'Y®_

P>GJIKGJLF?}[HYZLH=�P>Gc=2IV<XPX<>GJEan"�tB'YZLFESPbYZ<XB9Gc=�?@B@<>[a<XIKGJLH=9<>ACLSLHGJP>=fp �µRS<bx ¿ z`� j GJQ0GJLH[HYZLF?ON�<XP¦Gc=9?2Q~At=9=9<XeSP>G6[]\ <XLM?@B9AM[aES<XB9G
[HYZLH=¾hcG:��ACB@I|YZPX<>=@IKG,?9ACES?9G�='ACB@?9G�[SG��°ACLHhJ?@<>ACLlQ~ACESB¾[STchJB@<XB9G,Pd\^YZ?@?9TJLFE.YZ?@<>ACL�Na�VhcACIVQSB@<>=vLHACLa_dIKACLHAC?9ACLHG%hcACIVIKG
Q~ACESB�P>Gc=:QSRHTJLHACIKUJLHGc=,[SG%B9GJPbY®nHYZ?@<>ACL��

B,H��EH�J 7�]98 TRQU]R^_Q ORQS¿:L'OR½�M&E�LN].^_QÁO 
 a�À.M�Q�Y 
	L E�½�a ]

��¡HL�[SG|hcACIVQSB9GJLH[aB9GlP>Gc=6[a<¢§0TJB9GJLM?9=6B9TJ�t<XIKGc=6[SG|PbY��jTJLHTJB'YZ?@<>ACL´Q.YZB6Pd\^YZLF?9GJLSLHGlQ.YZB'YZIKTJ?@B@<>DFEHGl[aE´=@<X�tL.YZP
[STJIKAM[aESP>T�[SGle.YC=9='G|��B9TcDMEHGJLHhcGtN�<XP�Gc=9?6<XLM?9TJB9Gc=9='YZLM?K[SGk?@B'YChcGJBVPd\^YZIVQSPX<X?@EH[SG�[SGkhcGl=9<X�tL.YZP:GJL��°ACLHhJ?@<>ACL²[SGlPbY
[a<>=@?'YZLHhcG�[]\mACeH=9GJB@itYZ?@<>ACL�NHGJ?:LHAC?'YZIVIKGJLM?,[HYZLH=�PbY6B9TJ�t<>ACL�[]\mGon*<>=9?9GJLHhcG�[SGc=�=9ACESB9hcGc=:LHACL�PX<XLHTOYZ<XB9Gc=O�

�N�65��%����� �¶��/¸+

�+

������:���´���

!� ��
!/x+

P� ���#�
� ��


¯2YZLH=�P>G"hOYC=�[SG"[SGJEanµ�¤B9TcDMEHGJLHhcGc=�[SGWQ0ACIVQ.YZ�jG
ω1

GJ?
ω2

QSB9AMh'RHGc=���GJ?�[SACLHh�[]\ ESLHG"=9GJESP>G"�¤B9TcDMEHGJLHhcG
[STJIKAM[aESP>TcG

Ω � ω1, ω2
£oN Pd\^YZIVQSPX<X?@EH[SG�[aE±=@<X�tL.YZP�[STJIKAM[aESP>T�Gc=@?6?@B'YChcTcGkGJL��°ACLHhJ?@<>ACL±[SGlPbY�[a<>=@?'YZLHhcGlQ0ACESB

[a<¢§0TJB9GJLM?9Gc=VitYZP>GJESB9=K[aE´Q.YZB'YZIKUJ?@B9G�YC[a<XIKGJLH=@<>ACLSLHGJP
p
N�=@ESB�PbY­¡H�tESB9G ¿ � ¿ ��¯2YZLH=VhcG�hOYZP>hJESPdN

Ω ' 8.10−4 N�GJ?
C = 2.10−7 ��j ACIVIKG Ω � ω1, ω2

NaACLkQ~GJES?�hcACLH=@<>[STJB9GJB�Q0ACESB�PbY6[a<>=9hJEH=9=@<>ACL�DMEHG
ω1 ' ω2 ' ω

��qMESB�PbY�¡H�tESB9G
¿ � ¿ N�DME.YZ?@B9G|hcACESB@e0Gc=}GJL�PX<X�tLHGc=4hcACLF?@<XLMEHGc=6='ACLF?}?@B'YChcTcGc=6GJ?}hcACB@B9Gc=@Q0ACLH[SGJLF? s�DME.YZ?@B9GKitYZP>GJESB9=}[aE�Q.YZB'YZIKUJ?@B9G
YC[a<XIKGJLH=@<>ACLSLHGJP

p ' 0.15, 0.65, 1.85, 13
ACeS?9GJLFEHGc=kGJL½iCYZB@<bYZLM?|PbYW��B9TcDMEHGJLHhcG�[SG�Q0ACIVQ.YZ�jG�B9Gc=@Q0GchJ?@<XijGJIKGJLF?

hcACIVIKG
ω ' 8 10−2, 3 10−1, 6 10−1, 0.98

�:� ACESB�hcGc=f��B9TcDFEHGJLHhcGc=k[SGgQ0ACIVQ.YZ�jGWB9Gc=@Q~GchJ?@<XijGc=lPbY�P>ACLS�tEHGJESB
[]\^YZ?@?9TJLFE.YZ?@<>ACLµ[SG�Pd\ <XLF?9GJLH=@<X?9T­[SGkQ~ACIVQ.YZ�jG��¤P>ACLS�tEHGJESBf[SGkPd\^YZLF?9GJLSLHG�Q.YZB'YZIKTJ?@B@<>DFEHG{£KGJL±?9GJB@IKG�[SG�LHACI4eSB9G
[SG6eS<XPXP>Gc=ON0iCYZES?

`a(ω)/a ' 3.2 104, 0.8 104, 0.4 104, 0.23 104 �0¥�L"�tB'YZLH[SGKQ.YZB@?@<>GtN0Pd\mACeH=9GJB@iCYZ?@<>ACL�[aE�=@<X�tL.YZP
[STJIKAM[aESP>T�=9Gv�dYZ<X?�[SACLHh [HYZLH=¦PbY�B9TJ�t<>ACLV[]\ <XLM?9GJB'YChJ?@<>ACL|LHACL�PX<XLHTOYZ<XB9G�GJLF?@B9G�P>Gc=�ACLH[SGc=�[SG Q0ACIVQ.YZ�jGt�t� ACESB

p � 1
N

Pd\^YZIVQSPX<X?@EH[SG:[STJIKA*[aESP>TcG:Gc=@?�QSB9ACQ~ACB@?@<>ACLSLHGJPXP>GºswPbY,[a<>=9?'YZLHhcG}� |1−eik(Ω)an−i∆kan| = |1−eξn| ' |1−1−ξn| '
|ξn| £o�~� ACESB p � 1

N8PbYfIK�JIKG6[STJQ0GJLH[HYZLHhcG�Gc=@?%ACeH=9GJB@ijTcG�=@ESB,ESLHG6[a<>=@?'YZLHhcG�[SG�DFEHGJP>DMEHG6hcGJLF?'YZ<XLHGc=2[SG6eS<XPXP>Gc=ON
I|YZ<>=wESLgQSRHTJLHACIKUJLHGV[SG6='YZ?@ESB'YZ?@<>ACL�YZQSQ.YZB'Y��>?O�0�¦\^YZIVQSPX<X?@EH[SGK[STJIKA*[aESP>TcG6LHG�[STJQ.YC=9=9G4QSPXEH=�YZP>ACB9=,ESLHG6itYZP>GJESB
I|Y®n*<XI4ESI�NjGJ?¦At=9hJ<XPXP>G:GJLM?@B9G:[SGc=�IV<XLS<XI|Y2Gc=9?¦[SGc=�I|Y®n*<XI|Y%P>A*hOYZEan]�´j ACIVIKG:hcGJPbY�Y%TJ?9T�[a<>=9hJES?9T�[HYZLH=¾PbY%=9GchJ?@<>ACL
¿ � ¿ ��ka��kSN~hcG4hcACIVQ0ACB@?9GJIKGJLF?�Gc=@?%YC=9=9A*hJ<>T<sKPbY|[a<>=9Q~GJB9=@<>ACLW[SG4iM<X?9Gc=9='G4GJLM?@B9G4P>Gc=w=9ACESB9hcGc=%DMES<�=9G}QSB9ACQ.YZ�jGJLF?¶s|PbY
iM<X?9Gc='=9G

0 ≤ cg(ω) ≤ 1
GJ?�P>GK=@<X�tL.YZP [STJIKAM[aESP>TfDFES<¾='G�QSB9ACQ.YZ�jG�skPbYki*<X?9Gc=9=9G

cΦ(Ω) ' 1
�
q*GJP>ACL�Pd\mTcDME.YZ?@<>ACL

� ¿ � Àt¿ £}<>=9=@EHGl[SGfPd\^YZL.YZPX�a=9Gk[aE´?9GJB@IKG�[SG|QSR.YC='Gl[aE±[STJQSPbYChcGJIKGJLM?|[STJIKAM[aESP>T�� ¿ �nmOsM£oN P>GfQSB9GJIV<>GJBVIV<XLS<XI}ESI�N
Q~ACESB

` = −1
N
Ω ' 8 10−4 GJ? ω ' 0.98

[SAC<X?�YZQSQ.YZB'Y��>?@B9G sKPbYf[a<>=@?'YZLHhcG
n ' 1100

N0GJ?,P>Gc=wIV<XLS<XI|Yl=@ES<XitYZLF?9=
sV[SGc=:I4ESPX?@<XQSP>Gc=%GJLF?@<>GJB9=w[SG}hcGJ?@?9G}[a<>=9?'YZLHhcGt�	j G}hcACIVQ0ACB@?9GJIKGJLF?2Gc=@?�eS<>GJL­ACeH=9GJB@ijT}Q~ACESB

p ' 13
=@ESB:PbY6¡H�tESB9G

¿ � ¿ �
��ACESB�hcACIVQ.YZB'YZ<>=9ACL�N2Pd\^YZIVQSPX<X?@EH[SG±[aE =@<X�tL.YZPV[STJIKA*[aESP>T´Q.YZBW[SGJEan�ACLH[SGc="[SG�Q~ACIVQ.YZ�jG±TJitYZLHGc=9hcGJLF?9Gc=

�
ω ' 1, 083

£�Gc=@?�?@B'YChcTcG�GJL�PX<X�tLHG�Q~AC<XLM?@<XPXP>TcG�=@ESB�PbY�IK�JIKG�¡H�tESB9G ¿ � ¿ �:�¦\^YZIVQSPX<X?@EH[SG�Gc=9?�hcACLH=@?'YZLF?9G�[SUc=
DFEHGJP>DMEHGc=¦eS<XPXP>Gc={Nj<d�mGt�FGJLl[SGJRHACB9=v[SG�PbY2B9TJ�t<>ACLk[]\mGon*<>=9?9GJLHhcG�[SGc= ACLH[SGc=v[SG�Q~ACIVQ.YZ�jGtNMGJ?¾Pd\mG�r|hOYChJ<X?9Tw[SG:Pd\^YZLF?9GJLSLHG
Q.YZB'YZIKTJ?@B@<>DFEHG}B9Gc=@?9Gw�dYZ<XeSP>Gt�
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p ' 0.15 � 1
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�h����� �N� ��  #º¯º£�µ «%©%±_²´¢5²�±P²´¥�£�µ ª´­�¢�¯¸¢�¨U©�²´¥�¯ ¬*²�±!µ ¥³¢�¨ 9�¬�¨�­§©%«�¬�¨ ²´¢¶µnª�²�«)¦�©�ª�¨�­�¢<² · ¬	�p¦�¢�¤+.�ª�©%«%¬�¨�¢�¨�¨�¬�¯ ��¤2¢<²´¢
��«&µ�µn¢�¦

n
£_¬�±�¤ °§±_ª�©%¤B¢ .�ª�µ ¢�±�¤�¦ ²�± £�ª�¤Zª�¯��§©%¤2¢ ª´²�«&¯¸¢�¨�¦p«�¬�¨�¨	¢�µ

p
¹ � ¬�±�¤4­B¬�¯>£�ª�¤Zª�«)¦§¬�¨�%>µB· ª�¯>£	µ «%©%±_²!¢ ²�±u¦p« ;�¨�ª�µ

²!¥�¯x¬�²�±�µn¥ 3�£_ª�¤�©%«&¤<² · ¬�¨�²´¢p¦¶²´¢b£_¬�¯º£_ª ;´¢ ¥ .�ª�¨f¢p¦�­�¢�¨U©:¢p¦ ¢§©.©%¤2ª�­�¥B¢¸¢�¨�µ « ;�¨	¢b£_¬�«�¨U©%«�µ&µ ¥B¢�¹



�!¹�� ��¤Zª�«�©:¢�¯¸¢�¨�©E¨�±�¯¸¥�¤p«�°�±�¢ ¢�©.¤2¥p¦�±!µ ©�ª�©�¦ ���

0 5 10 15 20 25
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−0.5

0

0.5

1

−5 0 5 10 15
−1

−0.5

0

0.5

1

n=1000 n=5000 n=9000 n=13000

n=200 n=500

n=3000 n=7000

p ' 0.13 � 1

p ' 10 � 1

���
1� % '
* #
$1 �*
%) *
�& ' *
,,*
) 0 #
1) (
% 0
2 / 3(
35

� � ��� � ��� ��� �	�����	� �
t/τm

!

�h����� ���65� �'?.�¬�µ ±_©%«%¬�¨ ²�±�£�¤2¬$2Eµ	©:¢�¯º£_¬�¤B¢�µ	²´¥�¯ ¬*²�±!µ ¥�²´¢ .*«�©:¢p¦p¦§¢ ª .�¢2­ µnª ²�«)¦�©�ª�¨�­�¢h² · ¬	�p¦�¢�¤ .�ª�©%«�¬�¨P²�ª�¨�¦�µ ¢p¦h²!¢�± )
­Bª�¦»µ «&¯³«%©:¢p¦

p � 1
¢�©

p � 1
¹

�N�65��%��� � �¶��/¸+�
 ��� �
�����

���+�
 ���
+�

�4���
/�/*��
!�'+

�� ���#�
� ��

¯2YZLH= P>G,hOYC=�[SG,PbY}[STJIKA*[aESPbYZ?@<>ACL�[]\ ESLkQ.YCDFEHGJ?�[]\mACLH[SGc=�[SGwQ0ACIVQ.YZ�jGw[SGw=@Q0GchJ?@B9G A YZEH=9=@<>GJL���ACEl[SG,�dY��cACL

TcDFES<XitYZP>GJLF?9G}[SGw��ACLHhJ?@<>ACL�?9GJIVQ0ACB9GJPXP>G�[SG%IKA*[aESPbYZ?@<>ACL A YZEH='=@<>GJLSLHG{£oNaPbY�I|YZLS<¢�°Gc=@?'YZ?@<>ACL�[SGc=:Go§]GJ?9=�IKGJLF?@<>ACLSLHTc=
QSB9TchcTc[SGJIVIKGJLF?�Gc=@?|[a<¢§]TJB9GJLF?9Gt� ¥�LµGo§0GJ?ON¾PbY�[a<>=@Q0GJB9=@<>ACL·[SG�iM<X?9Gc=9='G�LHG�[SACLSLHG�Q.YC=|PX<>GJE"s�[SGc=KIV<XLS<XI|Y�ACE
I|Y®n*<XI|Y�[]\^YZIVQSPX<X?@EH[SGc=lQ~ACESBKP>G­[STJQSPbYChcGJIKGJLF?k[STJIKAM[aESP>TtNvI|YZ<>=�s�ESLHG�='YZ?@ESB'YZ?@<>ACLµGJ?4sWESLµTJ?'YZP>GJIKGJLF?k[aE
QSB9AZ¡HP�?9GJIVQ0ACB9GJP�[SG2hcG�=@<X�tL.YZPd��j G2hcACIVQ0ACB@?9GJIKGJLF?%Gc=@?:[a<XB9GchJ?9GJIKGJLM?,PX<>T�YZE��dYZ<X?:DMEHG%P>Gc=:=9ACESB9hcGc=:LHACL�PX<XLHTOYZ<XB9Gc=
=9G6QSB9ACQ.YZ�jGJLF?4QSPXEH=2P>GJLF?9GJIKGJLM?4DMEHG�P>GV=@<X�tL.YZP¦DFE�\mGJPXP>Gc=��jTJLHUJB9GJLF?f�

cg(ω) < cΦ(Ω)
£o� jw\mGc=@?�hcGVDMES<¦Gc=@?2<XPXPXEH=@?@B9T

=@ESB¾PbY�¡H�tESB9G ¿ � =HNMA�ilP>Gc=vQSB9AZ¡HP>=�?9GJIVQ~ACB9GJP>=�[SG,PbY�i*<X?9Gc=9=9GwYChcACEH=@?@<>DFEHGw=9ACLM? ?@B'YChcTc= Q0ACESB [a<¢§]TJB9GJLF?9Gc=�[a<>=9?'YZLHhcGc=ON
GJ?�[HYZLH=�[SGJEan�hOYC=�PX<XIV<X?9Gc=

p � 1
GJ?

p � 1
�.��Gc=:B9Tc=@ESPX?'YZ?9=wGJ?�hOYC=�PX<XIV<X?9Gc=,<>=9=@EH=�[SG2Pd\^YZL.YZPX�*='G�ACLF?wTJ?9T2B9TOYZPX<>=9Tc=

Q~ACESB%P>G�[STJQSPbYChcGJIKGJLF?�YChcACEH=@?@<>DMEHGKYZP>ACB9=2DFEHGVhcG�=9ACLM?�[SGc=%QSB9AZ¡HP>=�[SG6iM<X?9Gc=9='G6DMES<�=9ACLF?2?@B'YChcTc=}=@ESB%P>Gc=w¡H�tESB9Gc=
=@ES<XitYZLF?9Gc=VQ0ACESBV[SGc=KDFEHGc=9?@<>ACLH=K[SGkhcACLFijGJB@�jGJLHhcG�LMESIKTJB@<>DFEHG­GJ?K[SGlPX<>=@<XeS<XPX<X?9Tt�¦��Gc=KGonaQSB9Gc=9=@<>ACLH=�<>='=@EHGc=V[SGkPbY
=9GchJ?@<>ACL�YZL.YZPX�a=9G�=9ACLM?�[SACLHh¶s6I}ESPX?@<XQSPX<>GJB,Q.YZB:ESL��dYChJ?9GJESB −iΩ

�
�¦\mTJ?'YZP>GJIKGJLM?�[aE�QSB9AZ¡HP¾?9GJIVQ0ACB9GJP A YZEH=9=9<>GJL�[SGK[STJQSPbYChcGJIKGJLF?V[STJIKA*[aESP>T|hcACB@B9Gc=@Q0ACLH[ s�ESLHGK<XLF?9TJ�tB'YZ?@<>ACL

[SG}hcG}QSB9AZ¡HPdN8hcG6DFES< B9GJQSB9Tc=9GJLF?9GVYZEH=9=9<�ESLHG�<XLM?9TJ�tB'YZ?@<>ACL�[aE�QSB9AZ¡HP�[SG�i*<X?9Gc=9=9G4[STJIKAM[aESP>TcGtN~<d�mGt�HESLgQ.YC=9='YZ�jG4[SG
PbYg[STJB@<XijTcG�QSB9GJIV<>UJB9G�[SGlPbY­��ACLHhJ?@<>ACL²[SGkIKA*[aESPbYZ?@<>ACL A YZEH='=@<>GJLSLHGls­PbYW[STJB@<XijTcG�[]\mACB9[aB9GkLFESPd�¦��ACESB

p � 1�
ω ' 0.97

N
Ω = 1.7 10−3 N C = 5 10−7 £�=@ESBgPbY²¡H�tESB9G ¿ � =.N,Pd\ <XLF?9TJ�tB'YZ?@<>ACL [aE�QSB9AZ¡HP�[SG�i*<X?9Gc=9=9G�Gc=@?

ACeH=9GJB@ijTcGKGJLM?@B9GKP>Gc=�[a<>=@?'YZLHhcGc=4[]\mACeH=9GJB@itYZ?@<>ACLH=
n = 200

GJ?
n = 7000

��¯%GVQSPXEH=ON
skhOYZEH=9GK[SGKhcG�QSRHTJLHACIKUJLHG
[]\^YC=@�*LHh9RSB9ACLS<>=@IKGtN®ESLHG¾='YZ?@ESB'YZ?@<>ACL6B'YZQS<>[SG¾[SG¾Pd\^YZIVQSPX<X?@EH[SGv[aE6=@<X�tL.YZPM[STJIKA*[aESP>T¾Gc=9? ACeH=9GJB@ijTcGv[SUc=�ESLHG¾[a<>=9?'YZLHhcG
TJ�FYZP>G�s}DMEHGJP>DFEHGc=�hcGJLM?'YZ<XLHGc=:[SG,eS<XPXP>Gc=O��j GwDMES<0L�\mGc=@? Q.YC=�P>G,hOYC=�P>ACB9=9DMEHG,P>Gc=�Go§0GJ?9=�[SGwPbY}[a<>=9Q~GJB9=@<>ACL�[SGwi*<X?9Gc=9=9G
LHG,='ACLF?�Q.YC= <XIVQ~ACB@?'YZLM?9=}�

p � 1
N
ω ' 0.083

=@ESB�PbY2¡H�tESB9G ¿ � =M£o�a�¦\^YZIVQSPX<X?@EH[SG�[aE�=@<X�tL.YZP][STJIKA*[aESP>TwL�\mGc=@?�Q.YC=
='YZ?@ESB9TcG�YZEH=9=@<�B'YZQS<>[SGJIKGJLF?ON�GJ?wP>G6QSB9AZ¡HP�?9GJIVQ0ACB9GJP�B9Gc=@?9G4<XLHh9R.YZLS�jTtN]QSB9ACQ0ACB@?@<>ACLSLHGJPEs|PbYf[STJB@<XijTcG6QSB9GJIV<>UJB9GV[SG
PbY4��ACLHhJ?@<>ACL­[SG2IKAM[aESPbYZ?@<>ACL A YZEH=9=@<>GJLSLHGt�
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�h����� �N� �N  ��¤Zª�¨�¦p«%©%«%¬�¨'ª�¦�¦�¬*­�«�¥�¢ 3(µnª�²�«&¦�£�¢�¤�¦�«%¬�¨d²´¢ .�«%©:¢p¦�¦�¢5£_¬�±!¤ µ ¢¶£�¤2¬$2Eµb²´¢ .�«%©:¢p¦p¦§¢l²!¥�¯x¬�²�±�µn¥B¢ 3�£_ª�¤�©%«�¤
²
· ¬�¨	²´¢p¦x²´¢º£_¬�¯>£�ª1;´¢�£�¤2¬p£_ª1;�ª�©%«/.�¢�¦§¹�8
¢º£_ª�¤2ª�¯ ��©%¤B¢

p
.�ª�±_©º²�±u¨	¬�«&¤ ª�± ;�¤�«&¦ ­�µnª�«�¤³¤2¢p¦:£�¢2­§©%« .�¢�¯¸¢�¨�©

0.16 0.73
1.6 2.76 6.6 12.2

%
C = 2 10−7 %.¢�© Ω ' 1.7 10−3 ¹

BIH��EH&G �hY�LN]RM�½ E�½�a
] LNM�M�a,^�½:[�Q��"¿�L"OR½:M�`bQ�Y!M�½:a ]¾OEQ 
E½ E�QUM�M�Q

qaYZLH=:h9R.YZLS�jGJBwPbY�[a<>=@?'YZLHhcG}[]\mACeH='GJB@iCYZ?@<>ACL�[aE­=@<X�tL.YZP�[STJIKA*[aESP>TtNH<XP�Gc=@?�?9ACES?,[SG2IK�JIKG2Q0At=9=@<XeSP>G�[]\mACeS?9GJLS<XB
ESLHG6?@B'YZLH=@<X?@<>ACL"[HYZLH=%PbY|�°ACB@IKG6[aEWQSB9AZ¡HP�?9GJIVQ0ACB9GJP�[SG4i*<X?9Gc=9=9G6[STJIKA*[aESP>TcGVGJLWh'R.YZLS�jGOYZLF?4ESLgQ.YZB'YZIKUJ?@B9GV[aE
=9<X�tL.YZP�[SG6Q0ACIVQ.YZ�jG6hcACIVIKG6PbY|��B9TcDFEHGJLHhcG6hcGJLF?@B'YZP>GV[aEWQ.YCDMEHGJ?%[]\mACLH[SG�ACEWGJLHhcACB9G�P>G}?9GJIVQH=2hOYZB'YChJ?9TJB@<>=9?@<>DFEHG
[SGWIKA*[aESPbYZ?@<>ACL

τm ∼ 1/Ω
�ºqMESB�PbY´¡H�tESB9G ¿ � À N�ESLHG�?9GJPXP>G�?@B'YZLH=@<X?@<>ACL Gc=9?�B9GJQSB9Tc=9GJLF?9TcGtN�Q~ACESB�PbYCDFEHGJPXP>G"P>G

Q.YZB'YZIKUJ?@B9G�YC[a<XIKGJLH=9<>ACLSLHGJP
p
iCYZB@<>GW[SG

p ' 0.16
s

p ' 12.2
GJL�h'R.YZLS�jGOYZLF?�PbY���B9TcDFEHGJLHhcGgQ0ACB@?9GJEH=9G"[aE

Q.YCDMEHGJ?}[]\mACLH[SG A YZEH=9=@<>GJL�GJLF?@B9G
ω ' 0.083

GJ?
ω ' 0.97

�,j Gc=4hOYC=�PX<XIV<X?9Gc=6hcACB@B9Gc=@Q~ACLH[SGJLM?4B9Gc=9Q~GchJ?@<XijGJIKGJLM?
YZEan|GonaQSB9Gc=9=@<>ACLH=2� ¿ � ¿ �F£¾GJ?2� ¿ � ¿ xj£¦[SG,PbY2�°ACLHhJ?@<>ACL�[SG�?@B'YZLH=@��GJB@?

G(ω,Ω)
[aElQSB9A*hcGc=9=@EH= []\^YZES?9AZ_`[STJIKAM[aESPbYZ?@<>ACL��

��ACESB
p � 1

N
G(ω,Ω) ∼ ω2`a(ω)

NHYZP>ACB9=�DMEHGwQ~ACESB
p � 1

N
G(ω,Ω) ∼ ω2cg(ω)/Ω(1 − cg(ω))

N*hcG%DMES<�YC=9=@ESB9G
ESLHG4<XLF?9TJ�tB'YZ?@<>ACL�[aEW=@<X�tL.YZP�[STJIKAM[aESP>Tt�~�,E­IKACIKGJLM?%[SG4PbY|?@B'YZLH=@<X?@<>ACL²�¤<XLF?9TJ�tB'YZ?@<>ACL�[aEgQSB9AZ¡HP�[SG}iM<X?9Gc='=9G{£oN.P>G
Q.YZB'YZIKUJ?@B9GKYC[a<XIKGJLH=9<>ACLSLHGJP

p
Gc=@?�[SG6Pd\mACB9[aB9GV[SG

1
N]hcG6DMES<�Q~GJB@IKGJ?�[SGV[STJ?9GJB@IV<XLHGJB}P>G4Q.YZB'YZIKUJ?@B9GKI|YZP¦hcACLSLFE

`a(ω) ' cg(ω)/k(Ω)(1 − cg(ω))
NSQSES<>=9DMEHG2P>Gc=�YZES?@B9Gc=,=9ACLF?�hcACLM?@BBvCP>Tc=4�

ω
N
Ω
£o�

�`P�Gc=@?�<XIVQ~ACB@?'YZLM?w[SG2LHAC?9GJBwDFEHG}hcGJ?@?9G�?@B'YZLH=@<X?@<>ACL
p � 1 → p � 1

B9TOYZPX<>=9TcG�GJLWYZES�tIKGJLF?'YZLF?wPbY���B9TcDMEHGJLHhcG
Q0ACB@?9GJEH=9G

ω
Gc=@?"TcDFES<XitYZP>GJLF?9G±DME.YZPX<X?'YZ?@<XijGJIKGJLF? sµPbY½IK�JIKG´itYZB@<bYZ?@<>ACL Q~ACESBWP>G�Q.YZB'YZIKUJ?@B9G

p
B9TOYZPX<>=9TcG±GJL

YZES�tIKGJLM?'YZLF?:PbY}PbYZB@�jGJESB�=@Q0GchJ?@B'YZP>G%YC='=9AMhJ<>TcG s
Ω
��ACE�GJLl[a<XIV<XLME.YZLF?:P>G,?9GJIVQH=�hOYZB'YChJ?9TJB@<>=@?@<>DMEHG%[SG,IKA*[aESPbYZ?@<>ACL

τm ∼ 1/Ω
£o����Y�B9TOYZPX<>='YZ?@<>ACL�[SGghcGJ?@?9Gg?@B'YZLH=@<X?@<>ACL¸�tB�
ChcGus

τm
Q~ACESBk[a<¢§]TJB9GJLF?9Gc=�itYZP>GJESB9=k[SG­PbY���B9TcDFEHGJLHhcG

Q0ACB@?9GJEH=9G
ω
Q0ACESB@B'YZ<X?KQ~GJB@IKGJ?@?@B9G�[]\mGon*?@B'YZ<XB9G�PbYW[STJQ0GJLH[HYZLHhcGk��B9TcDFEHGJLHhJ<>GJPXP>G­[SGkPd\^YZ?@?9TJLFE.YZ?@<>ACLº[SGc=KACLH[SGc=K[SG

Q0ACIVQ.YZ�jG
`a(ω)

�
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B,H��EHCB �hY�LN]RM�½*E�½:a ] `RY�a�`.Lfe�L E�½:W → [ 
	LN]EQ�M�^_Q�] E
��ACB9=9DMEHG­P>Gc=lACLH[SGc=k[SGgQ0ACIVQ.YZ�jG­LHGg=9ACLM?lQSPXEH=lQSB9ACQ.YZ�FYZ?@<XijGc=kI|YZ<>=k=9ACLM?lP>A*hOYZPX<>=9TcGc=k[HYZLH=lPd\mGc=@Q.YChcG"YZE

ijAC<>=@<XL.YZ�jGk[SG|Pd\mTJIKGJ?@?9GJESBON¦P>Gc=4QSRHTJLHACIKUJLHGc=VhJESI4ESPbYZ?@<¢��=fYC=9=9A*hJ<>Tc=<s­PbY­[a<>=@Q~GJB9=9<>ACL´[SGfi*<X?9Gc=9=9Gl[a<>=@Q.YZB'YZ<>=9=9GJLM?O�
j G2eSB@EH=9DMEHG}h'R.YZLS�jGJIKGJLF?�[HYZLH=:P>G}?@B'YZLH=@Q0ACB@?,[SGc=�ACLH[SGc=w[SG�Q0ACIVQ.YZ�jG}Gc=9?�ESLHG}='ACESB9hcG}[]\ <XLa�°ACB@I|YZ?@<>ACLH=w=9ESB:P>G
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¯%YZLH=�P>G�h9R.YZQS<X?@B9G�QSB9TchcTc[SGJLM?ON�Pd\^YZL.YZPX�a=9G�[aE B9Tc=@ESPX?'YZ?�Q0ACESB�Pd\^YZLM?9GJLSLHG�Q.YZB'YZIKTJ?@B@<>DMEHG�[HYZLH=­ESL�IV<XPX<>GJE
I4ESPX?@<¢_`[a<¢§~EH=�YZLF?2YVTJ?9T2B9TOYZPX<>=9TcG�[HYZLH=,[SGc=�hOYC=�PX<XIV<X?9Gc=�=@<XIV<XPbYZ<XB9Gc=O�8¬�ACES?w[]\^YZe~ACB9[]NSPbY|[STJIKAM[aESPbYZ?@<>ACLg[SGc=�ACLH[SGc=
e.YZPX<>=9?@<>DFEHGc=w[SG}Q0ACIVQ.YZ�jG6;ºg²[HYZLH=wESLgIV<XPX<>GJE­RHACIKAC�jUJLHG�[a<>=@Q0GJB9=@<¢�vYfTJ?9T4YZL.YZPX�a=9TcGt�~¹�LHG4?@B'YZLH=@<X?@<>ACLW[HYZLH=,P>G
QSB9AZ¡HP�?9GJIVQ0ACB9GJP¦[STJIKAM[aESP>TVTJ?'YZ<X?2QSB9Tc[a<X?9G�P>ACB9='DFE�\ ESL�YC=@�*LHh9RSB9ACLS<>=@IKG|GJLF?@B9G�P>Gc=%=9ACESB9hcGc=2LHACLWPX<XLHTOYZ<XB9Gc=�hJB9TcTcGc=
Q.YZB�P>Gc=�ACLH[SGc=:[SG%Q~ACIVQ.YZ�jG};ºg�GJ?�Pd\mACLH[SG�[STJIKA*[aESP>TcG|��s�hOYZEH=9G2[SG%PbY�[a<>=@Q0GJB9=@<>ACL�[SG2i*<X?9Gc=9=9G{£ YcitYZ<X?:P>G%?9GJIVQH=
[SGl=O\^YChchJESI4ESP>GJB|YcitYZLF?VDFEHGfP>Gc=6ACLH[SGc=V[SG|Q0ACIVQ.YZ�jGk=9AC<>GJLF?KYZ?@?9TJLFEHTcGc={�Ij GJ?@?9Gl?@B'YZLH=@<X?@<>ACL±Gc=@?�TcDMES<XiCYZP>GJLM?9G s
PbY�?@B'YZLH=@<X?@<>ACL

p � 1 → p � 1
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&('*) +-,/.1032547698:.<;=2>,
?5@BADCFEHGICKJ=L1@BMONQPSR=GICKMOR=TIJITIUOGVAWP=CYXZGVP5[]\DE_^`@BAaP=GVAOADG9M1@BR*@BbZTVPSRSNHcWdDGe@fJIgfdDCSPSNHcadDG9GVAhTVbeNHC*CSNHgfAiGIC=PFMOR=TIC=GVAWP=TIG

JIgfbebZGedOADGebZTVPSLDg-UOGZGkj]MlTVRSNQbZGVAWP*@BEHGm@fUD@BMOP=TIGonpE_^qTVrs@BEQd1@BPSNHgfA�UOGIC5beNQEQNHGVd]j#ADgfAtEQNQADTu@BNQR=GIC7gfvtE_^`@BPSP=TVAad1@BPSNHgfA
UOGIC5gfADUOGIC(@fJIgfdDCSPSNHcWdDGICYGICSPxwygfRSP=Gsz:{K^qGICSP5EHGeJu@fCYUOGICxbeNQEQNHGVd]j#|sR*@BAadOE}@BNQR=GIC(MlgfdORYUOGIC5w~R=TIcWdDGVADJIGICYU�^qGkjOJVNQP*@BPSNHgfA
CSd]�oC*@BbebZGVAWP�L1@BdOP=GIC�\�EHgfR=C*cadDGhE_^`@B�DC=gfRSMOPSNHgfA�\�E}@�U]N��3dDCSNHgfA�gfd�EHGiJu@BR*@fJVP=�VR=G#TVrs@BADGIC=JIGVAaP�UOGICpgfADUOGIC�@fJIgfdDC��
PSNHcadDGIC5JIgfAWPSRSNQ�OdDGVAaP�noE_^`@BPSP=TVAWd1@BPSNHgfA�z:��AtC*gfdObZGVPSP*@BAaPYEHG�beNQEQNHGVd�n�dOADG9M3GVRSPSdORS�1@BPSNHgfA�@fJIgfdDCSPSNHcWdDGeUOG�L1@BdOP=GIC
w~R=TIcWdDGVADJIGICu\%C=GVADCSNQ�OEHG�niE}@hbeNHJVR=gB��CSPSRSdDJVPSdOR=G�U]d�beNQEQNHGVd�\�NQE�GICSP�M3gsC=CSNQ�OEHGs\�|sR*�fJIG�nhE}@hbZTVPSLDgWUOG�UOG�E_^`@BAaP=GVAOADG
M1@BR*@BbZTVPSRSNHcadDGs\OUOG/|�TVADTVR=GVR�UOGIC�gfADUOGIC>@fJIgfdDCSPSNHcadDGIC�UOGK�1@fC=C=GIC�w�R=TIcadDGVADJIGIC�\�w_@BNQ�OEHGVbZGVAaPF@BPSP=TVAWdDTIGICu\OGVP�UOgfAWP�EHGIC
Ju@BR*@fJVP=TVRSNHCSPSNHcWdDGICFUOTVM3GVADUOGVAaP/UOG5JIGVPSP=GYbeNHJVR=gB��CSPSRSdDJVPSdOR=Gm���3@BN}�s�s@D\1�3@BN}�s�B�:\<�3@BN}�s�B��z
 ¡^ NQAWP=TVR=¢VPKU�^ dOPSNQEQNHC=GVR/UOGICFgfADUOGICFUOGYMlgfbeM1@B|�GY£K¤�UOGYJVNHC*@BNQEQEHGVbZGVAWP/M3gfdOR>E_^`@BAaP=GVAOADG(M1@BR*@BbZTVPSRSNHcadDG7M3GVdOPFC=G

¥ dDC=PSN�¦1GVR5@�MORSNHgfRSN�M1@BR5EHGICY@BRS|sdObZGVAWP=C7C=dONQrf@BAWP=Ce§�UD@BADCxEHGIC5beNQEQNHGVd]jiLDgfbZgf|��VADGIC7GVPxNHC=gfPSR=gfMlGIC�\3EHG7MOLDTVADgfbZ�VADG
U�^`@BdOP=gB��UOTVbZgWU]dOE}@BPSNHgfA¨U�^`@BbeMOEQNQPSdDUOGª©~MORSNQADJVNQMlGmUOGeE_^`@BAaP=GVAOADGmM1@BR*@BbZTVPSRSNHcWdDG�«5�ONHGVA�cadDGePSLDTIgfRSNHcWdDGVbZGVAaP�M3gsC��
CSNQ�OEHG5���3@BR­¬-®V��\�GIC=P�PSR=�IC¡M3GVdZGk�oJu@fJIG/@Ir�GIJFUOGIC¯gfADUOGIC¡UOG�M3gfbeM1@B|�G�PSR*@BADCSr�GVR=C*GICuz� ¡^`@BAWP=GVAOADGFM1@BR*@BbZTVPSRSNHcWdDG/@ur�GIJ
gfADUOGICYUOGeM3gfbeM1@B|�GZUOGZJVNHC*@BNQEQEHGVbZGVAWP7GICSPYUOgfADJmCSdDC=JIGVMOPSNQ�OEHGZU�^q¢VPSR=GoGk�oJu@fJIGoUD@BADC5EHGIC5beNQEQNHGVd]jtgfvtdOADGm@BAONHC=gB�
PSR=gfMONHGxgfdm�ONHGVA�UOGIC�NQAOLDgfbZgf|�TVADTVNQP=TIC>C=gfAWP�MOR=TIC=GVAWP=GICu\]bZGVA1@BAaP>n(dOADGxJIgfAar�GVR=CSNHgfA�UOGIC�bZg-UOGIC�PSR*@BADC=r�GVR=C=GIC�r�GVR=C
EHGIC�bZgWUOGIC�EHgfAO|sNQPSdDU]NQA1@Bd]j�zO ¡^`@BAaP=GVAOADGxM1@BR*@BbZTVPSRSNHcWdDGY@Ir�GIJxgfADUOGIC�UOGKMlgfbeM1@B|�GxUOGKJVNHC*@BNQEQEHGVbZGVAaPu\]EHgfR=C=cWd�^ NQE3°o@
JIgfAar�GVR=CSNHgfAhUOG5bZgWUOGIC>r�GVR=C>UOGIC>gfADUOGIC�EHgfAO|sNQPSdDU]NQA1@BEHGICu\1bZGVPFGVA ¥ GVd�EHGxMOLDTVADgfbZ�VADG(UOGYU]NQE}@BP*@BADJIGs\DJs^qGIC=P/n�U]NQR=G
E}@9P=GVADUD@BADJIG(U�^qGkj]M1@BADCSNHgfA<±BU]NQE}@BP*@BPSNHgfAªU�^ dOA�beNQEQNHGVd²C=gfdObeNHCFnedOADG5JIgfAaPSR*@BNQAaP=G9UOGYJVNHC*@BNQEQEHGVbZGVAWP7�q³/GV°l®u´s´s�µ��z
 �GICªJIgfAaP*@fJVP=Ciw_@BNQ�OEHGICu\xUOgfAaPªE}@�UOTkw�gfRSbo@BPSNHgfA¶CSP*@BPSNHcWdDG�GICSPiMOEQdDC²w_@BNQ�OEHG�cadDG�E}@·UOTkwygfRSbo@BPSNHgfA¸CSP*@BPSNHcWdDG

bZgu°�GVAOADGpUOGmE_^qGVADC=GVb(�OEHGpUOGIC�JIgfAaP*@fJVP=CeU]d�beNQEQNHGVd�\:MOR=TIC*GVAaP=GVAaPedOADGmADgfA]�_EQNQADTu@BRSNQP=T�cWd1@fU]R*@BPSNHcadDG�MOEQdDC9TVEHGVr�TIG
cadDG�EHGIC7JIgfAaP*@fJVP=C(w�gfRSP=C�\�JIGVd]jªUOgfAWP(E}@pMOR=Tk��UOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcadDGoGICSPYMOEQdDC(TVEHGVr�TIGocadDGeE}@�bZgu°�GVAOADGª©~r�gfNQRYEHG
J=L1@BMONQPSR=Gm®�«kzO¹�E�GICSP/UOTVbZgfAaPSR=T(UD@BADC>E}@eC=GIJVPSNHgfA²CSdONQrs@BAaP=G(cadDGxEHGIC�MOR=g-JIGIC=CSdDC>ADgfA�EQNQADTu@BNQR=GICFC=gfAWP>PSR=�IC>C=GVADC=NQ�OEHGIC
n9E}@�MOR=TIC=GVADJIGYUOG5JIgfAWP*@fJVP=C>w_@BNQ�OEHGICFcWdON�Gkj]NHCSP=GVAaPFUD@BADC>EHGIC>beNQEQNHGVd]j�|sR*@BAadOE}@BNQR=GIC/ADgfA]�_R=TV|sdOEQNHGVR=Cu\1JIgfAWPSR*@BNQR=GVbZGVAaP
@Bd]j�MOR=g-JIGIC=CSdDC>EQNQADTu@BNQR=GICFcWdON�C=gfAaPFC=dORSP=gfdOPFC=GVADCSNQ�OEHGICF@Bd]j�JIgfAaP*@fJVP=CFwygfRSP=Cuz
 �GIC9J=L1@µºHADGIC�UOGow�gfR=JIGs\»cadON�@BMOM1@BR*@BNHC=C=GVAaPeUD@BADC7EHGIC(beNQEQNHGVd]j�|sR*@BAadOE}@BNQR=GICeC=gfdDC7JIgfAaPSR*@BNQAaP=G�C=P*@BPSNHcadDGs\:w�gfAWP

NQAaP=GVRSr�GVAONQR²UOGIC²JIgfAaP*@fJVP=C�wygfRSP=Cuz�¼/ADGiJIgfAWPSR*@BNQAaP=G�CSP*@BPSNHcWdDGª@BAONHC*gfPSR=gfMlG�@BMOMOEQNHcWdDTIGt@Bd½beNQEQNHGVd�GVAaPSR*@µºHADG�dOADG
@BAONHC=gfPSR=gfMONHGªUOGhJIGICpJ*L1@µºHADGIC�UOG²wygfR=JIGs\�GVPmM1@BR�JIgfADC=TIcWdDGVAaPpdOADGª@BAONHC=gfPSR=gfMONHG#UOG²E}@�ADgfA]�_EQNQADTu@BRSNQP=T#Gk��GIJVPSNQr�G
U]d#beNQEQNHGVd�z»¾-GVEHgfAtEHGVdOR5M3gfE}@BRSNHC*@BPSNHgfA�\�UOGICYgfADUOGIC(PSR*@BADCSr�GVR=C*@BEHGICu\3MOR=gfM1@B|�TIGIC7UD@BADC5dOADGebZ¢VbZGZU]NQR=GIJVPSNHgfA�bo@BNHC
@Ir�GIJ5UOGIC�M3gfE}@BRSNHC*@BPSNHgfADC�U]N���TVR=GVAaP=GICu\]r�gfAWPFCSdO�ONQR>@Bd�JIgfdOR=C�UOG/EHGVdOR�MOR=gfM1@B|a@BPSNHgfA�\DdOADG/NQA]¿DdDGVADJIG(U]N��3TVR=GVAWP=G5UOGIC
ADgfA]�_EQNQADTu@BRSNQP=TICK@BAONHC*gfPSR=gfMlGIC�MOR=TIC*GVAaP=GICKUD@BADC�EHGxbeNQEQNHGVd�z

®uÀs[
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 ¡^ NQA]¿DdDGVADJIGpU]d�MOLDTVADgfbZ�VADG�ADgfA�EQNQADTu@BNQR=GmUOG�JVE}@BMOMlGVbZGVAWP�©�gfdOr�GVRSPSdOR=G�GVP(w�GVRSbZGVPSdOR=GpUOGIC9JIgfAaP*@fJVP=CeC=gfdDC
E_^`@fJVPSNHgfAiUOGYE_^qgfADUOG9@fJIgfdDCSPSNHcadDG�«>GICSP/@BA1@BEQ°]C=TIGszl{�G(MOLDTVADgfbZ�VADGYw_@BNQP>NQAWP=GVRSr�GVAONQRKdOADG(PSR*@BADCSNQPSNHgfAhJVE}@BNQR=G7UD@BADCFE}@
U]°-A1@BbeNHcWdDGmUOGmJVR=gfNHC=C*@BADJIG�UOGoE_^`@BbeMOEQNQPSdDUOGpU]d�C=NQ|sA1@BE�UOTVbZg-U]dOEHTmGVA�wygfADJVPSNHgfA�UOGmE_^`@BbeMOEQNQPSdDUOGpU�^qGkj]JVNQP*@BPSNHgfA
UOGICFgfADUOGIC>UOG5M3gfbeM1@B|�GY£/¤�z
354768476 9;: <>=@?-=0A!B�C D�E�F8B
E�AHGJIKF8L>MN<7=0APOQ?-F8DNA�<>=#ARFTS�S�F8D-U�=#VW=#D E�A�U�S�F8DYX5<>F8L7S�=0A

{�gfADJIGVRSA1@BAaP¡EHGIC�MOR=gfMORSNHTVP=TIC�bZTIJu@BAONHcWdDGIC%bo@fJVR=gsC=JIgfMONHcWdDGIC�EQNQADTu@BNQR=GIC>©~NQADJVEQd1@BAaP¡EHGIC�MOR=gfMORSNHTVP=TIC¯@fJIgfdDC=PSNHcadDGIC­«
UOGIC¡beNQEQNHGVd]j�|sR*@BAWdOE}@BNQR=GIC¯PSRSN���U]NQbZGVADC=NHgfAOADGVEHCu\aNQEDGIC=P¯JIgfAar�GVAWdmcWdDG>JIG�C=gfAaP¯EHGIC¯JIgfAaP*@fJVP=C¡w�gfRSP=C�\sNQAaP=GVRSr�GVA1@BAWP�UD@BADC
EHGIC�J=L1@µºHADGIC²UOG�wygfR=JIGs\�cWdON ¥ gfdDGVAWP�dOA�R[ZfEHGhMORSNQbZgfR=U]N}@BE_z�?xGhADgfb7�OR=GVd]j�PSR*@urf@Bd]j�gfAaP�TVP=T²R=Tu@BEQNHC*TIC�UD@BADC�JIG
UOgfbo@BNQADGs\lM3gfRSP*@BAaP5GVAiM1@BRSPSNHJVdOEQNHGVRYCSdOR/E}@mJu@BR*@fJVP=TVRSNHC*@BPSNHgfAtUOGICxJ=L1@µºHADGIC5UOG(wygfR=JIG��]\ª@_^OÀsÀ]\<£/NHUDÀsXµ��\1E}@mbZGICSdOR=G
GVPxE}@mbZg-UOTVEQNHC*@BPSNHgfA�UOGIC5U]NHCSPSRSNQ�OdOPSNHgfADCYUOG�JIgfAWP*@fJVP=Co�q³/@fUD�J`]\3 �dDUD��¬D\T\²dDGu�s´B�F©~ADgfb7�OR=GZUOG�JIgfAaP*@fJVP=C(UD@BADCxEHG
beNQEQNHGVd9GVA(wygfADJVPSNHgfA7UOG¯EHGVdOR�UOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcadDG�gfd9JIgfAWPSR*@BNQAaP=G�CSP*@BPSNHcWdDG�«kzf¾WdOR»E}@�¦D|sdOR=GNaDzQ®¯C=gfAWP»R=GVMOR=TIC*GVAaP=TIC
C*J=LDTVbo@BPSNHcWdDGVbZGVAaP5UD@BADCFE_^qGIC=M1@fJIG7UOGICKUOTkw�gfRSbo@BPSNHgfADCxCSP*@BPSNHcWdDGICu\1EHGIC/UOgfbo@BNQADGIC5@fC=C=g-JVNHTIC/@Bd]j²JIgfAWP*@fJVP=C/wy@BNQ�OEHGIC
GVPF@Bd]j�JIgfAaP*@fJVP=CFwygfRSP=Cuz

b»gfdORhE}@ Ju@BR*@fJVP=TVRSNHC*@BPSNHgfA�UOGIChJIgfAWP*@fJVP=C�w_@BNQ�OEHGICu\/UOgfAaP²R*@BMOM3GVEHgfADC��_EHGs\/EHGIC²UOTkwygfRSbo@BPSNHgfADChC=P*@BPSNHcadDGICiC=gfAaP
MOEQdDCewy@BNQ�OEHGICZcWdDGpE}@ªUOTkwygfRSbo@BPSNHgfA bZgu°�GVAOADGs\¯EHGICeR=TICSdOEQP*@BP=Cogf�OP=GVAWdDCoC=gfAWPebZgfNQADCZADgfb7�OR=GVd]j¨GVPmC=gfdOr�GVAaPoGVA
JIgfAWPSR*@fU]NHJVPSNHgfA�\aADgfP*@BbebZGVAWP�GVAZR*@BNHC=gfAoUOGIC¡wy@BNQ�OEHGIC�C=GVADCSNQ�ONQEQNQP=TIC�UOGIC¡bZTVPSLDg-UOGIC¯Gkj]MlTVRSNQbZGVAWP*@BEHGICK�q�¡RSN}ÀsXO\� �g�r]�s�O\
c�E}@sÀ]®k�:gfdhn�Ju@BdDC*G5UOG5E}@�U]NQr�GVRS|�GVADJIGYAWdObZTVRSNHcadDG7UOGIC>Ju@BEHJVdOEHCFUOGxbZg-UOTVEQNHC*@BPSNHgfA²UOGIC�beNQEQNHGVd]j�|sR*@BAWdOE}@BNQR=GICFr�GVR=C
JIGIC>wy@BNQ�OEHGIC/JIgfAaP*@fJVP=C��q³/@fUD�J`]\l¾WNQE}ÀsXO\�c�@BR*ÀsÀB��z<{�GICKU]N��3TVR=GVADJIGICKC=G5PSR*@fU]dONHC*GVAaPKM1@BRFU]NQr�GVR=C/JIgfbeM3gfRSP=GVbZGVAaP=CxUOGIC
U]NHC=PSRSNQ�OdOPSNHgfADC�UOGiJIgfAWP*@fJVP=Ct©y@B�lgfR=UOTIGIC�UD@BADC�E}@�MOR=g-J=L1@BNQADG#C=GIJVPSNHgfA<«oEHgfR=C=cWdDG²E}@�UOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcWdDGhUOGIC
JIgfAWP*@fJVP=C¡P=GVADUer�GVR=C-duTVR=go©�U]NHCSPSRSNQ�OdOPSNHgfAmJIgfADC=P*@BAaP=Gs\aU]NQr�GVRS|�GVAWP=Gs\WgfdZJIgfAWr�GVRS|�GVAaP=G/r�GVR=C-duTVR=ga«kzW{�GVM3GVADUD@BAaPu\aMlgfdOR
E_^qTVPSdDUOG�UOGIC¯Gk�3GVP=C�U�^`@fJIgfdDCSPSNHcWdDG�ADgfAeEQNQADTu@BNQR=G�UD@BADC�EHGIC%beNQEQNHGVd]je|sR*@BAWdOE}@BNQR=GICu\sADgfdDC�bZgfAWPSR=gfADC¯cWdDG�JIGIC¯JIgfAaP*@fJVP=C
w_@BNQ�OEHGIC ¥ gfdDGVAaP>dOA²R[ZfEHGxNQbeMlgfRSP*@BAWPuz
 �GKMlgfNQAWP�UOGxUOTVM1@BRSP>GICSP�gf�OP=GVAad�\1UD@BADC�EHGKJu@fC�EHGKMOEQdDC�CSNQbeMOEHGxUOGIC�JIgfAaP*@fJVP=C�NHUOGVAWPSNHcadDGIC7©~beNQEQNHGVd�|sR*@BAadOE}@BNQR=G

R=TV|sdOEQNHGVR­«k\Z|sR*�fJIG n�E}@�ADgfA]�_EQNQADTu@BRSNQP=T UOG½£KGVRSPed�zZ :@�R=GVE}@BPSNHgfA�JIgfAWPSR*@BNQAaP=GIC���UOTkwygfRSbo@BPSNHgfADC½U�^ dOA bo@BP=TVRSN}@Bd
|sR*@BAWdOE}@BNQR=GYR=TV|sdOEQNHGVR>M3GVdOPFCu^qTIJVRSNQR=G(C=gfdDC�E}@7wygfRSbZGYUOT ¥ n9R=GVADJIgfAWPSR=TIGm���3@BN}�s�f�¯§

σ = bnε3/2H(ε) ,
©�aDzQ®�«

gfveEHG�wy@fJVP=GVdOR
b
UOTVM3GVADUZUOGIC¡bZg-U]dOEHGIC¯TVE}@fC=PSNHcadDGIC�UOGIC��ONQEQEHGICu\�GVP

n
GIC=P¡EHG�ADgfb(�OR=GFbZgu°�GVA�UOG>JIgfAaP*@fJVP=C�M1@BR¡�ONQEQEHGsz

 »@ZwygfADJVPSNHgfA�UOG�£KGu@Ir-NHCSNHUOG
H(ε)

NQADU]NHcWdDGecWdDGeC=GVdOEHCxEHGIC5JIgfAaP*@fJVP=C7JIgfbeMORSNQbZTICYJIgfAaPSRSNQ�OdDGVAWP�@Bd]jªJIgfAaPSR*@BNQAaP=GIC
UD@BADC>EHGxbo@BP=TVRSN}@Bd�z0b%@BRFJIgfAar�GVAWPSNHgfA�\<UD@BADC�E}@ZCSdONQP=G5UOGIC>UOTVr�GVEHgfMOM3GVbZGVAaP=Cu\1dOADGYJIgfbeMOR=GIC=CSNHgfA²JIgfRSR=GIC=MlgfADU²n

σ
\

ε > 0
z
 :@>UOTkwygfRSbo@BPSNHgfA7CSP*@BPSNHcWdDG

ε0
U]d(bo@BP=TVRSN}@Bd�©�TIcWdONQrf@BEHGVAWP=G�n�E}@FUOTkw�gfRSbo@BPSNHgfA�CSP*@BPSNHcWdDG�bZgu°�GVAOADG�UOGIC»JIgfAaP*@fJVP=C

UD@BADC9dOA�beNQEQNHGVd¨R=TV|sdOEQNHGVR­«9UOTVP=GVRSbeNQADGpEHGmbZgWU]dOEHG�TVE}@fCSPSNHcWdDG�EQNQADTu@BNQR=G
dσ(ε0)/dε

M3gfdOR�UOGIC�UOTkwygfRSbo@BPSNHgfADCZGVP
JIgfAWPSR*@BNQAaP=GICx@fJIgfdDCSPSNHcWdDGICFUOGKw_@BNQ�OEHG(@BbeMOEQNQPSdDUOG |ε̃| � |ε0|

GVP |σ̃| � σ0 ≡ σ(ε0)
\OR=GICSM3GIJVPSNQr�GVbZGVAaPuz

?x@BADCYEHGIC5beNQEQNHGVd]ji|sR*@BAWdOE}@BNQR=GIC(ADgfA�R=TV|sdOEQNHGVR=Co©~NQEHCYC=gfAWPYMOEQdDCxw�R=TIcadDGVbebZGVAWP(R=GVADJIgfAaPSR=TIC7UD@BADCYE}@�R=Tu@BEQNQP=T�«k\
dOADGFMOR=gfMlgfRSPSNHgfApUOGFJIgfAWP*@fJVP=C�MOEQdDC¡w_@BNQ�OEHGVbZGVAaP�MOR=Tk��JIgfAaPSR*@BNQAWP=C(© ≡ JIgfAWPSR*@BNQAaP=C�CSP*@BPSNHcWdDGVbZGVAaP­«¯cWdDG>E}@5bZg�°�GVAOADGGkj]NHCSP=G5��{�gfM1�J`O\a³/@fUD�s´µ��\�GVP¡JIgfAWPSRSNQ�OdDGKnxE}@xJIgfAWPSR*@BNQAaP=G/R=TICSdOEQP*@BAaP=G

σ(ε)
z(b�gfdOR¡dOADG/UOTVbZgfADCSPSR*@BPSNHgfAmcWd1@BEQNQP*@BPSNQr�G

U]d R[ZfEHG�UOG�JIGIChJIgfAWP*@fJVP=C²w_@BNQ�OEHGICu\/C=GVdOEHGtdOADG�w~R*@fJVPSNHgfA�@fUOU]NQPSNHgfAOADGVEQEHG¨UOG#w_@BNQ�OEHGIChJIgfAWP*@fJVP=CªGICSP²NQAWPSR=gWU]dONQP=G
M3gfdOR>EHG(bZgfbZGVAaPuz3��AhC*TVM1@BR*@BAaP5Gkj-MOEQNHJVNQP=GVbZGVAWPxEHGIC>M1@BRSPSNHGICxCSP*@BPSNHcWdDG(GVP/U]°-A1@BbeNHcWdDG(UOGICKJ=L1@BbeMDCu\<E}@eR=GVE}@BPSNHgfA
JIgfAWPSR*@BNQAaP=GIC���UOTkwygfRSbo@BPSNHgfADCKMlGVdOP/¢VPSR=G5R=TITIJVRSNQP=GYC=gfdDC�E}@�w�gfRSbZG5CSdONQrs@BAaP=Go§

σ0 + σ̃ = bn0(ε0 + ε̃)3/2H(ε0 + ε̃) + bn1(µε0 + ε̃)3/2H(µε0 + ε̃) .
©�aDz`X�«

 :GIC>ADgfb(�OR=GIC/bZgu°�GVADC
n0
GVP

n1
UOGYJIgfAWP*@fJVP=C>wygfRSP=C>GVP�w_@BNQ�OEHGIC>M1@BR>�ONQEQEHG7C=gfAaP/JIgfbeM1@BR*@B�OEHGIC9�q³K@fUD�s´µ��z<{�GVE}@eGICSP

GIC=PSNQbZTYM1@BRxUOGIC/bZg-UOTVEQNHC*@BPSNHgfADCKAadObZTVRSNHcWdDGIC5GVP/UOGICxUOgfAOADTIGICxCSdOR/EHGICFr-NQP=GIC=C=GICKUOG(MOR=gfM1@B|a@BPSNHgfADCY@fJIgfdDC=PSNHcadDGICuz



���������
	���
�������	���
�� �
���

 �GeJIg-Gk�oJVNHGVAaP7@fU]NQbZGVADCSNHgfAOADGVE |µ| � 1
Ju@BR*@fJVP=TVRSNHC=GeEHGeJ=L1@BRS|�GVbZGVAWP9UOG�E}@mw�R*@fJVPSNHgfA�@fUOU]NQPSNHgfAOADGVEQEHGoUOG9w_@BNQ�OEHGIC

JIgfAaP*@fJVP=Cuz
 :@oMORSNHC=G9GVAiJIgfbeMOP=G�UOGIC���PSR=gfdDC��(gfd���|a@BMDC��(NQAONQPSN}@Bd]j�\lC*GYR=GkwyGVRSbo@BAaPYC=gfdDC/E_^`@fJVPSNHgfA#UOG(E_^qgfADUOGe@fJIgfdDCSPSNHcWdDG

U�^`@BbeMOEQNQPSdDUOG>UOG�UOTkw�gfRSbo@BPSNHgfA |ε̃| > |µ|ε0
MlgfdOR�wygfRSbZGVR¡UOGIC�JIgfAaP*@fJVP=Cu\aGICSP%MlgsC=C=NQ�OEHG�GVAeJIgfADCSNHUOTVR*@BAWP�cWdDG

µ < 0
z

b»gfdORFEHGIC>JIgfADCSNHUOTVR*@BPSNHgfADCKcad1@BEQNQP*@BPSNQr�GICFMOR=TIC=GVAaP=GICu\<JIGIC���PSR=gfdDC��xADGYC=gfAWP�M1@fC>MORSNHC>GVA²JIgfbeMOP=Gsz
?5@BADC¡EHG>Ju@fC�UOGIC¯JIgfAWP*@fJVP=C¡w_@BNQ�OEHGVbZGVAaP�MOR=Tk��JIgfAaPSR*@BNQAWP=C

0 < µ � 1
GVP |ε̃| � |µ|ε0

\sEHGIC�UOTVRSNQr�TIGIC¯CSdDJIJIGIC=C=NQr�GIC
M1@BR»R*@BMOM3gfRSP�n

ε̃
UOG�E_^qTIcad1@BPSNHgfA�©�aDz`[a«:CSdONQrs@BAaP=G�Ju@BR*@fJVP=TVRSNHC=GVAWP�EHGIC:bZg-U]dOEHGIC%TVE}@fCSPSNHcadDGIC�EQNQADTu@BNQR=GIC�GVP�ADgfA7EQNQADTu@BNQR=GIC

U]d�bo@BP=TVRSN}@Bd�§
dmσ̃

dε̃m
(ε0) ∼ bn0(1 +

n1

n0
µ3/2−m)ε

3/2−m
0 .

©�aDz`[�«
 �G7bZgWU]dOEHG�TVE}@fCSPSNHcWdDG7EQNQADTu@BNQR=G9JIgfRSR=GIC=MlgfADUªn

m = 1
\lGVP/EHG7bZgWU]dOEHG�TVE}@fCSPSNHcWdDG7ADgfAhEQNQADTu@BNQR=G�cWd1@fU]R*@BPSNHcadDG

JIgfRSR=GICSM3gfADU²n
m = 2

z<{�GIC�bZg-U]dOEHGICFCu^qTIJVRSNQr�GVAWPFUOgfADJ5R=GICSM3GIJVPSNQr�GVbZGVAaP�§
dσ̃

dε̃
(ε0) ∼ bn0(1 +

n1

n0
µ1/2)ε

1/2
0

©�aDz aW«
d2σ̃

dε̃2
(ε0) ∼ bn0(1 +

n1

n0
µ−1/2)ε

−1/2
0 .

©�aDz`��«
{�gfbebZG

n1 ∼ n0
\1E}@�JIgfAaPSRSNQ�OdOPSNHgfA#R=GVE}@BPSNQr�G�UOGICxJIgfAaP*@fJVP=CKw_@BNQ�OEHGIC/M1@BRKR*@BMOM3gfRSP5@Bd]j²JIgfAWP*@fJVP=CxwygfRSP=CFM3gfdOR

EHGYbZg-U]dOEHG(U�^qTVE}@fCSPSNHJVNQP=T7EQNQADTu@BNQR=Gp©
m = 1

«>GICSPFUOgfADJ9UOGYE_^qgfR=U]R=G9UOG
µ1/2 � 1

z1 �GICKJIgfAaP*@fJVP=C/w_@BNQ�OEHGIC>ADG ¥ gfdDGVAaP
UOgfADJeM1@fC7dOAtR[ZfEHGZNQbeM3gfRSP*@BAaP7MlgfdOR7EHGICYMOR=gfMORSNHTVP=TIC9TVE}@fCSPSNHcadDGIC(EQNQADTu@BNQR=GIC7U]d�beNQEQNHGVd�|sR*@BAWdOE}@BNQR=Gsz! E_^ NQAar�GVR=C*Gs\
E}@eJIgfAaPSRSNQ�OdOPSNHgfAªR=GVE}@BPSNQr�G7UOGICFJIgfAaP*@fJVP=C/w_@BNQ�OEHGIC>M1@BR>R*@BMOM3gfRSPK@Bd]j�JIgfAWP*@fJVP=CFwygfRSP=C>M3gfdOR>EHG5bZg-U]dOEHG(U�^qTVE}@fC=PSNHJVNQP=T
ADgfApEQNQADTu@BNQR=G5cad1@fU]R*@BPSNHcWdDGZ©

m = 2
«¯GIC=P�UOGKE_^qgfR=U]R=G5UOG

µ−1/2 � 1
z- :GIC�JIgfAaP*@fJVP=C�w_@BNQ�OEHGIC ¥ gfdDGVAWP>UOgfADJxdOApR[ZfEHG

MOR=TVMlgfADUOTVR*@BAWP/UD@BADC�EHGICFMOR=gfMORSNHTVP=TICFTVE}@fCSPSNHcWdDGIC�ADgfA�EQNQADTu@BNQR=GIC/UOGIC�beNQEQNHGVd]j�|sR*@BAadOE}@BNQR=GICuz
3-47684�" #.L A�E�S%L>MNX-E�L>C DNA ?5=@B�C�D EJF8B
E�A

 �GIC7U]NHCSPSRSNQ�OdOPSNHgfADC�UOGZJIgfAaP*@fJVP=C9R=GVMOR=TIC=GVAWP=GVAaP�EHGZADgfb7�OR=GmUOGZJIgfAWP*@fJVP=C�cadON�@BMOM1@BR*@BNHC*C=GVAaP�UD@BADC(EHGZbeNQEQNHGVd
|sR*@BAadOE}@BNQR=G�GVA7w�gfADJVPSNHgfA�UOG�EHGVdOR%UOTkwygfRSbo@BPSNHgfAeCSP*@BPSNHcWdDGs\µUOG�EHGVdOR�JIgfAaPSR*@BNQAaP=G�C=P*@BPSNHcadDG�gfd9UOG�EHGVdOR�w�gfR=JIG�CSP*@BPSNHcWdDGsz
 �G�MOEQdDC¡C*gfdOr�GVAaPu\�EHGIC�TIJ=LDGVEQEHGIC�UOG>UOTkwygfRSbo@BPSNHgfADCu\�UOG>JIgfAWPSR*@BNQAaP=GIC�gfdoUOG�wygfR=JIGIC¯CSP*@BPSNHcWdDGIC¡C=gfAWP¡ADgfRSbo@BEQNHC=TIGIC�M1@BR
R*@BMOMlgfRSP5noEHGVdOR/rs@BEHGVdORxbZgu°�GVAOADG�UD@BADCKEHG(beNQEQNHGVd�z3?5@BADCKE}@oCSdONQP=Gs\<E}@mUOTkw�gfRSbo@BPSNHgfA#CSP*@BPSNHcWdDG7UOGICxJIgfAWP*@fJVP=C5GICSP
ADgfRSbo@BEQNHC=TIG�M1@BRxR*@BMOMlgfRSPYnmE}@mrf@BEHGVdORxbZg�°�GVAOADG

ε0
\3GVP5GICSPKUOgfADJeJu@BR*@fJVP=TVRSNHC*TIG�M1@BRKE}@mrs@BRSN}@B�OEHG

µ
cWdON»PSR*@fU]dONQP

E_^qTIJu@BRSP>UOGKE}@7UOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcWdDG5U]d�JIgfAaP*@fJVP>JIgfADCSNHUOTVR=TYn7E}@�UOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcadDGKbZg�°�GVAOADGszD �GIC�wygfRSbZGIC
UOGICpU]NHCSPSRSNQ�OdOPSNHgfADC�UOGiJIgfAaP*@fJVP=C�C=gfAWP�gf�OP=GVAadDGIC�M1@BRpbZg-UOTVEQNHC*@BPSNHgfA½AadObZTVRSNHcWdDG#JIgfbeMOEH�VP=G#UOGIC�@fC=C=GVb(�OE}@B|�GIC
|sR*@BAadOE}@BNQR=GIC��q³K@fUD�J`O\» �dDUD��¬]\%{�gfM1�J`D\%¾WNQE}ÀsXO\�c�@BR*ÀsÀB��gfd�M1@BReUOGIC�Gkj-M3TVRSNHGVADJIGIC�CSP*@BPSNHcWdDGIC9UD@BADC9EHGIC=cWdDGVEQEHGIC9E}@
UOTVP=GIJVPSNHgfAmGICSP¡Gk��GIJVPSdDTIG/nKE_^`@BNHUOG/UOG�M1@BMONHGVR¯UOG>Ju@BRS�3gfADGY�]\hdDGu�s´O\�c�E}@sÀ]®s\���RSN}ÀsXD\� �gurO�s�B��zW{�L1@fcWdDG�PSR*@fJIG�E}@BNHC*C=TIG
M1@BR7EHG�Ju@BRS�3gfADG�C=dOR7dOADGmwyGVdONQEQEHGmUOGmM1@BMONHGVReU]NHCSMlgsC*TIG�@Bd�wygfADU�gfd�CSdOR9EHGIC7M1@BR=gfNHC�E}@BP=TVR*@BEHGIC�U�^ dOA¨JIgfAaP=GVADGVdOR
RSNQ|sNHUOGZJIgfRSR=GICSM3gfADU�npdOA�JIgfAaP*@fJVP�UOGe�ONQEQEHGsz� :@²CSdOR�wy@fJIGoUOGZJ=L1@fcWdDGZPSR*@fJIGZGIC=PYEQNHTIGonpE}@�wygfR=JIG²©�JIgfAWPSR*@BNQAaP=Gpgfd
UOTkw�gfRSbo@BPSNHgfA<«YCSP*@BPSNHcWdDGZU]d�JIgfAWP*@fJVPuz:¼/AtPSR*@BNQP=GVbZGVAaP�U�^ NQbo@B|�GZM3GVRSbZGVP7UOGZUOTIJIgfbeMOP=GVR9EHGICYP*@fJ*LDGIC7C*GVEHgfAtEHGVdOR
CSdOR�w_@fJIG5GVP>UOgfADJYUOG5R=GVbZgfAaP=GVRxn9E}@eU]NHCSPSRSNQ�OdOPSNHgfAiUOGIC>JIgfAaP*@fJVP=C/UD@BADC>EHGxbeNQEQNHGVd�z
 �GICKbZTVPSLDg-UOGICKGkj]M3TVRSNQbZGVAaP*@BEHGICu\3MORSNQADJVNQM1@BEHGVbZGVAWP7@µj]TIGICKr�GVR=CKE}@mJu@BR*@fJVP=TVRSNHC*@BPSNHgfAtUOGICxJ=L1@µºHADGIC5UOG(w�gfR=JIG9GVP

UOgfADJ�UOGIC�JIgfAaP*@fJVP=C�wygfRSP=Cu\fC=gfAWP%Ju@BM1@B�OEHGIC¯UOG�UOTVP=GIJVP=GVR¡UOGIC�w�gfR=JIGIC�UOGIC=JIGVADUD@BAWP ¥ dDC=cad�^`n
0.1
w�gfNHC�E}@/wygfR=JIG�CSP*@BPSNHcadDG

bZgu°�GVAOADGm�q��RSN}ÀsXO\O �g�r]�s�1\�c�E}@sÀ]®I��z
 �GIC�CSNQb(dOE}@BPSNHgfADC%AWdObZTVRSNHcadDGIC�UOG�beNQEQNHGVd]j(|sR*@BAWdOE}@BNQR=GIC%bZgfAaPSR=GVAaP¡cWdDG¡EHG�ADgfb(�OR=G�UOG�JIgfAaP*@fJVP=C�w_@BNQ�OEHGIC

n1
GICSP

EHTV|��VR=GVbZGVAaPKCSdOMlTVRSNHGVdORK@Bd�ADgfb(�OR=G7UOG5JIgfAaP*@fJVP=CFw�gfRSP=C
n0
cWdON�ADGxR=GVMOR=TIC=GVAWP=GVAaPxcad�^qGVAWrWNQR=gfA!aaÀ%$ UOGIC>JIgfAaP*@fJVP=C

U]d�beNQEQNHGVd��q³K@fUD�s´O\<{�gfM1�J`B��z< :@ZJIgfAWPSRSNQ�OdOPSNHgfAiUOGICKJIgfAaP*@fJVP=CFw_@BNQ�OEHGIC/@BdhC=NQ|sA1@BE:ADgfA²EQNQADTu@BNQR=G7UOgfNQP/UOgfADJs\<C=GVEHgfA
E_^qTIcad1@BPSNHgfA�©�aDz`[�«7GVP9E}@²U]NHC=JVdDC*CSNHgfA�cWdON�EQdON�GIC=P�@fC=C*gWJVNHTIGs\�UOgfbeNQADGVRZn�M1@BRSPSNQReU�^`@BbeMOEQNQPSdDUOGICZUOG�UOTkw�gfRSbo@BPSNHgfADC
U�^qGkj]JVNQP*@BPSNHgfApUOG/E_^qgfR=U]R=GKUOG

µ ≤ 0.1− 0.01
zD?xG>P=GVEQEHGIC�UOTkw�gfRSbo@BPSNHgfADC�JIgfRSR=GIC=MlgfADUOGVAWP�n(UOGIC�w�gfR=JIGIC�GVADJIgfR=GFMOEQdDC
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+-,/.�021�,�354602,/7"8:96;=<�7"8�0�>�<?0�.

n(µ)

+A@�BC7"1�DE>�02,/7"8F.�0�>�0�,/G�4H;I96;J.K<%7�8�0�>"<%0�.
µ

10

L ����MN �O��/�
��P=
���')�
	QPI�?R���	�	��

SUT�VEW �!X2��Y[Z � \^] �%_ �
	�_
`����N` 	�� ��a � 	���
��[` �5_ �b]dc 
 �
egf 	���
��[` �5_ � 
��
	�f%��	d`��[h 
�� �
µ > 1 ikj fAc 
��Jel_ �5_ j f ���N` 	�� ��a � 	���
��

_J` 	ma ��_ �ne 
��5] j �N`�]%_��po�� �?_Jq�f����Jrs_ igt 
�� � µ < 1 igtuj �b`���_ � ��` � 
�e t 
�� 	�_Jel_ �
	d`v` 
 �
	 �%_ ��� 
 �
	��?]J` �Hf��[` j f
j ��	�	�] ��f%	�� �%_��

w_@BNQ�OEHGIC�UOGFE_^qgfR=U]R=GxUOG
f/f0 ≤ 0.03− 0.001

\DcadON3C=GFPSR=gfdOr�GVAaP��ONHGVApGVA]��UOGIC=C=gfdDC�UOGIC�rf@BEHGVdOR=C�cWdON<C=gfAWP�gf�OP=GVAWdDGIC
UD@BADC>EHGIC>Gkj-M3TVRSNHGVADJIGICFC=P*@BPSNHcadDGICF@fJVPSdDGVEQEHGIC7�]\²dDGu�s´D\�c�E}@sÀ]®a\O��RSN}ÀsXB��z
?x@BADCFEHGICFJIgfADCSNHUOTVR*@BPSNHgfADCKcWdON:CSdONQr�GVAaPu\1E}@ZU]NHCSPSRSNQ�OdOPSNHgfAiUOG(UOTkwygfRSbo@BPSNHgfADC9©�GVPFADgfAhUOGxwygfR=JIGIC­«�UOG7JIgfAaP*@fJVP=C

rs@h¢VPSR=G�JIgfADC=NHUOTVR=TIGs\�JIG�cWdON�wy@fJVNQEQNQP=GpE_^ NQAWP=GVRSMOR=TVP*@BPSNHgfA·UOGIC�R=TICSdOEQP*@BP=Cegf�OP=GVAWdDCu\�GVA�M1@BRSPSNHJVdOEQNHGVRoJIgfADJIGVRSA1@BAaPZEHG
MOLDTVADgfbZ�VADGmUOGZJVE}@BMOM3GVbZGVAaPuz�{�GVPSP=GoU]NHCSPSRSNQ�OdOPSNHgfA�GICSPYADgfP=TIG

n(µ)
\:@ur�GIJZE}@�UOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcWdDGebZg�°�GVAOADG

cWdON�JIgfRSR=GICSM3gfADU²n
µ = 1

z
?x@BADCZP=gfdDCeEHGICZJu@fCu\%dOADG�UOTIJVR=gfNHC*C*@BADJIG�Gkj]MlgfADGVAWPSNHGVEQEHG²UOG�JIGVPSP=G�U]NHCSPSRSNQ�OdOPSNHgfA�MlgfdOReEHGICew�gfR=JIGICZC=P*@BPSNHcadDGIC

C=dOMlTVRSNHGVdOR=GICKn�E}@9wygfR=JIGYCSP*@BPSNHcWdDG5bZgu°�GVAOADGp©
µ = 1

«�GICSPFR=GVMlgfRSP=TIG7UD@BADC>E}@�EQNQPSP=TVR*@BPSdOR=Gszl?xGKwy@�wIgfAh|�TVADTVR*@BEHGs\1JIG
JIgfbeM3gfRSP=GVbZGVAaP/MlGVdOP/¢VPSR=G5UOTIJVRSNQPFM1@BR�E}@9wygfRSbZG5CSdONQrs@BAaP=GYUOG5E}@�U]NHC=PSRSNQ�OdOPSNHgfAhUOGYUOTkwygfRSbo@BPSNHgfA�§

n(µ) ∝ e−α1(µ−1)α2
µ ≥ 1 ,

©�aDz `�«
@ur�GIJ

α1
GVP

α2
UOGVd]j�JIgfADC=P*@BAaP=GIC�MOR=g-J=LDGIC�UOG�®xcadON3UOTVM3GVADUOGVAaP>M1@BR�GkjOGVbeMOEHGs\OgfdOPSR=G/EHGIC�U]N���TVR=GVAaP=GIC>bZTVPSLDgWUOGIC

Gkj]M3TVRSNQbZGVAaP*@BEHGIC>gfd�AWdObZTVRSNHcadDGIC�dOPSNQEQNHC*TIGICu\OUOGKE}@Yw�RSNHJVPSNHgfA�UD@BADC�EHGKbeNQEQNHGVd�zO �GIC�rs@BEHGVdOR=C�dOPSNQEQNHC=TIGIC�UD@BADC�E}@9CSdONQP=G
C*gfAaP9¦Oj]TIGICmn

α1 = 1.4
GVP

α2 = 3/2
��¾WNQE}ÀsXB��z% ¡^ NQA]¿DdDGVADJIG²UOG�JIGICeJIgfADCSP*@BAaP=GICmCSdOR�E}@²bZg-UOTVEQNHC*@BPSNHgfA·GVP�EHGIC

JIgfADC=NHUOTVR*@BPSNHgfADC�cWdON1CSdONQr�GVAWP�GIC=P¡beNQAONQbZGszW�¡A�Gk��GVPu\aUOGIC¡w�gfRSbZGIC�cad1@BEQNQP*@BPSNQr�GIC�UOG>U]NHC=PSRSNQ�OdOPSNHgfADC�PSR=�IC�U]N���TVR=GVAaP=GIC
@Bd]��UOGIC*CSdDC%UOG�E}@/rs@BEHGVdOR%bZgu°�GVAOADG

µ = 1
©
n(µ) = 0

M3gfdOR
µ ≥ 1

M1@BR¡GkjOGVbeMOEHG�«:A�^qgfAaP¡cWdDG�PSR=�IC%M3GVd�U�^ NQA]¿DdDGVADJIG
C=dOR�EHGIC�R=TICSdOEQP*@BP=C>gf�OP=GVAWdDC/UD@BADC�E}@ZCSdONQP=Gsz
¾WdOR/E}@o¦D|sdOR=G aDzQ®�GICSP/R=GVMOR=TIC*GVAaP=TIG�dOADG9U]NHCSPSRSNQ�OdOPSNHgfAtUOG�UOTkw�gfRSbo@BPSNHgfADC5UOG9JIgfAaP*@fJVP=Cuz  /EHgfR=CxcadDG7E}@ow�gfRSbZG

cWd1@BEQNQP*@BPSNQr�GZUOGeJIGVPSP=GeU]NHCSPSRSNQ�OdOPSNHgfA�GICSP5�ONHGVAtUOTIJVRSNQP=GeM3gfdOR
µ > 1

\3MOEQdDCSNHGVdOR=CYJIgfbeM3gfRSP=GVbZGVAaP=C9U]NHCSPSNQADJVP=C(C*gfAaP
R=GVADJIgfAWPSR=TICFC=GVEHgfA²EHGIC�PSR*@Irs@Bd]j�R=GVMlgfRSP=TICFMlgfdOR

µ < 1
z

 �GIC:GICSPSNQbo@BPSNHgfADC�UOG¡E}@>UOTkw�gfRSbo@BPSNHgfA�CSP*@BPSNHcWdDG�bZgu°�GVAOADG�U]d(beNQEQNHGVd
ε0
gfAWP»TVP=T¡bZGVADTIGIC%n�E_^`@BNHUOG�UOGIC�wygfRSb(dOEHGIC

UOG7bZg-UOTVEQNHC*@BPSNHgfAiUOGICKMOR=gfMORSNHTVP=TICxbZTIJu@BAONHcWdDGIC5GVP/TVE}@fCSPSNHcWdDGICxUOGIC5@fC=C=GVb(�OE}@B|�GICx|sR*@BAWdOE}@BNQR=GICxNHC=CSdDGICKUOGm�]c�GVE}�_as�
©~r�gfNQR9EHGoJ*L1@BMONQPSR=Gª®�«k\»U]d�bZgWUO�VEHG�UOGm£KGVRSPedh�yxagfL1´s�f��\:GVP�UOGZbZGIC=dOR=GIC9U]NQR=GIJVP=GIC�UOG�UOTkw�gfRSbo@BPSNHgfA�CSP*@BPSNHcWdDGmUOG
E_^`@fC*C=GVb(�OE}@B|�GYC*gfdObeNHC/n9dOADGxwygfR=JIG5Gkj-P=TVRSNHGVdOR=Gsz
 :@ZJIgfAWPSR*@BNQAaP=G�beNQAONQb(dOb @BMOMOEQNHcWdDTIG9CSdORFEHG(beNQEQNHGVdªUD@BADC/EHGICKGkj-M3TVRSNHGVADJIGICKMOR=TIC=GVAaP=TIGICKM1@BRKE}@ZCSdONQP=G9GICSP/UOG

∼ 7 kPa
JIGKcadON�JIgfRSR=GICSM3gfADU�n7dOADGKUOTkw�gfRSbo@BPSNHgfA�C=P*@BPSNHcadDG/bZgu°�GVAOADG5GICSPSNQbZTIG5n

ε0 ' 0.43 10−4 ± 0.15 10−4 z
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 :@�JIgfAWPSR*@BNQAaP=G�bo@µj]NQb(dOb�\�cad1@BAWP�n²GVEQEHGs\:GICSP(UOG ∼ 72 kPa
\:JIGmcadON¡R=GVMOR=TIC*GVAaP=G�dOADGoUOTkwygfRSbo@BPSNHgfA�C=P*@BPSNHcadDG

bZgu°�GVAOADG¨UOG
ε0 ' 2.0 10−4 ± 0.15 10−4 z b�gfdOR#dOADG�JIgfAWPSR*@BNQAaP=G·dOAON}@µj-N}@BEHG�Gkj]P=TVRSNHGVdOR=G¨UOG ∼ 29kPa

\
P�°-MONHcadDG�UOGIC#Gkj]MlTVRSNHGVADJIGICªMOR=TIC*GVAaP=TIGICtUD@BADCªE}@ CSdONQP=Gs\xE}@ UOTkwygfRSbo@BPSNHgfA¸CSP*@BPSNHcadDG�bZg�°�GVAOADG GICSP#GICSPSNQbZTIG¨n
ε0 ' 1.1 10−4 ± 0.15 10−4 z
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���
354 "Y476 #.L7A�� C A�L>EJL7I =�������S(L7V =0D�EJF8<

?KGVd]j�JIgfA]¦D|sdOR*@BPSNHgfADCtGkj-M3TVRSNQbZGVAaP*@BEHGIC#gfAWP#TVP=T�R=GVP=GVAWdDGICuz({�LOR=gfADgfEHgf|sNHcadDGVbZGVAWPu\5E}@·MOR=GVbeNH�VR=G¨GICSPhdOADG
JIgfA]¦D|sdOR*@BPSNHgfA�UOGmMOR=gfM1@B|a@BPSNHgfA @fJIgfdDCSPSNHcadDGpr�GVRSPSNHJu@BEHGs\�Js^qGIC=PonhU]NQR=GpC=GVEHgfA¨E}@iU]NQR=GIJVPSNHgfA U�^`@BMOMOEQNHJu@BPSNHgfA UOGmE}@
JIgfAWPSR*@BNQAaP=G�C=P*@BPSNHcadDG�dOAON}@µj]N}@BEHGs\�GVPZGICSPeUOTIJVRSNQP=G�CSdOR7E}@h¦D|sdOR=G aDz`XOz% �GpbeNQEQNHGVd�|sR*@BAWdOE}@BNQR=G�ADgfA]��JIgfADC=gfEQNHUOT�GICSP
JIgfbeM3gsC=T�UOG¯�ONQEQEHGIC�UOG¯r�GVRSR=G�UOG¯U]N}@BbZ�VPSR=G

2±0.1 mm
z�¹ EWGICSP�JIgfAaP=GVAWdZUD@BADC:dOA9R=TIJVNQMONHGVAaP%MOE}@fCSPSNHcWdDG¯JV°-EQNQADU]RSNHcadDG

UOG
50 cm

UOG�L1@BdOP�GVP�UOG
46 cm

UOG�U]N}@BbZ�VPSR=Gs\BwyGVRSbZT�M1@BR�dOAeU]NHC=cWdDG�UOG�MOEHGkj-NQ|sE}@fC=C�M3GVRSbZGVPSP*@BAaP¯UOG�PSR*@BADCSbZGVPSPSR=G
E}@�JIgfAWPSR*@BNQAaP=GoC=P*@BPSNHcadDG�Gkj]P=TVRSNHGVdOR=Gsz:{�GVPSP=GeJIgfAaPSR*@BNQAaP=GmGICSPY@BMOMOEQNHcadDTIG�M1@BR5dOADG�r-NHCKbZTVP*@BEQEQNHcadDG�beNQEQEQNQbZTVPSRSNHcWdDG
GVPYGIC=PKbZGIC=dOR=TIGon�E_^`@BNHUOGZU�^ dOAtJu@BMOP=GVdOR7UOG9wygfR=JIGeCSP*@BPSNHcWdDGeUOG��1@BADUOGedOPSNQEHG

1 → 10 kN
z:{�GIJVN¡JIgfRSR=GICSM3gfADU�n

UOGIC(JIgfAaPSR*@BNQAaP=GICe@BEQE}@BAWP7UOG
7.2 kPa

n
72 kPa

MlgfdOR(JIGVPSP=GmJIgfA]¦D|sdOR*@BPSNHgfA�Gkj]MlTVRSNQbZGVAWP*@BEHGs\»gfd�GVADJIgfR=GmnpUOGIC
r-NQP=GIC=C=GIC�UOGYMOL1@fC=G c�¤�UOGYE_^qgfR=U]R=GYUOG

200 − 350 m/s
z

Onde de
pompage
HF

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

B

C D

Onde démodulée BF
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A

SUT�VEW � X��kY
� 
 �! #"�� ��f%	���
�� �5_ j�$ _�% t ] � ��_ ����_ �5_ t ��
 t f!"Hf 	���
�� q�_ � 	����%f j _���& _
` 	 j _ �%f t 	�_ � � �5_Fc�
�����_ i � _
` 	
j�$ ]Jel_ 	�	�_ � � j 
��'"���	��������uf j�i Z _
` 	 j($ ]Jel_ 	�	�_ � ���5_�� �N` f�� jNj _Jel_ �
	 _ 	
) _J` 	 j _ �%]���_ t 	�_ � � j 
��*" ��	��������uf j �,+ f ���N` 	�f ����_
�b_ t ��
 t f-"Hf 	���
�� _
` 	 �5_

16 cm
�

 >¦DA·U�^qTVbZGVPSPSR=G²EHGICogfADUOGIC�UOG�M3gfbeM1@B|�G²UOG�L1@BdOP=GICow~R=TIcWdDGVADJIGICu\�dOA�PSR*@BADC=U]dDJVP=GVdOR�EHgfAO|sNQPSdDU]NQA1@BEKGVPZdOA
PSR*@BADC*U]dDJVP=GVdORKUOGYJVNHC­@BNQEQEHGVbZGVAaP5C=gfAaP/MOE}@fJITICK@Bd�w�gfADUhU]d²R=TIJVNQMONHGVAaPxGVP/gfRSNHGVAWP=TIC/C*GVEHgfAhC=gfAh@µjOGYr�GVRSPSNHJu@BE»r�GVR=CFEHG
L1@BdOPK©~PSR*@BADC=U]dDJVP=GVdOR=C�{�GVP�? C=dOR¡E}@K¦D|sdOR=G aDz`X�«kz� :GIC¡PSR*@BADC=U]dDJVP=GVdOR=C�C=gfAaP¯E}@BRS|�G��1@BADUOGs\aUOG�w�R=TIcadDGVADJIGFJIGVAaPSR*@BEHG
100 kHz

\�U�^qgfdOr�GVRSPSdOR=G ∼ 3.8 cm
M3gfdORxEHG�PSR*@BADC=U]dDJVP=GVdOR5EHgfAO|sNQPSdDU]NQA1@BE/©2b%@BA1@BbZGVPSRSNHJIC/.5[sÀs�sX�«KGVP ∼ 2.6 cmM3gfdORYEHGoPSR*@BADC=U]dDJVP=GVdOReUOGoJVNHC*@BNQEQEHGVbZGVAWPp©2b%@BA1@BbZGVPSRSNHJIC�rWNHUOGIgsC*Ju@BA0.�®u�_aa´�«kz:��A�R=TIJIGVMOPSNHgfA�\�dOA�PSR*@BADC=U]dDJVP=GVdOR

EHgfAO|sNQPSdDU]NQA1@BEYGIC=PmdOPSNQEQNHC=Ts\�NHUOGVAWPSNHcadDG#n�JIGVEQdONxdOPSNQEQNHC=ThGVA½TVbeNHC=C=NHgfA�\�GIC=PmMOE}@fJITªGVA L1@BdOPpU]d�R=TIJVNQMONHGVAWP�GVP�GICSP
gfRSNHGVAWP=T9r�GVR=CxEHG(�1@fCZ©~PSR*@BADC=U]dDJVP=GVdOR c CSdORKE}@Z¦D|sdOR=G aDz`Xa«kzl :@�U]NHCSP*@BADJIG�UOG9MOR=gfM1@B|a@BPSNHgfAtGVAaPSR=G�EHGICxTVbZGVPSP=GVdOR=C
GVPKEHG9R=TIJIGVMOP=GVdORYGICSP5@BEHgfR=CKUOG

16 cm
z3¼/Aª@BA1@BEQ°]C=GVdOR(¾WP*@BA]wygfR=Ui³/GIC=Gu@BR=J=L�¾W°-P=GVbZCZ©_¾-³ ¬f´s��«/GICSP/dOPSNQEQNHC*T7M3gfdOR

E_^`@fJIcWdONHCSNQPSNHgfAtUOGICxCSNQ|sA1@Bd]j#GVPxE}@obZGIC=dOR=GeU�^`@BbeMOEQNQPSdDUOGonmE}@Zw�R=TIcWdDGVADJIG9U]dtC=NQ|sA1@BE%UOTVbZg-U]dOEHTsz� �GIC5GVRSR=GVdOR=CYUOG
bZGIC=dOR=G�@fC=C*gWJVNHTIGICen²E_^qTVEHGIJVPSR=gfAONHcadDG�U]d�U]NHCSM3gsCSNQPSN�w/Gkj]MlTVRSNQbZGVAWP*@BE>C=gfAaP�NQA]wyTVRSNHGVdOR=GICZn�E}@²P*@BNQEQEHGpUOGIC9C=°Wb7�lgfEHGIC
dOPSNQEQNHC*TIC>UD@BADC�E}@�R=GVMOR=TIC=GVAWP*@BPSNHgfAhUOGICFR=TICSdOEQP*@BP=C>CSdONQrs@BAaP=Cuz
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SUT2VEW �!X�/!Y &^e tuj ��	����5_ �b_
` ` � " �uf�� % �5]Je 
�� � j ]
`10 ∼ 5 kHz 2 _ � c�
�����	���
�� �5_ j($ f�e tuj ��	����5_ �b_ t 
�e t f!"b_0 ∼ 80 kHz 2lt 
�� � � ��_�� 
��! #" � �?f 	���
�� �b_ t ��
 t f!"5f 	���
 � q�_ � 	����%f j _�� + $ _(% � ��	�f%	���
�� _
` 	 j 
��*" ��	��������uf j _ t 
�� � j _
`��_ ��� j _
` i _�	 	��?f��[`
q�_ ��` _ t 
�� � j _
` j 
�` f �*"5_
`���+!f � 
��
	��?f�� ��	�_ ` 	�f 	��43��[_ f tHtuj �53 �[]�_ _
` 	 �5_
26 kPa

� + _
`7698��Jrs_
`
� �����43��[_ ��	 j _
` 	���f �[`���	���
 �[` _ �
	��?_�� � � 
�e t 
�� 	�_Jel_ �
	�3 �[f%���?f 	��53 �[_l_ 	 � � � 
�e t 
�� 	�_Jel_ �
	=_ � t � � `
` f����
_;:=<�� �

3-4 "Y4�" #?>-D5FTV LA@�X5=@?5= B�S�C L7A�A_F8D5B�= ?-=0A!A�L>U D5FTX � ? �0V CY?NX5< �0A

 �GIC�gfADUOGIC²UOGªMlgfbeM1@B|�GIC�£K¤ UOG#JVNHC*@BNQEQEHGVbZGVAaPiGVP�EHgfAO|sNQPSdDU]NQA1@BEHGIC²C=gfAWP²UOTVbZgWU]dOEHTIGIC�|sR*�fJIG�n�E}@�ADgfA]�
EQNQADTu@BRSNQP=TYUOGICFJIgfAWP*@fJVP=CFMOR=TIC*GVAaP=CFUD@BADCFEHGxbeNQEQNHGVd²|sR*@BAWdOE}@BNQR=Gsz<¹ E�GICSP�NQbeM3gfRSP*@BAaP/UOGYbZGVAaPSNHgfAOADGVRxcadDG5EHGICFgfADUOGIC
UOGoM3gfbeM1@B|�G�UOGmJVNHC*@BNQEQEHGVbZGVAWPZC=gfAaP�Ju@BM1@B�OEHGICeUOGmbZGVPSPSR=GmGVA ¥ GVd�dOADGmADgfA]�_EQNQADTu@BRSNQP=T�UOGm£KGVRSPed�GVA�R*@BNHC=gfA�UOG
E_^ NQADJVEQNQA1@BNHC=gfApUOGIC¯CSdOR�w_@fJIGIC�UOGIC�JIgfAaP*@fJVP=C�NQAWP=GVR��_|sR*@BNQADCx©�U]dDGK@BdmUOTIC=gfR=U]R=G/MOR=TIC=GVAWP�UD@BADC�EHG>beNQEQNHGVd<«�M1@BR�R*@BMOM3gfRSP
n9E}@eU]NQR=GIJVPSNHgfAªU]d²JVNHC*@BNQEQEHGVbZGVAaPuzl¹ E�MlGVdOPFUOgfADJ(Gkj-NHCSP=GVRFdOADG(JIgfbeM3gsC*@BAaP=G7UOGYJIgfAaPSR*@BNQAWP=G(ADgfRSbo@BEHG9n�E}@eCSdOR�w_@fJIG
U]d�JIgfAaP*@fJVPu\<GVPFUOgfADJ5dOA�JIgfbeM3gfRSP=GVbZGVAaPxUOG5£/GVRSPed�\1@ur�GIJ5dOADGYGkj]NQP*@BPSNHgfA�PSR*@BADCSr�GVR=C=Gsz
 :@�EHgfAO|sdDGVdOR�Ju@BR*@fJVP=TVRSNHCSPSNHcWdDG#U�^`@BPSP=TVAad1@BPSNHgfA�UOGIC�gfADUOGIC�UOGhM3gfbeM1@B|�G#£K¤ GICSP�GICSPSNQbZTIGªUOGiE_^qgfR=U]R=G#UOG

cadDGVEHcWdDGIC%JIGVAaPSNQbZ�VPSR=GICF©~P °WMONHcWdDGVbZGVAaP
2−4 cm

«kzf :@>w~R=TIcWdDGVADJIG�MlgfRSP=GVdDC*G�dOPSNQEQNHC*TIG�UD@BADC�E_^qGkj]MlTVRSNHGVADJIG�MOR=TIC*GVAaP=TIG
GICSPYUOG

80.192 kHz
z»{�GVPSP=Gew�R=TIcadDGVADJIGZMlgfRSP=GVdDC=GoGICSPYbZg-U]dOEHTIGZGVA�@BbeMOEQNQPSdDUOGmn

5.12 kHz
\�JIGZcWdON�¦OjOGZnpE}@

bZ¢VbZGxw�R=TIcadDGVADJIG5E_^qgfADUOG c�¤�UOTVbZg-U]dOEHTIGsz
?5@BADCmJIGVPSP=GªGkj]MlTVRSNHGVADJIGs\�E_^`@BAaP=GVAOADGiM1@BR*@BbZTVPSRSNHcWdDG#gfMl�VR=GiUD@BADCmEHG²R=TV|sNQbZGªUOGCBtGIC=P=GVRSr�GVEQPª�EDKgurO��¬µ��\¯EHGIC

gfADUOGICoUOG�M3gfbeM1@B|�G²C*gfAaP�@BPSP=TVAWdDTIGIC�@urf@BAWP�U�^q¢VPSR=GhU]N��lR*@fJVP=TIGIC�z¡?5@BADCoJIG²Ju@fC�\¡GVPZEHgfR=C=cWdDG�E_^ NQA]¿DdDGVADJIGiUOG�E}@
U]NHCSM3GVR=CSNHgfAtUOGer-NQP=GIC=C=GeCSdOR5EHG�wygfADJVPSNHgfAOADGVbZGVAaP�UOGeE_^`@BAWP=GVAOADGoGICSPxw_@BNQ�OEHGs\�EHGICYMOR=gB¦DEHC7UOGICYCSNQ|sA1@Bd]jtUOTVbZg-U]dOEHTIC
C=gfAaP�MOR=gfM3gfRSPSNHgfAOADGVEHCxn9E}@eUOTVRSNQr�TIGYC=GIJIgfADUOGYUOGYE_^qGVAar�GVEHgfMOM3G(U]d�CSNQ|sA1@BE:UOGYMlgfbeM1@B|�Gsz
¾WdOR(E}@�¦D|sdOR=G�aDz`[²C=gfAWP(MOR=TIC=GVAWP=TIGIC�EHGIC7UOTVM3GVADUD@BADJIGIC�UOGoE_^`@BbeMOEQNQPSdDUOGpU]d�CSNQ|sA1@BE�UOTVbZg-U]dOEHT�GVAtwygfADJVPSNHgfA

UOGIC/@BbeMOEQNQPSdDUOGICxUOG7MlgfbeM1@B|�G7£/¤ UOG7JVNHC*@BNQEQEHGVbZGVAaP5GVP/EHgfAO|sNQPSdDU]NQA1@BEHGICKgf�OP=GVAWdDGICxMlgfdOR/dOADGYMOR=GIC=C=NHgfAhCSP*@BPSNHcWdDG
@BMOMOEQNHcadDTIG(UOG

26 kPa
z

 :@pR=TkwyTVR=GVADJIGedOPSNQEQNHC=TIGZMlgfdOR5E_^qTIJ*LDGVEQEHGoU�^`@BbeMOEQNQPSdDUOGoUOGZMlgfbeM1@B|�GZGVA�UOTIJVNQ�lGVEHCo© ¦D|sdOR=G+aDz`[a«KJIgfRSR=GICSM3gfADU�n
E_^`@BbeMOEQNQPSdDUOGeTVEHGIJVPSRSNHcadDG9bo@µj]NQbo@BEHGe@BMOMOEQNHcadDTIGe@Bd]j²PSR*@BADC=U]dDJVP=GVdOR=C(TVbZGVPSP=GVdOR=Cuz  FNQADCSN_\<EHG7bo@µj-NQb7dOb�U�^`@BbeMOEQN��
PSdDUOGoU�^qTVbeNHC=C=NHgfA�GICSP

0 dB
z� :@�R=TkwyTVR=GVADJIGZdOPSNQEQNHC*TIGZM3gfdOR(E_^qTIJ=LDGVEQEHG�U�^`@BbeMOEQNQPSdDUOG�UOTVbZgWU]dOEHTIG�GVA�UOTIJVNQ�3GVEHC(GICSP

@BRS�ONQPSR*@BNQR=Gsz�¼/ADG9GIC=PSNQbo@BPSNHgfA�gf�OP=GVAadDGeM1@BR5dOADG�bZGIC=dOR=GZ@Bd#rWNQ�OR=gfbZ�VPSR=G�E}@fC=GVRYUOG�E}@�r-NQP=GIC=C=GenmE}@pCSdOR�w_@fJIG�UOGIC
PSR*@BADC=U]dDJVP=GVdOR=C�TVbZGVPSP=GVdOR=C�UOgfAOADGFdOADGFrf@BEHGVdOR�UOGFE}@(UOTkw�gfRSbo@BPSNHgfA�@fJIgfdDCSPSNHcWdDGFNQADU]dONQP=G/bo@µj-NQbo@BEHGKGVAmTVbeNHC*CSNHgfA�\
ε̃ max
a ' 1 10−4 n 80 kHz

©~PSR*@BADC=U]dDJVP=GVdOR=C5TVbZGVPSP=GVdOR=C5UOG9JVNHC*@BNQEQEHGVbZGVAaP5GVPKEHgfAO|sNQPSdDU]NQA1@BE «kz� �G7Ju@BR*@fJVP=�VR=G9MOd]�
R=GVbZGVAaPxPSR*@BADCSr�GVR=C=G�UOG7E_^qGkj]JVNQP*@BPSNHgfA#M1@BRKE_^qTVbZGVPSP=GVdOR5dOEQPSR*@fC=gfADgfR=G�UOG9JVNHC*@BNQEQEHGVbZGVAaP(@mTVP=T9r�TVRSN�¦1T7M1@BRKE}@obZ¢VbZG
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SUT�VEW �!X �!Y &^e tuj ��	����5_ �5_
` `�� "��uf � % �5]Je 
���� j ]J` 0 ∼ 5 kHz 2 _ � c 
�����	���
 � �5_ j�$ f6e t�j ��	�� �b_ �5_ t 
�e t f!"5_0 ∼ 80 kHz 2pt 
�� � � ��_ � 
 �! #"�� ��f%	���
�� �5_ t ��
 t f!"Hf 	���
�� q�_ � 	�����f j _ � + $ _(%%� ��	�f 	���
�� _
` 	 j 
��*"���	�� � � �uf j _ t 
�� � j _
`�
_ ��� j _
` i _ 	�	���f�� `
q�_ �
`�_ t 
 � � j _
` j 
�` f��*"b_
`�� +!f � 
���	���f����
	�_ ` 	�f 	��53 � _ f tHtuj �43 � ]%_ _
` 	��5_
41 kPa

� + _
`76�8�� rs_
`
�������53 � _ �
	 j _
` 	��?f��[` ��	���
��[` _ �
	��%_ � � � 
6e t 
�� 	�_ eg_ �
	�3 �sf ����f%	��43 � _g_ 	 � � � 
6e t 
�� 	�_ eg_ �
	=_ � t � �N`�`�f�����_;:=< � �

P=GIJ*LOAONHcadDGsz
¹�E:wy@BdOPKR=GVbo@BR=cadDGVR5cWdDG(E}@mUOTkwygfRSbo@BPSNHgfAtCSP*@BPSNHcadDG7bZgu°�GVAOADGeUOGICKJIgfAaP*@fJVP=C(GICSP/GICSPSNQbZTIG9PSR=�ICKMOR=g-J=LDG�UOG(E}@

UOTkwygfRSbo@BPSNHgfA�@fJIgfdDC=PSNHcadDG>UOG>MlgfbeM1@B|�G�bo@µj]NQbo@BEHGsz  /NQADCSN_\fE_^`@BbeMOEQNQPSdDUOG/U�^qGkj]JVNQP*@BPSNHgfA�UOG
0 dB

JIgfRSR=GICSM3gfADUZADgfA
C*GVdOEHGVbZGVAaP�nxE_^`@BbeMOEQNQPSdDUOG/UOG/UOTkw�gfRSbo@BPSNHgfA�@fJIgfdDCSPSNHcWdDGFUOGFMlgfbeM1@B|�GFbo@µj-NQbo@BEHGs\Wbo@BNHC�@BdDC=C=NlnxE}@(UOTkw�gfRSbo@BPSNHgfA
C=P*@BPSNHcadDGxbZg�°�GVAOADG(UOGIC>JIgfAWP*@fJVP=C9©~M3gfdOR

P0 ' 29 kPa
«kz

¾WdORoE}@ª¦D|sdOR=G�aDz`[O\�EHG²MORSNQADJVNQM1@BE/R=TICSdOEQP*@BPpGICSPZE}@�JVR=gfNHC=C*@BADJIGhNQAONQPSN}@BEHGVbZGVAaP�cWd1@fU]R*@BPSNHcadDGhUOG�E_^`@BbeMOEQNQPSdDUOG
UOTVbZg-U]dOEHTIGp@Ir�GIJmdOADGZPSR*@BADCSNQPSNHgfA�r�GVR=C9dOADGoJVR=gfNHC=C*@BADJIG�CSdONQrs@BAaP7dOADGoEHgfN�MOdONHC=C*@BADJIGp[�±fX�JIgfRSR=GICSM3gfADUD@BAaPZn�E}@
ADgfA]�_EQNQADTu@BRSNQP=T7UOG5£/GVRSPed9@Ir�GIJYJVE}@BMOM3GVbZGVAaP�©~r�gfNQR>EHGYJ=L1@BMONQPSR=Gm®�«kz1{�GYJIgfbeM3gfRSP=GVbZGVAaPFA�^`@eM1@fC>TVP=TYgf�DC=GVRSr�T5M1@BR
.�za�3@BNQP=C=GVr _ 	#f j � ���3@BN}�s�B�D��\�cadONDgfAWP¯PSR*@urf@BNQEQEHT/UD@BADC�dOAZbeNQEQNHGVdo|sR*@BAWdOE}@BNQR=G/JIgfbeM3gsC=T>UOGFC*@B�OEHG�A1@BPSdOR=GVE_za?5@BADC¯JIGP °WM3G¯UOG�beNQEQNHGVd�\f@Ir�GIJ�dOADG�U]NHCSM3GVR=CSNHgfA7w�gfRSP=G�UOG¯E}@>P*@BNQEQEHG�UOGIC»|sR*@BNQADC%GVP»dOADG¯|sR*@BADUOG�NQRSR=TV|sdOE}@BRSNQP=T�UOG�EHGVdOR=C:w�gfRSbZGICu\
EHGICKJIgfAaP*@fJVP=C/w_@BNQ�OEHGIC/C*gfAaPKMOEQdDCFADgfb7�OR=GVd]j3\3GVP/C*GVdOEHG(dOADG9U]°WA1@BbeNHcWdDG(UOG9JVR=gfNHC=C*@BADJIG9U]dhC=NQ|sA1@BE�UOTVbZg-U]dOEHT7GVA
MOdONHC*C*@BADJIGF[�±fX(@(TVP=T>gf�DC=GVRSr�TIGsz��/dOPSR=G>E_^qgf�DC=GVRSrs@BPSNHgfApUOG>JIGVPSP=G>PSR*@BADCSNQPSNHgfApUD@BADC¡ADgfPSR=G/Ju@fCu\�EHG>MlgfNQAWP�NQbeM3gfRSP*@BAaP
GIC=PKcWdDG7JIGVPSP=G9PSR*@BADCSNQPSNHgfAt@oEQNHGVdªMlgfdORxUOGIC5@BbeMOEQNQPSdDUOGIC5UOG9UOTkwygfRSbo@BPSNHgfAt@fJIgfdDCSPSNHcWdDG9UOG9M3gfbeM1@B|�G�UOG(E_^qgfR=U]R=G
UOG

15 − 25 dB
@Irs@BAaP/E_^`@BbeMOEQNQPSdDUOG(U�^qGkjOJVNQP*@BPSNHgfA²bo@µj]NQb(dOb ©�gfd²UOGxw_@�wIgfA²TIcadONQrs@BEHGVAaP=G

15 − 25 dB
@Irs@BAaP/E}@

UOTkwygfRSbo@BPSNHgfA²CSP*@BPSNHcWdDG5bZg�°�GVAOADG(UOGIC>JIgfAWP*@fJVP=C­«kz
 �GICFJIgfAWP*@fJVP=C/UOG7£/GVRSPedYMOR=g-U]dONHC=GVAWP/dOADG5R=TVM3gfADC=G5ADgfAhEQNQADTu@BNQR=G(cWdON:UOTVM3GVADU�wygfRSP=GVbZGVAaPxU]d�R*@BMOMlgfRSPKGVAaPSR=G

EHGZM1@BR*@BbZ�VPSR=GZADgfRSbo@BEQNHC=TmUOGZUOTkw�gfRSbo@BPSNHgfA�CSP*@BPSNHcWdDGZU]d�JIgfAaP*@fJVP
µ
GVPYE_^`@BbeMOEQNQPSdDUOG�UOGeMlgfbeM1@B|�GoADgfRSbo@BEQNHC=TIG

ε̃a/ε0
@BMOMOEQNHcWdDTIGsz b�gfdORhdOA�JIgfAaP*@fJVPt@Ir�GIJ

µ > ε̃a/ε0
\�EHG�CSNQ|sA1@BE�UOTVbZg-U]dOEHT�UOTVM3GVADU UOG�E_^`@BbeMOEQNQPSdDUOG�UOG

M3gfbeM1@B|�G�JIgfbebZG ∼ ε̃ 2
a

\/@BEHgfR=CªcWdDGtM3gfdOR
µ < ε̃a/ε0

Js^qGICSPiE}@¨ADgfA]�_EQNQADTu@BRSNQP=T @fC=C=g-JVNHTIG�@Bd�JVE}@BMOM3GVbZGVAaP
∼ (µε0 + ε̃) 3/2H(µε0 + ε̃)

cadON�UOgfbeNQADGs\1MOR=g-U]dONHC*@BAaPKdOAhC=NQ|sA1@BE»UOTVbZg-U]dOEHT7UOgfAWP/E_^`@BbeMOEQNQPSdDUOG7rf@BRSNHG7JIgfbebZG
∼ ε̃

3/2
a
z  /NQADCSN_\sEHG/J=L1@BAO|�GVbZGVAWP>UOGFJIgfbeM3gfRSP=GVbZGVAaP�cad1@fU]R*@BPSNHcWdDG → 3/2

GVAar-NQR=gfA
20 dB

GVAoUOGIC*C=gfdDC�UOG
ε0
GICSP

dOADGKCSNQ|sA1@BPSdOR=GxUOGKE}@YMOR=TIC*GVADJIGKUOGIC�w_@BNQ�OEHGIC�JIgfAaP*@fJVP=C�UD@BADC�EHG/beNQEQNHGVd�\]GVP�NQADU]NHcWdDGKdOADGFEHg-Ju@BEQNHC*@BPSNHgfApNQbeM3gfRSP*@BAaP=G
UOG(E}@�wygfADJVPSNHgfAiUOG7U]NHCSPSRSNQ�OdOPSNHgfA

n(µ)
EHgfR=C=cWdDG

µ
P=GVADUhr�GVR=C

0
z3{�G(M3gfNQAaPxGICSPKU]NHC=JVdOP=TYMOEQdDCxGVAhUOTVP*@BNQEHCxUD@BADC/E}@

C*GIJVPSNHgfA�bZgWUOTVEQNHC*@BPSNHgfA!aDz`[]z
 �gfR=C=cWdDG5E}@�JIgfAaPSR*@BNQAWP=G7CSP*@BPSNHcWdDG(@BMOMOEQNHcWdDTIG(GICSPF@BdO|sbZGVAWP=TIGs\�©

41 kPa
CSdOR�E}@9¦D|sdOR=G aDz aW«k\OE}@ZUOTkw�gfRSbo@BPSNHgfA

C=P*@BPSNHcadDG�bZg�°�GVAOADGmUOGICYJIgfAWP*@fJVP=C9@BdO|sbZGVAWP=Gs\»GVP(E}@�PSR*@BADCSNQPSNHgfA�GVAWPSR=GZdOA�JIgfbeM3gfRSP=GVbZGVAaP�cad1@fU]R*@BPSNHcWdDGZGVPYdOA
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P0 P0

Γ
(v)
2 ∼ 1

ε
(v)
0

Γ
(h)
2 ∼ 1

ε
(h)
0

SUT2VEW �!X �kY � jNj �5` 	���f%	���
�� �5_ j�$ f � � `�
 	���
 t ��_ ��� t f��?f�e 8 	��%_ �b_ ��
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 �
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	�_

` 	�f 	��53 � _�� � ��f!%���f j _ P0
_
` 	 f t5tuj �53 � ]%_mq�_ � 	����%f j _Jel_ �
	 ` � � j�$ f�`�` _Jela j f-"5_ "��?f�� � j f����%_ i _ jNj _ �%
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����
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��Jegf 	���
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��5_ � ��_

ε
(v)
0

�5_
` � 
��
	�f%��	d` 
�� ��_ �
	�]
` q�_ � 	����%f j _Jel_ �
	 _
` 	 �%
 ��� tuj �5` ] j _ q�]%_ 3 �[_
j f �5]dc�
��Je:f%	���
�� ` 	�f 	��53 � _ e 
	�H_ � ��_

ε
(h)
0

�5_J` � 
��
	�f%��	d` 
�� ��_ �
	�]
` r 
�� ��
�
��
	�f j _Jel_ ��	 3 � _ �
_v`�
���	��Hf��[` � �
e � j ��_ � �?] "�� j ��_ � 0 & 2 
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����%
�� ��] 0 ) 2 � � _������de t�j �53 � _ � ��_ f�� �N` 
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Γ
(v)
2 < Γ

(h)
2

�

JIgfbeMlgfRSP=GVbZGVAWPmGVA MOdONHC*C*@BADJIG�[�±fX#UOGpE_^`@BbeMOEQNQPSdDUOGiUOTVbZgWU]dOEHTIG²@iEQNHGVd·MlgfdORZUOGICo@BbeMOEQNQPSdDUOGIC�UOGpM3gfbeM1@B|�G
MOEQdDCxTVEHGVr�TIGICZ©~P�°-MONHcadDGVbZGVAWP

+5 dB
M1@BRxR*@BMOMlgfRSPYn

26 kPa
CSdOR/E}@o¦D|sdOR=GHaDz`[�«kz3��A#Gk�3GVPu\<EHG9MOLDTVADgfbZ�VADGeUOG

JVE}@BMOMlGVbZGVAWP�R=GICSM3gfADC*@B�OEHGxUOG/E}@9U]°-A1@BbeNHcadDGxUOGxJVR=gfNHC=C*@BADJIG5U]d�CSNQ|sA1@BE�UOTVbZg-U]dOEHTxGVA�MOdONHC*C*@BADJIGY[�±fX]\O@BMOM1@BR*@µºHP
MlgfdOR¡UOGIC�@BbeMOEQNQPSdDUOGIC¯U�^qGkjOJVNQP*@BPSNHgfAoMOEQdDC¡TVEHGVr�TIGIC�nxJu@BdDC=G>U�^ dOADG>UOTkwygfRSbo@BPSNHgfAoCSP*@BPSNHcWdDG�bZgu°�GVAOADG/UOGIC¡JIgfAaP*@fJVP=C
MOEQdDC>TVEHGVr�TIGsz
?5@BADCZEHGICmUOGVd]j·Ju@fCoUOGICe¦D|sdOR=GIC�aDz`[tGVP aDz a1\�E_^`@BbeMOEQNQPSdDUOGiU]d�CSNQ|sA1@BEKUOTVbZgWU]dOEHT²MOR=gur�GVA1@BAaP�U�^qgfADUOGIC�UOG

MlgfbeM1@B|�GeUOG�JVNHC*@BNQEQEHGVbZGVAWP(GICSP5CSdOM3TVRSNHGVdOR=G�©�U]d#bZgfNQADC5UD@BADC5E}@�dugfADG9cWd1@fU]R*@BPSNHcWdDG�«5nmE_^`@BbeMOEQNQPSdDUOGZU]d#CSNQ|sA1@BE
UOTVbZgWU]dOEHT�MOR=g�r�GVA1@BAaP�U�^qgfADUOGIC#UOG�M3gfbeM1@B|�G�EHgfAO|sNQPSdDU]NQA1@BEHGICuz7{�G�JIgfbeM3gfRSP=GVbZGVAaP�GICSPiNQAaP=GVRSMOR=TVP=T·JIgfbebZG
TVP*@BAaPedOADGpJIgfADC=TIcWdDGVADJIG�UOG�E}@²MOR=TIC*GVADJIG�UOG�J*L1@µºHADGICZUOG�wygfR=JIG�gfRSNHGVAWP=TIGICeMOR=TkwyTVR=GVAaPSNHGVEQEHGVbZGVAaP�r�GVRSPSNHJu@BEHGVbZGVAaP
GVAZR*@BNHC=gfAoUOG>E}@5JIgfAaPSR*@BNQAWP=G/CSP*@BPSNHcWdDG�dOAON}@µj]N}@BEHG/@BMOMOEQNHcWdDTIG�r�GVRSPSNHJu@BEHGVbZGVAaPuz]¼/ADGF@BAONHC=gfPSR=gfMONHG/UOGIC¡UOTkw�gfRSbo@BPSNHgfADC
CSP*@BPSNHcWdDGIC�UOGIC�JIgfAaP*@fJVP=C²GIC=P�@BNQADC=NYJVR=TITIG#GVP�GVAaPSR*@µºHADG#dOADGt@BAONHC=gfPSR=gfMONHG#UOGªE}@�ADgfA]�_EQNQADTu@BRSNQP=TszF �GIC�JIgfAaP*@fJVP=C
MOEQdDC>w_@BNQ�OEHGVbZGVAaPxMOR=Tk��UOTkwygfRSbZTIC5@I°a@BAaPxdOADG7ADgfA]�_EQNQADTu@BRSNQP=T9MOEQdDCFNQbeM3gfRSP*@BAaP=G�cWdDGYEHGICKJIgfAaP*@fJVP=CKwygfRSP=GVbZGVAaPxMOR=Tk�
UOTkw�gfRSbZTIC�©~NQbeMOEQNHcadDTIC»UD@BADC�EHGIC»J=L1@µºHADGIC�UOG%w�gfR=JIG�«k\uE}@�ADgfA]�_EQNQADTu@BRSNQP=T�UD@BADC:EHG�MOE}@BAYLDgfRSN dugfAWP*@BE-GICSP:MOEQdDC:TVEHGVr�TIG¡cWdDG
E}@YADgfA]�_EQNQADTu@BRSNQP=T(UD@BADC�E}@9U]NQR=GIJVPSNHgfApr�GVRSPSNHJu@BEHGZ©~r�gfNQR�E}@(¦D|sdOR=G aDz`��«kz]?5@BADC�JIGVPSP=GxJIgfA]¦D|sdOR*@BPSNHgfA²UOGFMOR=gfM1@B|a@BPSNHgfA
r�GVRSPSNHJu@BEHGs\�EHGIC5gfADUOGICYUOG�M3gfbeM1@B|�GeUOGeJVNHC*@BNQEQEHGVbZGVAaP7C=gfAaPYUOgfADJZC*gfdObeNHC=GICu\3GVA#bZgu°�GVAOADGs\�nodOADG�ADgfA]�_EQNQADTu@BRSNQP=T
MOEQdDC%wygfRSP=G>cadDG>EHGIC¯gfADUOGIC¯UOG>MlgfbeM1@B|�G�EHgfAO|sNQPSdDU]NQA1@BEHGIC�\WJIG>cWdONDGkj]MOEQNHcadDG>JIGVPSP=G/U]N��3TVR=GVADJIG/UD@BADC�EHGIC�@BbeMOEQNQPSdDUOGIC
UOGIC>CSNQ|sA1@Bd]j�UOTVbZgWU]dOEHTIC/UOGIC�¦D|sdOR=GIC aDz`[ZGVP aDz a1z
 ¡^`@BAONHC=gfPSR=gfMONHGZADgfA#EQNQADTu@BNQR=G²©�GVPxEQNQADTu@BNQR=G�«KNQADU]dONQP=GeM1@BRxEHGeJ=L1@BRS|�GVbZGVAWP7Gkj]P=TVRSNHGVdORYdOAON�� @µj-N}@BEF©~NQEQEQdDC=PSR=TIGeCSdOR

E}@e¦D|sdOR=GHaDz`�W« ¥ gfdDG�UOgfADJ7dOAªR[ZfEHG�NQbeM3gfRSP*@BAaPYCSdORKEHG9MOR=gWJIGIC*CSdDC5UOG7UOTVbZg-U]dOE}@BPSNHgfA�C=GVEHgfAªE}@mM3gfE}@BRSNHC*@BPSNHgfA#UOGIC
gfADUOGIC>UOG5M3gfbeM1@B|�Gsz<{�GVPFGk��GVP>GICSPF@BA1@BEQ°]C=T5MOEQdDC>GVA²UOTVP*@BNQE»UD@BADC�E}@eC=GIJVPSNHgfA,aDz`X]z aDz
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SUT2VEW �!XC��Y � jNj �b` 	��?f 	���
 � �5_ j f ��� j f 	�f�����_ `�� � � �k_ t ] ����
��5_ �b_ j�$ 
 ���5_ f%� 
��b` 	��53 � _ �5_�� �N` f�� jNj _Jel_ �
	 �

354 "Y4�� #.L7<7F
E�F8DNB�= D-C�D <7L7D ��F8L>S�=

 �GIC�gf�DC=GVRSrf@BPSNHgfADC�Gkj]M3TVRSNQbZGVAaP*@BEHGIC�UOGxUOTVbZgWU]dOE}@BPSNHgfA�U�^qgfADUOGIC�UOGxJVNHC*@BNQEQEHGVbZGVAWP�r�GVR=C�UOGIC�gfADUOGIC�EHgfAO|sNQPSdDU]N��
A1@BEHGIC¯A�^ NQADU]NHcadDGVAWP>@BdDJVdOAmCSNQ|sADG/U�^ dOADGFU]NQE}@BP*@BADJIG/EQNQADTu@BNQR=G/U]dmbo@BP=TVRSN}@Bdm|sR*@BAWdOE}@BNQR=G ¥ dDC=cWd�^`nYUOGIC¯UOTkwygfRSbo@BPSNHgfADC
@fJIgfdDC=PSNHcadDGIC/UOG5MlgfbeM1@B|�G7UOG

ε̃a ∼ ε0 ∼ 10−4 �q³/GV°l®u´s´s�D\��xg-UD�sÀµ��zD :@eU]NQE}@BP*@BADJIG7UOG(³FGV°-ADgfEHUOC�M3gfdORFUOGICFUOTk�
wygfRSbo@BPSNHgfADC�cad1@fC=N���CSP*@BPSNHcadDGIC�UOG>|sR*@BNQADC�RSNQ|sNHUOGIC�C*@BADC¯w~RSNHJVPSNHgfAª�q³FGV°3®u´s´s�µ�<M3GVdOP�¢VPSR=GFJIgfbeMORSNHC=GxcWd1@BEQNQP*@BPSNQr�GVbZGVAaP
@ur�GIJ�UOGIC5JIgfADCSNHUOTVR*@BPSNHgfADC5MOdOR=GVbZGVAaP7JVNQADTVbo@BPSNHcadDGICo©~R=gfdOEHGVbZGVAWP(GVPK|sEQNHC=C=GVbZGVAaPYUOGICx|sR*@BNQADCk«kzl »@pJVNQADTVbo@BPSNHcadDG
U]d#R=Tu@BRSR*@BAO|�GVbZGVAWPeUOGe�ONQEQEHGICYNQADJIgfbeMOR=GIC=C=NQ�OEHGIC7C=gfdObeNHC*GIC(npdOADGeNQA]¦DAONQbZGVAWP(w_@BNQ�OEHGeM3GVRSPSdORS�1@BPSNHgfA�MOR=TIU]NQP(dOADG
Gkj]M1@BADCSNHgfA#r�gfEQdObZTVPSRSNHcWdDGeEQNQADTu@BNQR=G²© ∼ |ε̃a|

«KU]dtbeNQEQNHGVdtC=gfdDC5dOADGeJIgfAWPSR*@BNQAaP=GoUOGoJVNHC*@BNQEQEHGVbZGVAaPuz�¼/ADG�P=GVEQEHGZUOTk�
M3GVADUD@BADJIG5EQNQADTu@BNQR=G7GVPFM1@BNQR=Gs\DUOgfNQP/MOR=gWU]dONQR=G5dOAiCSNQ|sA1@BE:UOTVbZg-U]dOEHTYEHgfAO|sNQPSdDU]NQA1@BE�MOR=gfMlgfRSPSNHgfAOADGVE%n�E_^`@BbeMOEQNQPSdDUOG
UOGxM3gfbeM1@B|�GYUOGYJVNHC­@BNQEQEHGVbZGVAaP9© ¦D|sdOR=G aDz `a«kz
?x@BADC/EHGICxGkj-M3TVRSNHGVADJIGICKbZGVADTIGICu\lNQE�C�^`@Ir��VR=G�cadDG7EHG9CSNQ|sA1@BE�UOTVbZg-U]dOEHT9R=G�wVdiGIC=P/EHgfAO|sNQPSdDU]NQA1@BE_z���AªGk��GVPu\<UOGIC

P=GIC=P=CFUOG5M3gfE}@BRSNHC*@BPSNHgfA#n�E_^`@BNHUOG(U�^ dOAiPSR*@BADC=U]dDJVP=GVdORKR=TIJIGVMOP=GVdOR/UOG(JVNHC­@BNQEQEHGVbZGVAaP5gfAaP/MlGVRSbeNHC/UOGYr�TVRSN�¦1GVRxcadDG5EHG
C=NQ|sA1@BE%UOTVbZg-U]dOEHTeA�^qGICSPxM1@fC5M3gfE}@BRSNHC=TegfRSPSLDgf|�gfA1@BEHGVbZGVAWP9npC*@�U]NQR=GIJVPSNHgfA�UOG9MOR=gfM1@B|a@BPSNHgfA�z:?xG�MOEQdDCu\lE}@�MOL1@fC=G
U]d�CSNQ|sA1@BEFTVEHGIJVPSRSNHcWdDG²UOTVbZg-U]dOEHT�NHC=CSd U�^ dOA�PSR*@BADC=U]dDJVP=GVdORoR=TIJIGVMOP=GVdOR�UOG�JVNHC*@BNQEQEHGVbZGVAWP�GICSPoNQAar�GVR=C=TIG²EHgfR=C=cadDG
JIG7PSR*@BADC=U]dDJVP=GVdOR5GICSPKNQADJVEQNQADT9EHTV|��VR=GVbZGVAaPYUD@BADCKdOA#C=GVADC/gfdªUD@BADCKdOAt@BdOPSR=G(R=GVE}@BPSNQr�GVbZGVAWP7nZE_^qTVbZGVPSP=GVdORZ©~r�gfNQR
E}@�¦D|sdOR=G aDz�¬�M1@BRSPSNHG  x«kz»?5@BADC7JIGVPSP=G�gfMlTVR*@BPSNHgfA�\�E}@²MOL1@fC=GoU�^ dOA�CSNQ|sA1@BE�@fJIgfdDCSPSNHcWdDGoEHgfAO|sNQPSdDU]NQA1@BEF@BMOM1@BR*@µºHPu\
M1@BR5GkjOGVbeMOEHGs\�M3gsCSNQPSNQr�G�©�gfd#R=GICSMlGIJVPSNQr�GVbZGVAWPYADTV|a@BPSNQr�G�«xGVA#C=gfRSPSNHGeTVEHGIJVPSRSNHcWdDGZU]dªPSR*@BADC=U]dDJVP=GVdORYR=TIJIGVMOP=GVdOR(UOG
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$

����b_
`��5_ t 
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5a
` _ �
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JVNHC*@BNQEQEHGVbZGVAaPK@Ir�GIJxdOADGKNQADJVEQNQA1@BNHC=gfA�UOgfAOADTIGZ©�GVA�JIgfADCSNHUOTVR*@BAWP>cadDGKE}@7EHgfAO|sdDGVdORFU�^qgfADUOGY@fJIgfdDCSPSNHcWdDGxGICSP�|sR*@BADUOG
UOGVrf@BAWP/EHG9U]N}@BbZ�VPSR=G�UOGYE}@obZGVb(�OR*@BADGeU]diPSR*@BADC=U]dDJVP=GVdOR­«kz3 �gfR=C=cWdDG7JIGVPSP=G7NQADJVEQNQA1@BNHC=gfA#GICSP/NQAar�GVR=C=TIGs\lE}@oMOL1@fC=G
UOG(E}@�C=gfRSPSNHG�TVEHGIJVPSRSNHcWdDG�GICSPxNQAar�GVR=C=TIG�GVP5UOGVrWNHGVAWPxADTV|a@BPSNQr�G�©�gfdiR=GIC=MlGIJVPSNQr�GVbZGVAWP5MlgsCSNQPSNQr�G�«kz3 :@mMOR=g ¥ GIJVPSNHgfAtU]d
UOTVMOE}@fJIGVbZGVAaPx@fJIgfdDCSPSNHcadDG(UOG5JIgfbeMOR=GIC=CSNHgfA�M1@BR*@BEQEH�VEHGVbZGVAWPxn9E}@�bZGVb7�OR*@BADG(U]d�R=TIJIGVMOP=GVdORKUOG5JVNHC*@BNQEQEHGVbZGVAaPKGICSP
NQAar�GVR=C=TIGFUD@BADC¯JIGVPSP=G>gfM3TVR*@BPSNHgfAoJIG>cWdONDGkj-MOEQNHcWdDG�JIG>J*L1@BAO|�GVbZGVAaP�UOG�MOL1@fC=GY©�Ju@fC¯UOG�E}@x¦D|sdOR=G aDz�¬KM1@BRSPSNHG  5«kza{�G
JIgfbeMlgfRSP=GVbZGVAWP(A�^`@pM1@fCYEQNHGVdtEHgfR=C=cWd�^ dOAtPSR*@BADC=U]dDJVP=GVdOR(EHgfAO|sNQPSdDU]NQA1@BE�GICSP5dOPSNQEQNHC=TZGVA�R=TIJIGVMOPSNHgfA�\�E}@�MOR=g ¥ GIJVPSNHgfA
U]d�UOTVMOE}@fJIGVbZGVAaPxUOGYJIgfbeMOR=GIC=CSNHgfAhgfRSPSLDgf|�gfA1@BEHGVbZGVAaPYn�C*@9bZGVb(�OR*@BADG7R=GICSP*@BAWP>MOR*@BPSNHcadDGVbZGVAWP/NQADJ*L1@BAO|�TYM3gfdOR
U]N��3TVR=GVAWP=GIC�NQADJVEQNQA1@BNHC=gfADCuz���A]¦DA�\%CSN�EHGpCSNQ|sA1@BE>@fJIgfdDCSPSNHcWdDG�TVP*@BNQPeUOG�Ju@BR*@fJVP=�VR=GpPSR*@BADCSr�GVR=C=G#©�UOGpJVNHC*@BNQEQEHGVbZGVAaP­«k\
EHG�bZ¢VbZGiJ=L1@BAO|�GVbZGVAaP�U�^ NQADJVEQNQA1@BNHC*gfA U�^ dOA�PSR*@BADC=U]dDJVP=GVdOR�UOG�JVNHC*@BNQEQEHGVbZGVAaP�GVA�R=TIJIGVMOPSNHgfA�\¯M3gfdORodOADG²bZ¢VbZG
MlgfE}@BRSNHC­@BPSNHgfA�UOG�E_^qgfADUOGpGVP�U]d�PSR*@BADC*U]dDJVP=GVdORZUOG�JVNHC­@BNQEQEHGVbZGVAaPZUD@BADC9EHG�MOE}@BA�U�^qgfADUOGs\%A�^qGVAWPSR*@BNQADGVR*@BNQPZM1@fC�UOG
J=L1@BAO|�GVbZGVAWPKUOGxMOL1@fC=G(U]d�CSNQ|sA1@BE:TVEHGIJVPSRSNHcWdDGYUOTVEQNQrWR=TYM1@BR>EHGxPSR*@BADC=U]dDJVP=GVdOR9©~r�gfNQRFE}@9¦D|sdOR=G aDz�¬9M1@BRSPSNHG c>«kz
?�^`@BdOPSR=GIC>Gkj]MlTVRSNHGVADJIGIC�M3GVRSbZGVPSP*@BAaP/UOG5JIgfRSR=gf�lgfR=GVRFJIGIC�gf�DC*GVRSrf@BPSNHgfADC>gfAWPFTVP=TKR=Tu@BEQNHC=TIGICuzO �GIC>P=GVbeMDC>UOGxr�gfE

UOG�CSNQ|sA1@Bd]jhUOTVbZg-U]dOEHTIC5NHC=CSdDCxU�^qgfADUOGIC5UOG9MlgfbeM1@B|�G�EHgfAO|sNQPSdDU]NQA1@BEHGIC(gfdªUOG�JVNHC*@BNQEQEHGVbZGVAWP(C=gfAWPKMOR*@BPSNHcWdDGVbZGVAaP
NHUOGVAaPSNHcWdDGICuzO{�GIJVN<NQADU]NHcWdDG/cWdDG/EHGFCSNQ|sA1@BE3UOTVbZgWU]dOEHT/NHC=CSd�UOGIC�gfADUOGIC�UOG/MlgfbeM1@B|�GKUOGKJVNHC*@BNQEQEHGVbZGVAaP�ADG/MlGVdOP�M1@fC
@Ir�gfNQR�UOGKJu@BR*@fJVP=�VR=G/PSR*@BADC=r�GVR=C=Gs\O@BdDcadDGVE3Ju@fC�C*@5r-NQP=GIC=C=G/UOG/MOR=gfM1@B|a@BPSNHgfA�C=GVR*@BNQP�MOEQdDC�wy@BNQ�OEHGxcWdDGFJIGVEQEHGxU]dpCSNQ|sA1@BE
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µs
$

fp = 80kHz

fp = 50kHz

SUT�VEW � X ��Y�� � "��uf�� % 	�_Je t 
 �?_ j ` �Ne t � j ` ��
 � ��_ j ` �5]Je 
���� j ]
` i �%f t 	�]
` t f � � ��	��?f��[` � � ��	�_ � � j 
��*"���	�� � � �uf j _ 	 �N`�` �5`�
$

����5_
` �5_ t 
�e t f!"b_ �5_ � � `�f�� jNj _Jel_ �
	 f�� %^c �?] 3 �[_ ����_
` t 
�� 	�_ �b`�_
` �b_

fp = 80 kHz
_ 	

fp = 50 kHz
�

UOTVbZg-U]dOEHT�EHgfAO|sNQPSdDU]NQA1@BE�©�GVAWrWNQR=gfA
1, 5
w�gfNHC%bZgfNQADC­«kza :@/wy@BNQ�OEHGFU]NHCSP*@BADJIG�U�^`@BPSP=TVAad1@BPSNHgfApUOGIC¡gfADUOGIC¡UOG�M3gfbeM1@B|�G

©~N_zqGszµE}@FR=TV|sNHgfA9C=gfdOR=JIG�ADgfA9EQNQADTu@BNQR=G�GIC=P:M3GVd9TVP=GVADU]dDG�CSM1@BPSN}@BEHGVbZGVAWP­«k\fADG¯M3GVRSbZGVP»M1@fC�U�^qgf�DC=GVRSr�GVR%dOADG�U]N��3TVR=GVADJIG
ADgfP*@B�OEHGeGVAWPSR=G�EHGICxP=GVbeMDC5U�^`@BRSRSNQr�TIGeUOGIC5CSNQ|sA1@Bd]j#UOTVbZgWU]dOEHTICxNHC=C=dDCKU�^qgfADUOGIC(UOG7M3gfbeM1@B|�G�EHgfAO|sNQPSdDU]NQA1@BEHGIC(gfd
NHC*CSdDC�U�^qgfADUOGICFUOGxM3gfbeM1@B|�G(UOG5JVNHC*@BNQEQEHGVbZGVAWPuz
 :@>U]NHCSP*@BADJIG�Ju@BR*@fJVP=TVRSNHCSPSNHcWdDG�U�^`@BPSP=TVAWd1@BPSNHgfA�UOGIC»gfADUOGIC»UOG¡MlgfbeM1@B|�G�UOG¡JVNHC*@BNQEQEHGVbZGVAWP�M3GVdOP:¢VPSR=G�@BdO|sbZGVAaP=TIG

GVAtU]NQbeNQAWd1@BAaP9E}@mw~R=TIcWdDGVADJIGZUOG�M3gfbeM1@B|�Gsz�¾WdOR5E}@�¦D|sdOR=G+aDz`´]\�C=gfAaP5PSR*@fJITIC(EHGICYCSNQ|sA1@Bd]jtUOTVbZg-U]dOEHTIC5NHC=CSdDCYUOG
M1@fcWdDGVP=C¡U�^qgfADUOG>UOG>MlgfbeM1@B|�G>UOG�JVNHC­@BNQEQEHGVbZGVAaP�nxUOGVd]j�w�R=TIcadDGVADJIGIC¡MlgfRSP=GVdDC=GIC¯U]N��3TVR=GVAWP=GICu\

50 kHz
GVP

80 kHz
z

b�gfdOR:dOADG�w~R=TIcWdDGVADJIG�M3gfRSP=GVdDC=G¡UOG
50 kHz

\IE}@�EHgfAO|sdDGVdOR�U�^`@BPSP=TVAad1@BPSNHgfAeUOGIC�gfADUOGIC�UOG�MlgfbeM1@B|�G¯UOG¡JVNHC*@BNQEQEHGVbZGVAaP
GIC=P�U�^qGVAWrWNQR=gfA

10 cm
z1¾WdOR>JIGVPSP=G(U]NHCSP*@BADJIGYUOGxMOR=gfM1@B|a@BPSNHgfA�\DEHG5C=NQ|sA1@BE:UOTVbZgWU]dOEHT(GICSP ��MlgfRSP=T �Yn�E}@9r-NQP=GIC=C=GxUOGIC

gfADUOGIC�UOG�M3gfbeM1@B|�G�UOGpJVNHC*@BNQEQEHGVbZGVAWPu\�GVPZ@Bd]��UOGVE}nhUOGpJIGVPSP=GpU]NHCSP*@BADJIGs\�NQE�C=GoMOR=gfM1@B|�G�nhC*@²rWNQP=GIC*C=GmUOG�MOL1@fC=G
EHgfAO|sNQPSdDU]NQA1@BEHGs\>MOEQdDC�TVEHGVr�TIGsz b»gfdOR�dOADGhw�R=TIcadDGVADJIGªM3gfRSP=GVdDC=GªUOG

80 kHz
\�E}@�EHgfAO|sdDGVdOR�U�^`@BPSP=TVAad1@BPSNHgfA�UOGIC

gfADUOGIC�UOG�M3gfbeM1@B|�G�UOG�JVNHC*@BNQEQEHGVbZGVAWPZGICSPeU�^qGVAar-NQR=gfA
2 − 4 cm

\�MOEQdDC(w_@BNQ�OEHGpcadDGmMOR=TIJITIUOGVbebZGVAaPuz¯ �GpCSNQ|sA1@BE
UOTVbZg-U]dOEHT�GICSP�@BEHgfR=C ��M3gfRSP=T �mn�E}@²r-NQP=GIC=C=GoUOGIC�gfADUOGIC�UOGmMlgfbeM1@B|�G�UOGmJVNHC­@BNQEQEHGVbZGVAaPZCSdOR7dOADG�U]NHC=P*@BADJIGoMOEQdDC
w_@BNQ�OEHGecWdDG7M3gfdOR

50 kHz
\�GVP5EHG�R=GIC=P=GeUOG�E}@�U]NHCSP*@BADJIGeUOG�MOR=gfM1@B|a@BPSNHgfA�P=gfP*@BEHGoGICSPxM1@BR=JIgfdORSd�n�E}@�r-NQP=GIC=C=G�UOG

E_^qgfADUOGZEHgfAO|sNQPSdDU]NQA1@BEHG�c�¤�z8b�@BR9JIgfADC=TIcWdDGVAaPu\:JIGoCSNQ|sA1@BE¯UOTVbZg-U]dOEHTs\�NHC=CSdtU�^qgfADUOGIC7UOGeM3gfbeM1@B|�GoUOG�w�R=TIcadDGVADJIG
M3gfRSP=GVdDC=G

80 kHz
@BRSRSNQr�GFMOEQdDC�P[ZfP�cWdDG>JIGVEQdONlNHC=CSdoU�^qgfADUOGIC�UOG>M3gfbeM1@B|�GKnYE}@xw�R=TIcadDGVADJIGFMlgfRSP=GVdDC*G

50 kHz
z-{�G

JIgfbeM3gfRSP=GVbZGVAaPxA�^`@oM1@fC/TVP=T7gf�DC=GVRSr�T�@Ir�GIJ9EHGIC/gfADUOGICKUOG7MlgfbeM1@B|�G7EHgfAO|sNQPSdDU]NQA1@BEHGIC5UD@BADC/JIGVPSP=G9JIgfA]¦D|sdOR*@BPSNHgfA
Gkj]M3TVRSNQbZGVAaP*@BEHGsz
{�GICKgf�DC*GVRSrf@BPSNHgfADCxCSNQ|sAON�¦1GVAWPYcadDG7EHGICxGkj-M3TVRSNHGVADJIGICKbZGVADTIGICxbZGVPSP=GVAaPYGVA ¥ GVdiEHG(MOLDTVADgfbZ�VADGeUOG�U]NQE}@BP*@BADJIGsz

{�gfbebZG�E_^`@BbeMOEQNQPSdDUOG�UOGIChC=NQ|sA1@Bd]j UOTVbZgWU]dOEHTICªUOTVM3GVADU UOG�E_^`@BbeMOEQNQPSdDUOG�UOGtM3gfbeM1@B|�G�@Bd�Ju@BRSR=T�gfd¶n¨E}@
MOdONHC*C*@BADJIG�[�±fX]\�E}@�U]NQE}@BP*@BADJIG gf�DC=GVRSr�TIG½GIC=P¨ADgfA EQNQADTu@BNQR=GszZ¼FADG½U]NQE}@BP*@BADJIGs\mcad1@fU]R*@BPSNHcWdDG½GVA�@BbeMOEQNQPSdDUOG
U�^qGkjOJVNQP*@BPSNHgfA�\9MOR=gWU]dONQP=G M1@BR¨UOGIC�J=L1@BRS|�GVbZGVAWP=C M3TVRSNHgWU]NHcWdDGIC¨@ UOT ¥ n TVP=T�gf�DC=GVRSr�TIG��ED/N�jO�s�µ��ze{�GVM3GVADUD@BAaPu\
JIGVPSP=G²UOGIC=JVRSNQMOPSNHgfA�GICSPoR=Tu@BEQNHC=TIG²UD@BADCodOA R=TV|sNQbZG²cWd1@fCSN���CSP*@BPSNHcWdDG�GVPoM3gfdORoUOGICmUOTkw�gfRSbo@BPSNHgfADC�UOG�E_^qgfR=U]R=G²UOG
|ε| ∝ 0.01 − 0.04

\1Js^qGICSPFn9U]NQR=G5MOEQdDCFUOG5UOGVd]jpgfR=U]R=GIC>UOGx|sR*@BADUOGVdOR/CSdOMlTVRSNHGVdOR=C/@Bd]jpUOTkwygfRSbo@BPSNHgfADCF@BMOMOEQNHcWdDTIGIC
NHJVN_z
 �GICxGkj-M3TVRSNHGVADJIGICxbZGVADTIGICxNHJVN%bZgfAaPSR=GVAaP7UOgfADJ7M3gfdORKE}@oMOR=GVbeNH�VR=G7wygfNHCKdOAªGk��GVP5UOG7U]NQE}@BP*@BADJIG�ADgfAªEQNQADTu@BNQR=G

UD@BADC�dOA9R=TV|sNQbZG�U]°WA1@BbeNHcWdDGszf��A7M1@BRSPSNHJVdOEQNHGVRu\fE}@/U]NQE}@BP*@BADJIG�cWdON-CSdONQP�dOADG�EHgfN]GVA9MOdONHC=C*@BADJIG�[�±fXKGICSP%U]NQR=GIJVP=GVbZGVAaP
@fC*C=gWJVNHTIG�@Bd JVE}@BMOM3GVbZGVAaP¨UOGIC�JIgfAWP*@fJVP=CuzZ{�GIC�JIgfAaP*@fJVP=C�JVE}@BMOM1@BAWP=C�MlGVdOr�GVAWP�¢VPSR=G�NQAaP=GVRSMOR=TVP=TIC�JIgfbebZG·EHG
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UOTVbo@BRSR*@B|�G7UOGIC/JIgfEQEQNHCSNHgfADCKUOGYM1@BRSPSNHJVdOEHGICxUD@BADC>dOAh|a@_d9@Ir�GIJ7E_^qTVEHTVrs@BPSNHgfAhUOGYE}@ZP=GVbeMlTVR*@BPSdOR=Gs\lUOgfAaPKEHG5R[ZfEHG7GICSP
¥ gfdDT(M1@BRFE}@oUOGVADCSNQP=T7U�^qTVADGVRS|sNHGe@fJIgfdDCSPSNHcWdDG(UD@BADCKEHG(beNQEQNHGVdh|sR*@BAWdOE}@BNQR=Gszl�¡AhR*@BNHC=gfAiU�^ dOAiJu@BR*@fJVP=�VR=G7MOdOR=GVbZGVAaP
R=TVMOdOEHCSN�w�UOGIC>NQAaP=GVR*@fJVPSNHgfADC>NQADU]NQr-NHU]dDGVEQEHGICFGVAWPSR=GYJ=L1@fcWdDG5|sR*@BNQA�\OJIGIC�JIgfEQEQNHCSNHgfADCFbZ�VADGVAaPFUD@BADC>P=gfdDC�EHGIC>Ju@fC>n9dOADG
Gkj-M1@BADC=NHgfA9bZg�°�GVAOADG�U]d�beNQEQNHGVd�\µNQADUOTVM3GVADUD@BbebZGVAaP�UOG¯E}@/bo@BAONH�VR=G�UOgfAWP�@KTVP=T�NQAONQPSNHTIG�E_^qgsC=JVNQEQE}@BPSNHgfAZGkjOJVNQP*@BPSRSNHJIGsz
b�@BR7JIgfADC=TIcadDGVAWPu\�E}@�PSR*@BADCSNQPSNHgfA�GVAaPSR=GedOA�JIgfbeMlgfRSP=GVbZGVAWP7cWd1@fU]R*@BPSNHcadDGmGVP5dOA�JIgfbeMlgfRSP=GVbZGVAWP7GVAtMOdONHC*C*@BADJIG
[�±fX(UD@BADC�E}@(U]°WA1@BbeNHcWdDGxUOG/JVR=gfNHC=C­@BADJIG/U]dpCSNQ|sA1@BE3UOTVbZgWU]dOEHTxGVAmw�gfADJVPSNHgfApUOGFE_^`@BbeMOEQNQPSdDUOGxUOG/MlgfbeM1@B|�Gs\-M3GVdOP
¢VPSR=G�rWdDG�JIgfbebZGedOAªMOR=TIJVdOR=C=GVdOR7UOG�E}@oPSR*@BADC=NQPSNHgfA�C=gfEQNHUOG → |a@_dZU�^ dOA�@fC=C=GVb7�OE}@B|�Ge|sR*@BAadOE}@BNQR=Gs\�NQADU]dONQP=GZM1@BRC=gfEQEQNHJVNQP*@BPSNHgfAh@fJIgfdDCSPSNHcWdDGsz

3-4 "Y4 3 ��FTS�F8B
E ��S(L A_F#E�L7C D ?5= <�� F8D5L A_C8EJS�C �NL7=�?-=#A�B��5F�� D-=#A�?-=@IKC�S(B�=

 �G�w_@BNQPtcadDG�EHGIC�gfADUOGICtUOG¨JVNHC*@BNQEQEHGVbZGVAaP�C=gfNHGVAaP#M3gfE}@BRSNHC=TIGICtgB�3R=G�dOADG·@BdOPSR=G�M3gsC=CSNQ�ONQEQNQP=T�NQAWP=TVR=GIC=C*@BAaP=G
U�^`@BMOMOEQNHcadDGVR(E_^qGk�3GVPYADgfA#EQNQADTu@BNQR=GoU�^`@BdOP=gB��UOTVbZgWU]dOE}@BPSNHgfA�MlgfdOR7Ju@BR*@fJVP=TVRSNHC=GVRYE_^`@BAONHC=gfPSR=gfMONHGmUOGICYJIgfAaP*@fJVP=C7UD@BADC
EHGYbeNQEQNHGVd�\3JIgfbebZG7M1@BRKGkjOGVbeMOEHG(E}@oMOR=TIC=GVADJIG9U�^ dOADG7gfRSNHGVAWP*@BPSNHgfA#MOR=Tkw�TVR=GVAWPSNHGVEQEHG�UOGIC/J*L1@µºHADGIC5UOGYwygfR=JIGYEHG7EHgfAO|
UOGªE}@�U]NQR=GIJVPSNHgfA U�^`@BMOMOEQNHJu@BPSNHgfA UOGªE}@�JIgfAWPSR*@BNQAaP=G�CSP*@BPSNHcadDGszF{�gfbebZGtE}@�ADgfA]�_EQNQADTu@BRSNQP=T�UOG#J=L1@fcWdDGtJIgfAWP*@fJVP
GICSPeNQAar�GVR=C*GVbZGVAaPoMOR=gfM3gfRSPSNHgfAOADGVEQEHGhntC*@hMOR=Tk��UOTkw�gfRSbo@BPSNHgfA�CSP*@BPSNHcWdDGs\%dOA beNQEQNHGVd |sR*@BAadOE}@BNQR=Gi@BAONHC=gfPSR=gfM3G�UOgfNQP
MOR=TIC=GVAaP=GVR/U]N��3TVR=GVAWP=GIC>ADgfA]�_EQNQADTu@BRSNQP=TICFGk��GIJVPSNQr�GIC�M3gfdOR>U]N��3TVR=GVAWP=GIC>M3gfE}@BRSNHC*@BPSNHgfADCFU�^qgfADUOGICFUOG5JVNHC*@BNQEQEHGVbZGVAaPuz<��A
M1@BRSPSNHJVdOEQNHGVRu\aUD@BADC�ADgfPSR=GFJIgfA]¦D|sdOR*@BPSNHgfAmGkj]MlTVRSNQbZGVAWP*@BEHGs\�E}@xJIgfAaPSR*@BNQAWP=G/C=P*@BPSNHcadDG�GICSP¯@BMOMOEQNHcWdDTIGFC=dOR�EHG�bo@BP=TVRSN}@Bd
|sR*@BAadOE}@BNQR=G�UOG(wy@�wIgfAidOAON}@µj-N}@BEHGenoE_^`@BNHUOG7U�^ dOAªMONHCSP=gfA�\lCSdORKEHGYMOE}@BA#CSdOM3TVRSNHGVdORKU]diR=TIJVNQMONHGVAaPYJV°-EQNQADU]RSNHcWdDGsz<¼/ADG
P=GVEQEHG>JIgfAaPSR*@BNQAWP=GxUOgfAOADG�EQNHGVd�nxE}@xw�gfRSbo@BPSNHgfAoUD@BADC¯EHG�beNQEQNHGVdmUOGFJ=L1@µºHADGIC�UOG�w�gfR=JIG>MOR=Tkw�TVR=GVAWPSNHGVEQEHGVbZGVAaP>gfRSNHGVAaP=TIGIC
r�GVRSPSNHJu@BEHGVbZGVAaPp�]\i@_^OÀsÀ]\�£/NHUDÀsXB��z  /NQADCSN_\3E}@pMOR=Tk��UOTkwygfRSbo@BPSNHgfA�C=P*@BPSNHcadDGmUOGICYJIgfAaP*@fJVP=C9gfRSNHGVAaP=TIC9r�GVRSPSNHJu@BEHGVbZGVAaP
GICSP¯GVAmbZgu°�GVAOADG/MOEQdDC¯TVEHGVr�TIGKcadDG�E}@YMOR=Tk��UOTkw�gfRSbo@BPSNHgfApCSP*@BPSNHcWdDGFUOGIC�JIgfAaP*@fJVP=C�gfRSNHGVAaP=TIC�LDgfRSN dugfAaP*@BEHGVbZGVAWPuz<{�GIJVN
NQbeMOEQNHcadDG�UOgfADJ�cWdDG�E}@iADgfA]�_EQNQADTu@BRSNQP=T�Gk��GIJVPSNQr�G�GICSPeMOEQdDC9w�gfRSP=G�UD@BADC�E}@ªU]NQR=GIJVPSNHgfA·LDgfRSN dugfAaP*@BEHG�cWdDG�UD@BADC�E}@
U]NQR=GIJVPSNHgfA�r�GVRSPSNHJu@BEHGs\1U]NQR=GIJVPSNHgfAhMOR=Tkw�TVR=GVAWPSNHGVEQEHG(UOGIC>J*L1@µºHADGIC/UOGKwygfR=JIGo©�JIgfbebZG5NQEQEQdDC=PSR=TYCSdOR�E}@9¦D|sdOR=G aDz`�]z
 :@KJIgfA]¦D|sdOR*@BPSNHgfAmGkj]M3TVRSNQbZGVAaP*@BEHG�R=GVP=GVAadDG>MlgfdOR%bZGVPSPSR=G�GVAeTVrWNHUOGVADJIG�JIGVPSP=G>@BAONHC*gfPSR=gfMONHG�GICSP%NQEQEQdDCSPSR=TIG�CSdOR%E}@

¦D|sdOR=G aDz`�]z] :@�U]NQR=GIJVPSNHgfA²UOGKMOR=gfM1@B|a@BPSNHgfA²GICSP�bo@BNQAaP=GVA1@BAWPFLDgfRSN dugfAWP*@BEHGs\1UOGVd]jmPSR*@BADC*U]dDJVP=GVdOR=CFUOGxJVNHC*@BNQEQEHGVbZGVAaP
NHUOGVAaPSNHcWdDGIC5C=gfAaPxdOPSNQEQNHC=TICKM3gfdORxE}@Z|�TVADTVR*@BPSNHgfAtUOGICxgfADUOGIC5UOG7MlgfbeM1@B|�G�GVPxdOAhPSR*@BADC*U]dDJVP=GVdOR5EHgfAO|sNQPSdDU]NQA1@BE¡GICSP
dOPSNQEQNHC=T5GVA�R=TIJIGVMOPSNHgfA�z
¾WdOR�E}@7¦D|sdOR=G aDzQ®uÀO\]EHGIC>@BbeMOEQNQPSdDUOGIC/UOGIC>CSNQ|sA1@Bd]j�UOTVbZgWU]dOEHTIC�NHC*CSdDC�U�^qgfADUOGICFUOGxM3gfbeM1@B|�G5UOG5JVNHC*@BNQEQEHGVbZGVAaP

MlgfE}@BRSNHC*TIGIC�r�GVRSPSNHJu@BEHGVbZGVAaP>©�C=GVEHgfA7EHGIC:J*L1@µºHADGIC»UOG¡w�gfR=JIG�«3GVP»LDgfRSN dugfAaP*@BEHGVbZGVAWPF©�gfRSPSLDgf|�gfA1@BEHGVbZGVAaP¡@Bd]j(J=L1@µºHADGIC�UOG
w�gfR=JIG�«:C=gfAWP»PSR*@fJITIGICuzB :@Fw�R=TIcadDGVADJIG�UOG¯M3gfbeM1@B|�G�GICSP»JIGVAWPSR=TIG�CSdOR

80.192 kHz
GVP»E}@>w�R=TIcadDGVADJIG�UOTVbZgWU]dOEHTIG�rs@BdOP

5.12 kHz
\aJIgfbebZGFM3gfdOR¡E_^qGkj]MlTVRSNHGVADJIG/r�GVRSPSNHJu@BEHGFMOR=TIJITIUOGVAWP=GszW :GIC¯R=TkwyTVR=GVADJIGIC�UOGIC�@BbeMOEQNQPSdDUOGIC�UOG>M3gfbeM1@B|�GFGVA

U�c�C=gfAaP�NHUOGVAWPSNHcadDGIC�nxJIGVEQEHGIC¡UOGIC%¦D|sdOR=GIC aDz`[YGVP aDz a1za¾WdOR�P=gfdOP=G�E}@K|a@BbebZG>U�^`@BbeMOEQNQPSdDUOG/UOG�MlgfbeM1@B|�Gs\�EHG�CSNQ|sA1@BE
UOTVbZgWU]dOEHT/NHC=CSd�U�^qgfADUOGIC�UOG>M3gfbeM1@B|�G/M3gfE}@BRSNHC=TIGIC�gfRSPSLDgf|�gfA1@BEHGVbZGVAaPF@Bd]jmJ*L1@µºHADGIC�UOG>wygfR=JIG7©~LDgfRSN dugfAWP*@BEHGVbZGVAaP­«
@�dOA½AONQr�Gu@Bd�MOEQdDC�TVEHGVr�TtcWdDG#JIGVEQdONYNHC=C=d�UOGIC²gfADUOGIC²UOGªM3gfbeM1@B|�G#MlgfE}@BRSNHC*TIGIC�C=GVEHgfA�EHGIC�J*L1@µºHADGIC²UOGiwygfR=JIG
©~r�GVRSPSNHJu@BEHGVbZGVAaP­«kz�{�GVPSP=G¯U]N���TVR=GVADJIG¡M3GVdOP»@BPSP=GVNQADU]R=G

15 dB
\uJIG¡cWdONaGICSP:�ONHGVA7CSdOM3TVRSNHGVdOR�n�E}@>U]N��3TVR=GVADJIG¯bo@µj-NQbo@BEHG

UOG
1 dB

gf�DC=GVRSr�TIGKEHgfR=C�U�^ dOADGKGkj]M3TVRSNHGVADJIGKUOG/r�TVRSN�¦1Ju@BPSNHgfA�bZGVADTIG5@Ir�GIJKEHGIC�UOGVd]jmbZ¢VbZGIC�TVbZGVPSP=GVdOR=C�UD@BADC�dOADG
JIgfA]¦D|sdOR*@BPSNHgfA�UOGoMOR=gfM1@B|a@BPSNHgfA�r�GVRSPSNHJu@BEHGsz�{�GVPSP=GoU]N���TVR=GVADJIG�U�^qGk�oJu@fJVNQP=TmCu^qGkj]MOEQNHcWdDGZM1@BR(EHGewy@BNQP9cadDGeE}@�ADgfA]�
EQNQADTu@BRSNQP=T�nhE}@fcadDGVEQEHGpC=gfAWPZC=gfdObeNHC=GIC9EHGICeUOGVd]j�M3gfE}@BRSNHC*@BPSNHgfADCZU�^qgfADUOGICeUOGpJVNHC*@BNQEQEHGVbZGVAWPoC=gfAaPeU]N���TVR=GVAaP=GICuz¯��A
Gk�3GVPu\3UD@BADCxE}@�U]NQR=GIJVPSNHgfA#r�GVRSPSNHJu@BEHG²©�C=GVEHgfAªEHGIC5J*L1@µºHADGICYUOG7w�gfR=JIG�«k\lEHGIC5JIgfAaPSR*@BNQAWP=GIC(CSP*@BPSNHcWdDGIC5CSdORxEHGIC5JIgfAaP*@fJVP=C
C=gfAaP�MOEQdDC�wygfRSP=GIC�cadDGxUD@BADC�E}@9U]NQR=GIJVPSNHgfA�LDgfRSN dugfAaP*@BEHGYJIGxcWdON<NQbeMOEQNHcWdDGxdOADGKADgfA]�_EQNQADTu@BRSNQP=TYGk�3GIJVPSNQr�GKMOEQdDC�w_@BNQ�OEHG
©
Γ2 ∼ 1/ε0

«kz
{�gfbebZG�MOR=TIJITIUOGVbebZGVAWPu\�JIGVPSP=G�NQAaP=GVRSMOR=TVP*@BPSNHgfA½GICSPmTVP*@I°�TIGhM1@BRodOADG²@BdOPSR=Ghgf�DC=GVRSrf@BPSNHgfA Gkj-M3TVRSNQbZGVAaP*@BEHG

cadON/GICSPoE_^qGVbeMOE}@fJIGVbZGVAWPpUOG²E}@#PSR*@BADCSNQPSNHgfA GVAaPSR=GhdOA�JIgfbeM3gfRSP=GVbZGVAaP�cWd1@fU]R*@BPSNHcadDGiU]d·CSNQ|sA1@BEKUOTVbZgWU]dOEHTiGVA
w�gfADJVPSNHgfA UOG�E_^`@BbeMOEQNQPSdDUOGªUOG�M3gfbeM1@B|�G²GVPmdOA�JIgfbeM3gfRSP=GVbZGVAaP�GVA·MOdONHC*C*@BADJIG

3/2
\�@fC*C=gWJVNHTi@Bd MOLDTVADgfbZ�VADG

UOGªJVE}@BMOMlGVbZGVAWP²UOGIC�JIgfAaP*@fJVP=CuzK¾WdOR�E}@�¦D|sdOR=G;aDzQ®uÀ]\�JIgfbebZGªNQADU]NHcWdDTªM1@BRpEHGIC�¿1�IJ=LDGICu\�JIGVPSP=GªPSR*@BADC=NQPSNHgfA C=G
CSNQPSdDG²GVAWrWNQR=gfA½n −23 dB

M3gfdORoE_^qGkjOJVNQP*@BPSNHgfA�M3gfE}@BRSNHC=TIG�LDgfRSN dugfAWP*@BEHGVbZGVAaP²GVPpn −15 dB
MlgfdORmE_^qGkj]JVNQP*@BPSNHgfA
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` 	 ∼ 8 kPa
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	�f j _Jel_ ��	 2Et 
�� � j _
` �
_ ��� j _
`��+!f � 
��
	��?f����
	�_ ` 	�f 	��53 � _ � � ��f!%���f j _ f tHtuj �43��[]%_l_
` 	 ∼ 24kPa

�

MlgfE}@BRSNHC*TIG�r�GVRSPSNHJu@BEHGVbZGVAaPuz% �GeMOLDTVADgfbZ�VADGmUOGeJVE}@BMOMlGVbZGVAWP7UOGVr-NHGVAaP7UOgfADJZNQbeMlgfRSP*@BAWP9n�M1@BRSPSNQR7U�^`@BbeMOEQNQPSdDUOGIC
U�^qGkj]JVNQP*@BPSNHgfA�MOEQdDC(wy@BNQ�OEHGIC(LDgfRSN dugfAaP*@BEHGVbZGVAaPmcadDGer�GVRSPSNHJu@BEHGVbZGVAWPu\�JIGocWdON¯GICSP9GVA�@fJIJIgfR=U�@ur�GIJoEHGZwy@BNQP9cadDGZEHGIC
JIgfAaP*@fJVP=C�gfRSNHGVAaP=TIC�LDgfRSN dugfAaP*@BEHGVbZGVAWP�C=gfAaP�bZgfNQADC¯MOR=Tk��JIgfAWPSR*@BNQAaP=C�cWdDG�EHGIC¯JIgfAWP*@fJVP=C�gfRSNHGVAWP=TIC�r�GVRSPSNHJu@BEHGVbZGVAWPuz] :@
bZGICSdOR=G�UOGoE}@hU]N��3TVR=GVADJIGpGVAWPSR=GmEHGIC9GVbeMOE}@fJIGVbZGVAaP=CoUOGIC7PSR*@BADC=NQPSNHgfADC

2 → 3/2
M3gfdOR7EHGIC�UOGVd]j�M3gfE}@BRSNHC*@BPSNHgfADC

U�^qGkj]JVNQP*@BPSNHgfAeM3GVRSbZGVP¡U�^qGICSPSNQbZGVR�E_^`@BAONHC=gfPSR=gfMONHGFU]d9M1@BR*@BbZ�VPSR=G>ADgfAeEQNQADTu@BNQR=G�Gk�3GIJVPSN�wS\fNQADU]dONQP=G�UD@BADC%EHG�beNQEQNHGVdeM1@BR
EHGFJ*L1@BRS|�GVbZGVAaP�dOAON}@µj]N}@BE_z]{�GVPSP=Gx@BAONHC=gfPSR=gfMONHGKADgfAmEQNQADTu@BNQR=GKGICSP�U]NQR=GIJVP=GVbZGVAaP�R=GVEQNHTIGxnYE_^`@BAONHC=gfPSR=gfMONHG/EQNQADTu@BNQR=GKM1@BR
E}@YR=GVE}@BPSNHgfA�cWdON3Gkj-NHCSP=GxGVAWPSR=GKUOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcWdDGxUOGIC�JIgfAWP*@fJVP=C

ε0
GVP�M1@BR*@BbZ�VPSR=GxADgfApEQNQADTu@BNQR=GKcWd1@fU]R*@BPSNHcWdDG

Gk�3GIJVPSN�w
Γ2
z� /NQADCSN_\>E_^`@BAONHC=gfPSR=gfMONHG�ADgfA EQNQADTu@BNQR=G�gf�DC=GVRSr�TIG�UD@BADC²EHGICiJIgfADU]NQPSNHgfADCªU]d R=TICSdOEQP*@BPªGkj]MlTVRSNQbZGVAWP*@BE

MOR=TIC=GVAaP=T¨C=dORiE}@·¦D|sdOR=G aDzQ®uÀ�rs@BdOPªGVAWrWNQR=gfA
8 dB

zY{�GIC#JIgfADCSNHUOTVR*@BPSNHgfADCtcWd1@BAaPSNQP*@BPSNQr�GICu\(JIGVMlGVADUD@BAWPu\YC=gfAaP
Gk�3GIJVPSdDTIGIC¯UD@BADC¡E_^ La°-M3gfPSLD�IC=G>CSNQbeMOEQN�¦1Ju@BPSRSNHJIG/U�^ dOADG>U]NHCSPSRSNQ�OdOPSNHgfAoUOG>UOTkwygfRSbo@BPSNHgfADC¯UOGFJIgfAaP*@fJVP=C¯UOgfAWP¯E}@/wygfRSbZG
ADGxrf@BRSNHGYM1@fC>GVApw�gfADJVPSNHgfAhUOG5E}@�UOTkw�gfRSbo@BPSNHgfAiCSP*@BPSNHcWdDG5bZgu°�GVAOADG�©�Js^qGICSPFneU]NQR=G

n(µ)
ADG5UOTVMlGVADU�M1@fC>UOG

ε0
«kz

¾WdORtE}@�¦D|sdOR=G aDzQ®s®s\5E}@ bZ¢VbZG·Gkj]MlTVRSNHGVADJIG�@�TVP=T¨bZGVADTIGs\5bo@BNHC�@ur�GIJ dOADG¨JIgfAWPSR*@BNQAaP=G CSP*@BPSNHcadDG MOEQdDC
TVEHGVr�TIGs\¡TV|a@BEHG�n

24 kPa
z�?5@BADCZJIG²Ju@fCu\%EHGIC�PSR*@BADCSNQPSNHgfADC

2 → 3/2
UD@BADCeE_^`@BbeMOEQNQPSdDUOGhU]d CSNQ|sA1@BE>UOTVbZgWU]dOEHT

GVA·wygfADJVPSNHgfA�UOG²E_^`@BbeMOEQNQPSdDUOGªUOGhMlgfbeM1@B|�GªC=GhCSNQPSdDGVAaP�GVAar-NQR=gfA�n −22 dB
GVP −15 dB

MlgfdOR�E_^qGkj]JVNQP*@BPSNHgfA
MlgfE}@BRSNHC*TIG�LDgfRSN dugfAaP*@BEHGVbZGVAWPFGVP¡M3gfdOR¯E_^qGkjOJVNQP*@BPSNHgfAmM3gfE}@BRSNHC=TIG>r�GVRSPSNHJu@BEHGVbZGVAWPu\-R=GICSMlGIJVPSNQr�GVbZGVAWPuzW¼/ADG/@BAONHC*gfPSR=gfMONHG
U]d�M1@BR*@BbZ�VPSR=G�ADgfA�EQNQADTu@BNQR=G�Gk��GIJVPSN�wFUOG

7 dB
GIC=P7gf�DC=GVRSr�TIGsz� :@²PSR*@BADCSNQPSNHgfA

2 → 3/2
U]d�C=NQ|sA1@BE�UOTVbZg-U]dOEHT

NHC=CSd U�^qgfADUOGIC�UOG�M3gfbeM1@B|�G�M3gfE}@BRSNHC=TIGICor�GVRSPSNHJu@BEHGVbZGVAWPª©~EHgsC­@BAO|�GICmCSdORoE}@i¦D|sdOR=G,aDzQ®s®µ«�A�^qGICSPmJIGVM3GVADUD@BAaPmM1@fC
�ONHGVAiUOTk¦DAONHG9GVAiR*@BNHC=gfAiU�^ dOAªJIgfbeM3gfRSP=GVbZGVAaP5M1@BRSPSNHJVdOEQNHGVR5UOG(E}@mU]°-A1@BbeNHcadDG9UOG7JVR=gfNHC*C*@BADJIG7GVA#@BbeMOEQNQPSdDUOG�U]d
CSNQ|sA1@BE1UOTVbZg-U]dOEHT/@BdOP=gfdOR�UOGFJIGVPSP=G>PSR*@BADC=NQPSNHgfA�z-{�GFJIgfbeM3gfRSP=GVbZGVAaP�C=G�R=GVPSR=gfdOr�G/UD@BADC¯E}@5bZgWUOTVEQNHC*@BPSNHgfA�cadON<CSdONQP
JIGVPSP=G/C*GIJVPSNHgfAmM3gfdOR�JIGVRSP*@BNQADGIC�wygfRSbZGIC�UOGFE}@(U]NHC=PSRSNQ�OdOPSNHgfA�UOGKJIgfAaP*@fJVP=C�UD@BADC�EHG>beNQEQNHGVd�z] ¡^`@BbeMOEQNQPSdDUOGxU]dpCSNQ|sA1@BE
UOTVbZgWU]dOEHT/NHC=CSd�U�^qgfADUOGIC�UOG>M3gfbeM1@B|�GFM3gfE}@BRSNHC=TIGIC�LDgfRSN dugfAaP*@BEHGVbZGVAWP>GICSP�P=gfd ¥ gfdOR=C�CSdOMlTVRSNHGVdOR=GxnYJIGVEQEHGKU]dpCSNQ|sA1@BE
UOTVbZgWU]dOEHTYNHC=CSd�U�^qgfADUOGICFUOGxM3gfbeM1@B|�G5M3gfE}@BRSNHC=TIGIC>r�GVRSPSNHJu@BEHGVbZGVAWPKU�^qGVAWrWNQR=gfA

10 dB
z

¾WdOR�E}@�¦D|sdOR=G aDzQ®uXD\VE}@�JIgfAaPSR*@BNQAWP=G�CSP*@BPSNHcWdDG¡@�GVADJIgfR=G¡TVP=T�@BdO|sbZGVAaP=TIGs\uM3gfdOR»@BPSP=GVNQADU]R=G
64 kPa

zI :@�U]N���TVR=GVADJIG
GVAaPSR=GoEHGIC7@BbeMOEQNQPSdDUOGIC9UOGIC(CSNQ|sA1@Bd]j�UOTVbZg-U]dOEHTIC(NHC*CSdDCYU�^qgfADUOGIC9UOGeMlgfbeM1@B|�GoMlgfE}@BRSNHC*TIGICYLDgfRSN dugfAaP*@BEHGVbZGVAWPZGVP
r�GVRSPSNHJu@BEHGVbZGVAaP�rs@BRSNHG/GVAWPSR=G

10 dB
GVP

15 dB
CSdOR�P=gfdOP=GFE}@Y|a@BbebZG/U�^`@BbeMOEQNQPSdDUOGxUOG>M3gfbeM1@B|�Gsz- �GIC¯PSR*@BADC=NQPSNHgfADC

2 → 3/2
C=gfAaP#CSNQPSdDTIGIC#n −23 dB

GVPtn −8 dB
MlgfdORiEHGICªGkj]JVNQP*@BPSNHgfADC#M3gfE}@BRSNHC=TIGICiLDgfRSN dugfAaP*@BEHGVbZGVAWP�GVP
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�� �5_ j($ f�e tuj ��	����5_ �5_ t 
�e t f!"b_ 0 t ��
 t f!"Hf 	���
��r 
�����
�
 �
	�f j _ 2 �#+ $ _(%%� ��	�f 	���
�� �5_ ��� `�f�� jdj _Jel_ �
	 _
` 	 t 
 j f����N`�]�_ `�_ j 
�� j _
` �Jr f	� ��_J` �5_ c�
�����_ 0�q�_ � 	����%f j _Jel_ �
	 2 t 
�� �
j _
` j 
�`�f��*"5_
` i _ 	=_
` 	 t 
 j f�� � ` ]%_ 
�� 	dr 
�"%
 �uf j _Jel_ �
	 f�� % �Jrsf�� �k_
` �5_-c�
�����_&0�r 
�� � 
 
��
	�f j _Jel_ �
	 2Et 
�� � j _
` ��_ ��� j _
`��+ f � 
��
	��?f�� ��	�_E` 	�f 	��53 �[_ � � ��f!%���f j _ f t5tuj �53 � ]%_g_
` 	 ∼ 64kPa

�

r�GVRSPSNHJu@BEHGVbZGVAWPu\¡R=GICSM3GIJVPSNQr�GVbZGVAaPuz� ¡^`@BAONHC=gfPSR=gfMONHG²ADgfA¨EQNQADTu@BNQR=G�NQADU]dONQP=G²@BPSP=GVNQADU·@BEHgfR=C
15 dB

z� »@iPSR*@BADCSNQPSNHgfA
@fC*C=gWJVNHTIGYneE}@eM3gfE}@BRSNHC*@BPSNHgfA²r�GVRSPSNHJu@BEHG9@�EQNHGVdineUOGYMOEQdDC�wygfRSP=GIC/@BbeMOEQNQPSdDUOGICxUOG5M3gfbeM1@B|�GYM3gfdOR>dOADG(JIgfAWPSR*@BNQAaP=G
C=P*@BPSNHcadDG�UOG

64 kPa
cWdDG¡M3gfdOR:dOADG�JIgfAaPSR*@BNQAWP=G�CSP*@BPSNHcadDG�UOG

24 kPa
gfd�GVADJIgfR=G

8 kPa
zµ �GIC%JIgfAaP*@fJVP=C�r�GVRSPSNHJu@Bd]j�\

MOEQdDC�w�gfRSP=GVbZGVAWPFMOR=Tk��JIgfAaPSR*@BNQAWP=Cu\3C=gfAaP/GVA�Gk�3GVP>MOEQdDC/U]N��oJVNQEHG(n9w_@BNQR=GYJVE}@BMOM3GVRu\DGVP>dOADG(@BbeMOEQNQPSdDUOG7U�^qGkj]JVNQP*@BPSNHgfA
MOEQdDC�w�gfRSP=G5GICSPFADTIJIGIC=C*@BNQR=Gsz
 ¡^qGVADC=GVb(�OEHGmUOGoJIGIC5R=TIC=dOEQP*@BP=C(GICSP(JIgfLDTVR=GVAWP�@ur�GIJZEHGICYUOGVd]j#MORSNQADJVNQM1@BEHGIC9gf�DC=GVRSrs@BPSNHgfADC7GVPYNQAWP=GVRSMOR=TVP*@BPSNHgfADC

cWdON�EHGVdOR=CZC=gfAaPZ@fC=C*gWJVNHTIGIC�§�E_^qGVbeMOE}@fJIGVbZGVAaP�UOG�E}@²PSR*@BADC=NQPSNHgfA
2 → 3/2

UD@BADC�E}@iU]°-A1@BbeNHcadDG�UOG�JVR=gfNHC*C*@BADJIG
U]d�CSNQ|sA1@BEFUOTVbZg-U]dOEHT²GICSPZNQAWP=GVRSMOR=TVP=ThJIgfbebZG²dOADG�bo@BAON�wyGICSP*@BPSNHgfA�U]d·MOLDTVADgfbZ�VADGhUOG�JVE}@BMOM3GVbZGVAaPpUD@BADCZEHG
beNQEQNHGVd�GVP�w�gfdORSAONQP�dOADGxGICSPSNQbo@BPSNHgfA�UOGKE_^`@BAONHC=gfPSR=gfMONHGxNQADU]dONQP=GxUD@BADC�EHG/beNQEQNHGVdpM1@BR�EHGKJ=L1@BRS|�GVbZGVAaPFdOAON�� @µj-N}@BE_zO :@
U]N���TVR=GVADJIG�U�^qGk�oJu@fJVNQP=TZU]dªMOR=gWJIGIC*CSdDCxUOG9UOTVbZg-U]dOE}@BPSNHgfA�C=GVEHgfAªE}@mM3gfE}@BRSNHC*@BPSNHgfA#r�GVRSPSNHJu@BEHGegfdªLDgfRSN dugfAaP*@BEHGZUOGIC
gfADUOGIC/UOGYM3gfbeM1@B|�G(UOGYJVNHC­@BNQEQEHGVbZGVAaP5GICSP>dOADG(bo@BAON�w�GICSP*@BPSNHgfAiUOGYE_^`@BAONHC=gfPSR=gfMONHG7ADgfA�EQNQADTu@BNQR=G7MOR=TIC=GVAaP=G9UD@BADC>EHG
beNQEQNHGVd�\1GVP�MlGVdOP>M3GVRSbZGVPSPSR=GYTV|a@BEHGVbZGVAWP/UOG5E}@�Ju@BR*@fJVP=TVRSNHC=GVRuz

 >¦DA�UOG¯beNHGVd]j9JIgfbeMOR=GVADU]R=G�E_^ NQA]¿DdDGVADJIG�UOGIC�JIgfAWP*@fJVP=C�wy@BNQ�OEHGIC%UD@BADC�EHG�beNQEQNHGVd�C=dOR»EHG�MOR=gWJIGIC*CSdDC�ADgfA7EQNQADTu@BNQR=G
UOG(UOTVbZgWU]dOE}@BPSNHgfA�\3GVPK@BNQADC=N:UOGYEHGICKJu@BR*@fJVP=TVRSNHC=GVRKnZPSR*@Ir�GVR=CKE}@ZU]NHC=PSRSNQ�OdOPSNHgfAiUOGYUOTkwygfRSbo@BPSNHgfADCxUOG(JIgfAWP*@fJVP=Cu\1dOA
bZg-UO�VEHG�CSNQbeMOEHGmU�^`@BAWP=GVAOADG�M1@BR*@BbZTVPSRSNHcadDG�@ur�GIJoMORSNHC=G�GVA�JIgfbeMOP=G�U]d�MOLDTVADgfbZ�VADGpUOGmJVE}@BMOM3GVbZGVAaPeGVP�UOGoE}@
wygfRSbZG5UOG5E}@�U]NHCSPSRSNQ�OdOPSNHgfAiUOG5JIgfAaP*@fJVP=C

n(µ)
GIC=P�bo@BNQAaP=GVA1@BAaPxUOTVr�GVEHgfMOM3Tsz



��� :�� 
 �5] j � `�f 	���
 � �0�.�

&('�� � 254 	��=; ����.<;*2>,
¼/ADG²bZg-UOTVEQNHC*@BPSNHgfA�n�UOGV|sR=TªUOGiJIgfbeMOEHGkj-NQP=TªJVR=gfNHC=C­@BAaP=G#UOGhE_^`@BAaP=GVAOADGªM1@BR*@BbZTVPSRSNHcWdDG#UD@BADCmEHGIC�beNQEQNHGVd]j

|sR*@BAadOE}@BNQR=GIC7MOR=GVA1@BAaP�GVA�JIgfbeMOP=GZEHGZMOLDTVADgfbZ�VADGoUOGZJVE}@BMOM3GVbZGVAaP�GICSPYMOR=TIC=GVAWP=TIGsz: �GZMlgfNQAWP7UOGZUOTVM1@BRSP9UOGZJIG
bZgWUO�VEHG(GICSP�E}@�R=GVE}@BPSNHgfAhJIgfAWPSR*@BNQAaP=G(�¯UOTkw�gfRSbo@BPSNHgfAiUOGY£KGVRSPed�\DcadON�C�^qTIJVRSNQPFUD@BADC>EHGYJu@fCFCSP*@BPSNHcadDG(C=gfdDC�E}@9wygfRSbZG
UOT ¥ n9R=GVADJIgfAWPSR=TIGo�yx�gfL1´s�s�¯§

σ0 = B(ε0)
3/2 .

©�aDz�¬s«
 �gfR=C=cWd�^ dOADG�MlGVRSPSdO�1@BPSNHgfA¶U]°-A1@BbeNHcadDG½©�gfADUOG¨@fJIgfdDCSPSNHcWdDG�«²rWNHGVAWPiCu^`@ ¥ gfdOP=GVRtn E}@�JIgfAaPSR*@BNQAWP=G CSP*@BPSNHcWdDGs\

UD@BADCKE}@oEQNQbeNQP=G7w�R=TIcadDGVAWPSNHGVEQEHGeUOG9MlGVRSPSdORS�1@BPSNHgfAtcWd1@fCSN���CSP*@BPSNHcWdDG(M1@BRxR*@BMOM3gfRSPY@Bd]jhP=GVbeMDCxJu@BR*@fJVP=TVRSNHCSPSNHcWdDGICYU]d
MOR=gf�OEH�VbZGs\OE}@�R=GVE}@BPSNHgfA²JIgfAWPSR*@BNQAaP=G(��UOTkwygfRSbo@BPSNHgfA²UOGY£KGVRSPedYC=GxR=TITIJVRSNQP/C=gfdDC>E}@7w�gfRSbZGZ���3@BN}�s�s@D\�c�GVE}�s[f�¯§

σ0 + σ̃ = B(ε0 + ε̃)3/2 .
©�aDz`´�«

 F¦DAtUOGeMOR=GVADU]R=GZGVA�JIgfbeMOP=GeE}@�M3gsC=CSNQ�ONQEQNQP=TZMlgfdOR5EHGICYJIgfAWP*@fJVP=Cu\:UOGeJVE}@BMOM3GVRu\:Js^qGIC=P(npU]NQR=GZUOGZCu^qgfdOr-RSNQRYGVP
UOGxC=GKR=Gkw�GVRSbZGVRFC*gfdDC�E_^`@fJVPSNHgfA�UOGxE_^qgfADUOGY@fJIgfdDCSPSNHcadDGs\DE}@YwygfADJVPSNHgfA�UOG5£KGu@Ir-NHCSNHUOGxPSR*@fU]dONHC*@BAaPFEHGKwy@BNQP�cWd�^`@BdDJVdOADG
JIgfAaPSR*@BNQAWP=G(A�^qGkj]NHCSP=GxEHgfR=C=cWdDGxEHGYJIgfAaP*@fJVPKGICSP>gfdOr�GVRSPu\DGICSP�NQAWPSR=gWU]dONQP=Gm�]c�GVE}�_as�¯§

σ0 + σ̃ = B(ε0 + ε̃)3/2H(ε0 + ε̃) ,
©�aDz`��«

gfd�GVADJIgfR=Gs\
σ0 + σ̃ = Bε

3/2
0 (1 +

ε̃

ε0
)3/2H(1 +

ε̃

ε0
) .

©�aDzQ®uÀ�«
 M1@BRSPSNQR�UOG�bo@BNQAaP=GVA1@BAaPu\WE}@xUOTkwygfRSbo@BPSNHgfAoCSP*@BPSNHcWdDG

ε0
GICSP¡CSdOMOM3gsC=TIG�R=GVMOR=TIC=GVAWP=GVR¯E}@xUOTkwygfRSbo@BPSNHgfAoCSP*@BPSNHcWdDG

bZgu°�GVAOADGiUOGICoJIgfAWP*@fJVP=Cu\�GVPoE}@#JIgfADCSP*@BAaP=G
B
MlGVdOPmTVr�GVAaPSdDGVEQEHGVbZGVAaP�¢VPSR=G²bZgWU]N�¦1TIG²MlgfdORoP=GVAONQRmJIgfbeMOP=G²UOGIC

M1@BR*@BbZ�VPSR=GICFGk��GIJVPSN�w�CFU]d�beNQEQNHGVd�©~r�gfNQR>EHG5J*L1@BMONQPSR=Go®µ«kz
?5@BADC>dOAª@BRSR*@BAO|�GVbZGVAaPxUOTIC=gfR=UOgfAOADTs\1EHGIC/JIgfAaP*@fJVP=CKA�^qgfAaP/M1@fC>dOADG7UOTkw�gfRSbo@BPSNHgfAªCSP*@BPSNHcWdDGYTV|a@BEHGYbo@BNHC/dOADG

U]NHCSPSRSNQ�OdOPSNHgfAeCSP*@BPSNHCSPSNHcWdDG�UOG�UOTkwygfRSbo@BPSNHgfADC�UOG�JIgfAaP*@fJVP=C¡Gkj]NHCSP=Gszs{�GVPSP=G�U]NHCSPSRSNQ�OdOPSNHgfAeUOT ¥ n/MOR=TIC=GVAWP=TIG�GVP�U]NHC*JVdOP=TIG
MOR=TIJITIUOGVbebZGVAaPxGICSP>ADgfP=TIG

n(µ)
gfv

µ
R=GVMOR=TIC*GVAaP=GYEHGYR*@BMOMlgfRSPKGVAaPSR=GYE}@ZUOTkw�gfRSbo@BPSNHgfAiU]d²JIgfAaP*@fJVPKJIgfADCSNHUOTVR=T(GVP

E}@�UOTkw�gfRSbo@BPSNHgfAhbZgu°�GVAOADG7UOGIC>JIgfAaP*@fJVP=C
ε0
zO?5@BADC>JIGYJu@fC�\]E}@�JIgfAaPSR*@BNQAaP=G7P=gfP*@BEHGYGICSP>TV|a@BEHG9np§

σ0 + σ̃ = B0

∫ +∞

0
n(µ)(µ +

ε̃

ε0
)3/2H(µ +

ε̃

ε0
)dµ ,

©�aDzQ®s®�«

@Ir�GIJ
B0 = Bε

3/2
0 F¦DA9UOG�ADG�JIgfADCSNHUOTVR=GVR�cadDG�E}@/M1@BRSPSNHG�U]°-A1@BbeNHcWdDG�UOG�E}@KJIgfAaPSR*@BNQAWP=G

σ̃
\�E}@FM1@BRSPSNHG�CSP*@BPSNHcadDG

σ0
GICSP�R=GVPSR*@BADJ=LDTIG

UOGxM1@BRSPFGVPFU�^`@BdOPSR=GYU]d�C=NQ|sADGYTV|a@BE:UOGxE_^qTIcWd1@BPSNHgfA²MOR=TIJITIUOGVAaP=G�©�aDzQ®s®µ«K§

σ̃ = B0

∫ +∞

0
n(µ)

[
(µ +

ε̃

ε0
)3/2H(µ +

ε̃

ε0
) − µ3/2

]
dµ .

©�aDzQ®uX�«
¾WN]E_^qGkj]JVNQP*@BPSNHgfAZUOG�UOTkwygfRSbo@BPSNHgfAo@fJIgfdDCSPSNHcWdDG�GICSP�CSNQAadDC=g
	_UD@BEHG

ε̃ = ε̃a sin(θ)
\BE}@/JIgfAWPSR*@BNQAaP=GF@fC*C=gWJVNHTIG�Cu^qTIJVRSNQP�§

σ̃ = B0

∫ +∞

0
n(µ)

[
(µ +

ε̃a sin(θ)

ε0
)3/2H(µ +

ε̃a sin(θ)

ε0
) − µ3/2

]
dµ .

©�aDzQ®u[�«
?5@BADCFEHG7Ju@fCFU�^ dOADG9Gkj]JVNQP*@BPSNHgfAªCSNQAWdDC=g
	_UD@BEHGs\1EHG9CSNQ|sA1@BE�UOTVbZgWU]dOEHT9GICSPFUOG(w~R=TIcWdDGVADJIGYAWdOEQEHGs\<UOgfADJ9CSP*@BPSNHcWdDGsz

{�GVMlGVADUD@BAWPu\OJIGVPSP=G5@BMOMOR=gWJ*LDGxdOPSNQEQNHC*@BAaP�dOADGxGkj]JVNQP*@BPSNHgfA�CSNQbeMOEHGKM3GVRSbZGVP�UOG/R=GVADU]R=GxJIgfbeMOP=GxUOGKE_^`@BbeMOEQNQPSdDUOG5U]d
CSNQ|sA1@BEOUOTVbZgWU]dOEHT�MOdONHC*cad�^ dOA9w_@fJVP=GVdOR

2
C=GVdOEHGVbZGVAWP¯Gkj-NHC=P=G�GVAWPSR=G�dOADG>@BbeMOEQNQPSdDUOG�UOTVbZgWU]dOEHTIG�U]°-A1@BbeNHcadDG5©~NHC=C=dDG

UOG�MOEQdDCSNHGVdOR=C¯w~R=TIcWdDGVADJIGIC�UOG>M3gfbeM1@B|�G�«¡GVP¡dOADGK@BbeMOEQNQPSdDUOGxUOTVbZgWU]dOEHTIG/CSP*@BPSNHcadDG9©~NHC=CSdDG/U�^ dOADGFC=GVdOEHG>w~R=TIcWdDGVADJIG
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UOGªM3gfbeM1@B|�G�«kz b�gfdORi@ur�gfNQRi@fJIJI�IC�dOAONHcWdDGVbZGVAaP#n�E}@¨JIgfbeM3gsC*@BAaP=G�UOG#�1@fC=C=Giw�R=TIcWdDGVADJIGtUOG#E}@�JIgfAaPSR*@BNQAWP=Gs\
dOA�bZgu°�GVAOA1@B|�G�P=GVbeMlgfR=GVE�CSdOR�dOADG�MlTVRSNHg-UOG�UOGmE_^qgfADUOGpUOG�M3gfbeM1@B|�G�GIC=P�Gk��GIJVPSdDTsz%¹�E�M3GVRSbZGVP�U�^qTVEQNQbeNQADGVReE}@
JIgfbeM3gsC*@BAWP=G(n�E}@9w�R=TIcadDGVADJIG(UOGxMlgfbeM1@B|�G�©�GVA�bZgu°�GVAOADG(AadOEQEHG(C=dOR�dOADG5MlTVRSNHg-UOG�«�@BNQADCSN�cWdDG5EHGIC�L1@BRSbZgfAONHcWdDGIC
C=dOMlTVRSNHGVdOR=C>TVr�GVAWPSdDGVEQEHGVbZGVAaPx|�TVADTVR=TICuz

〈σ̃〉 ∼ B0

∫ 2π

0

∫ +∞

0
n(µ)

[
(µ +

ε̃a

ε0
sin(θ))3/2H(µ +

ε̃a

ε0
sin(θ)) − µ3/2

]
dµ dθ ,

©�aDzQ®PaW«
gfv 〈 . . . 〉 R=GVMOR=TIC=GVAaP=G7E}@�bZg�°�GVAOADG7CSdORFdOADGYM3TVRSNHgWUOGYUOGYE_^qgfADUOG(UOGYM3gfbeM1@B|�G(£K¤�z1{�GVPSP=G(TIcWd1@BPSNHgfA�©2aDzQ®Pa-«�GICSPdOPSNQEQNHC*TIG/UD@BADC�E}@YC=dONQP=GFM3gfdOR�EHGIC�CSNQb7dOE}@BPSNHgfADC�AadObZTVRSNHcWdDGIC�UOG>E_^`@BAWP=GVAOADGxM1@BR*@BbZTVPSRSNHcadDGxUD@BADC�UOGIC�beNQEQNHGVd]j�@Ir�GIJ
U]N���TVR=GVAaP=GIC/U]NHCSPSRSNQ�OdOPSNHgfADCFC=P*@BPSNHCSPSNHcadDGIC/UOG5JIgfAaP*@fJVP=C

n(µ)
z

¼FADG�@BdOPSR=G�TVP*@BMlG9M3GVRSbZGVPxUOG9MOR=GVADU]R=G�GVA#JIgfbeMOP=G�E_^ NQA]¿DdDGVADJIGeUOG(E_^`@BPSP=TVAWd1@BPSNHgfA�UOGIC5gfADUOGIC5UOG7MlgfbeM1@B|�G
C=dOR5EHGZMOR=g-JIGIC=CSdDCYUOGmUOTVbZgWU]dOE}@BPSNHgfA�bZgWUOTVEQNHC=ToM1@BRYE_^qTIcWd1@BPSNHgfA ©�aDzQ®Pa-«kz�¼/ADGZUOTIJVR=gfNHC=C­@BADJIGmGkj]MlgfADGVAWPSNHGVEQEHGoUOGIC
gfADUOGIC7UOGeM3gfbeM1@B|�GoCSdOR5dOADGoEHgfAO|sdDGVdOR7Ju@BR*@fJVP=TVRSNHCSPSNHcWdDG

`a
GIC=P5NQAaPSR=g-U]dONQP=G�@ur�GIJZEHG�w_@fJVP=GVdOR(U�^`@BbeMOEQNQPSdDUOG

ε̃a
z

 ¯^ NQAaP=TV|sR*@BPSNHgfAªCSdOR�E}@�JIgWgfR=UOgfAOADTIG7CSM1@BPSN}@BEHG
x
GIC=PF@BEHgfR=CFGk��GIJVPSdDTIGZ§

〈σ̃〉 ∼ B0

∫ +∞

0

∫ 2π

0

∫ +∞

0
n(µ)

[
(µ +

ε̃a

ε0
sin(θ)e−

x
`a )3/2H(µ +

ε̃a

ε0
sin(θ)e−

x
`a ) − µ3/2

]
dµ dθ dx .©�aDzQ®u��«

b�EQdDCSNHGVdOR=C�R=TICSdOEQP*@BP=C»bZgfAaPSR=GVAaP¡cWdDG¡E}@FU]NHCSPSRSNQ�OdOPSNHgfAeUOG¡wygfR=JIGIC�UOG¯JIgfAaP*@fJVP
n(f)
\uM3gfdOR»UOGIC:w�gfR=JIGIC»NQA]wyTVRSNHGVdOR=GIC

n#E}@#rs@BEHGVdORobZgu°�GVAOADGªU]d�beNQEQNHGVd
f0
MOR=TIC=GVAWP=G²dOA�MOE}@BP=Gu@Bd

n(f) = const.
z5b�gfdORmEHGIC�JIgfAaP*@fJVP=CpUOGh£/GVRSPed�\

f ∼ ε3/2 \OJIG5cadON�C=NQ|sAON�¦1GYcad�^ dOADG5U]NHC=PSRSNQ�OdOPSNHgfA n(f)
JIgfADCSP*@BAWP=GYM3gfdOR

f < f0
JIgfRSR=GICSM3gfADU²n7dOADGYU]NHCSPSRSNQ�OdOPSNHgfA

UOTIJVR=gfNHC*C*@BAaP=GiUOGhUOTkwygfRSbo@BPSNHgfA
n(µ) ∼ µ−1/2 z b»gfdORpdOADG²U]NHC=PSRSNQ�OdOPSNHgfA n(f) ∼ f−1/3 GVA]��UOGIC=C=gfdDCpUOG f0

\
U]NQr�GVRS|�GVAWP=G9MlgfdOR/EHGIC>w_@BNQ�OEHGIC>wygfR=JIGIC/bo@BNHCFNQAWP=TV|sR*@B�OEHGs\<E}@oU]NHCSPSRSNQ�OdOPSNHgfA#UOG(UOTkwygfRSbo@BPSNHgfA

n(µ)
JIgfRSR=GIC=MlgfADUD@BAWP=G

GIC=P>JIgfADCSP*@BAaP=GYGVA]��UOGIC*C=gfdDC>M3gfdOR
µ < 1

z
 ¡^ NQbeMOEHTVbZGVAaP*@BPSNHgfA�AadObZTVRSNHcWdDG#UOGªE}@�w�gfRSb7dOEHG·©�aDzQ®PaW«p@�TVP=TiGk��GIJVPSdDTIG#M3gfdOR�U]N��3TVR=GVAWP=GICpw�gfRSbZGIC²UOGhE}@

U]NHC=PSRSNQ�OdOPSNHgfAtCSP*@BPSNHCSPSNHcWdDG9UOG�UOTkwygfRSbo@BPSNHgfADCYUOG�JIgfAaP*@fJVP=C
n(µ)
z3?5@BADCxdOAiMOR=GVbeNHGVR5P=GVbeMDC�\lC*GVdOEHG7dOADG�M3gfRSPSNHgfA

UOG5JIgfAWP*@fJVP=C>w_@BNQ�OEHGIC>GICSPK@ ¥ gfdOP=TIGxwygfRSbZGVEQEHGVbZGVAaPKGVA]��UOGIC=C=gfdDC/U�^ dOADG5rf@BEHGVdOR/UOG
µ
TV|a@BEHG(n

0.1
zl{�GVPSP=GYgfM3TVR*@BPSNHgfA

M3GVRSbZGVPYUOGebZgfAWPSR=GVR7GVAaPSR=Gm@BdOPSR=GICu\�cWdDG�EHG�ADgfb(�OR=GoUOGeJIgfAWP*@fJVP=CYw_@BNQ�OEHGICYGICSP5MOR=TVM3gfADUOTVR*@BAaP9CSdOR5E_^`@BMOM1@BRSNQPSNHgfA
UOG9E}@mPSR*@BADCSNQPSNHgfAtcWd1@fU]R*@BPSNHcadDG → MOdONHC=C*@BADJIGe[�±fXpUD@BADCxE}@�UOTVM3GVADUD@BADJIGeGVA#@BbeMOEQNQPSdDUOGoU]dªC=NQ|sA1@BE%UOTVbZg-U]dOEHTs\GVP>cWdDGxE}@9wygfRSbZG5GVEQEHGk�_bZ¢VbZG(UOG5E}@�U]NHC=PSRSNQ�OdOPSNHgfA²r�GVR=C�EHGIC�w_@BNQ�OEHGICFJIgfAWP*@fJVP=CFGICSP�bZgfNQADCFNQbeMlgfRSP*@BAWP=Gsz
¾WdOR5E}@�¦D|sdOR=G*aDzQ®u[O\�C=gfAWPYR=GVMOR=TIC=GVAWP=TIGIC7CSNQb7dOEQP*@BADTVbZGVAaP9E}@pU]NHCSPSRSNQ�OdOPSNHgfA�UOGeJIgfAWP*@fJVP=C

n(µ)
dOPSNQEQNHC=TIGeM3gfdOR

EHG�Ju@BEHJVdOE�UOGoE_^`@BbeMOEQNQPSdDUOG�UOTVbZg-U]dOEHTIGpGVA�wygfADJVPSNHgfA¨UOG
µ
\:GVP9E_^`@BbeMOEQNQPSdDUOG�UOTVbZg-U]dOEHTIGp@fC*C=gWJVNHTIGmGVA�wygfADJVPSNHgfA

UOGYE_^`@BbeMOEQNQPSdDUOG7UOG5M3gfbeM1@B|�G(£K¤�\ eεa
ε0

zD �GICKTIJ=LDGVEQEHGICKGVA²UOTIJVNQ�3GVEHCFM3gfdOR>EHGICK@B�lJVNHC=C*GIC
µ
GVP eεa

ε0

C=gfAaPFJIgfA]wygfADU]dDGIC
GVA½@fJIJIgfR=U½@Ir�GIJiEHGICpGICSPSNQbo@BPSNHgfADC�Gk��GIJVPSdDTIGICuz� �GIC�TIJ=LDGVEQEHGICpM3gfdORpEHGIC�gfR=UOgfAOADTIGIC�C*gfAaP�@BdDC=CSNKMOR=TIC=GVAaP=TIGIC�GVA
UOTIJVNQ�3GVEHCu\OE}@ZU]NHCSPSRSNQ�OdOPSNHgfAhUOG7JIgfAaP*@fJVP=CKTVP*@BAaPFADgfRSbo@BEQNHC*TIGYM1@BRFR*@BMOM3gfRSP/@BdhADgfb(�OR=G(UOG(JIgfAaP*@fJVP=CxU]d�beNQEQNHGVdhGVP
E}@�R=Tkw�TVR=GVADJIG�GVA¨@BbeMOEQNQPSdDUOGmU]d�CSNQ|sA1@BE�UOTVbZgWU]dOEHT�TVP*@BAaP�cadDGVEHJIgfADcWdDGsz% :@�U]NHC=PSRSNQ�OdOPSNHgfA�UOG�UOTkwygfRSbo@BPSNHgfADC9UOG
JIgfAWP*@fJVP=C>JIgfADCSNHUOTVR=TIGs\OCSdOR�E}@(¦D|sdOR=G aDzQ®u[]\O@(E}@7M1@BRSPSNHJVdOE}@BRSNQP=TYU�^q¢VPSR=GKdOAON�wygfRSbZG5GVA]��UOGIC=C=gfdDC�UOGKE}@7rf@BEHGVdOR

µ = 1
z

 /d]��UOGIC=CSdDCmUOG²JIGVPSP=G²rf@BEHGVdORu\¯E}@tUOTIJVR=gfNHC=C*@BADJIGiGICSP�Gkj-M3gfADGVAaPSNHGVEQEHGª@Ir�GIJhEHG�M1@BR*@BbZ�VPSR=G
µ
z¡ :@tw�gfRSbZGhGkjO@fJVP=Gs\

Js^qGIC=P�nYU]NQR=GFEHGIC¡rs@BEHGVdOR=C�UOGIC�JIgWGk�oJVNHGVAWP=C�gfdmMOdONHC=C*@BADJIGIC¯NQAaP=GVRSr�GVA1@BAaP=C�UD@BADC�E_^qGkj]MlgfADGVAWPSNHGVEQEHGKUOTIJVR=gfNHC*C*@BAaP=GKC=gfAaP
U]N���TVR=GVAaP=C9C=GVEHgfAtEHGIC9@BMOMOR=gWJ*LDGIC�Gk�3GIJVPSdDTIGICuz%{�gfbebZGoU]NHC=JVdOP=ToMOR=TIJITIUOGVbebZGVAaPu\�NQE�@BMOM1@BR*@µºHP�UOGZP=gfdOP=GICYwy@�wIgfADC
cWdDG>E}@9UOTVM3GVADUD@BADJIGxUOGFE}@(PSR*@BADCSNQPSNHgfA�cad1@fU]R*@BPSNHcWdDG → [�±fX9UD@BADC�E_^`@BbeMOEQNQPSdDUOGxUOTVbZgWU]dOEHTIG5GIC=P¯PSR=�IC�wy@BNQ�OEHGVbZGVAWPC*GVADCSNQ�OEHG(n�E}@ew�gfRSbZGYUOGYE}@ZU]NHCSPSRSNQ�OdOPSNHgfAiUOG(UOTkwygfRSbo@BPSNHgfADCK@Bd]��UOGVE}noUOG

µ = 1
z0b»gfdORKEHGYJu@BEHJVdOE:MOR=TIC*GVAaP=T9CSdOR>E}@

¦D|sdOR=G aDzQ®u[]\
n(µ) ∝

{
1 µ < 1

e−1,4(µ−1)3/2
µ ≥ 1

©�aDzQ®�`�«
 :@�UOTVMlGVADUD@BADJIG#UOGiE_^`@BbeMOEQNQPSdDUOGtU]d½CSNQ|sA1@BE5UOTVbZg-U]dOEHT#GVA�wygfADJVPSNHgfA�UOGiE_^`@BbeMOEQNQPSdDUOGtUOGiMlgfbeM1@B|�GªGICSP

cWd1@fU]R*@BPSNHcWdDG9UO�ICKEHGICKPSR=�IC/wy@BNQ�OEHGIC5@BbeMOEQNQPSdDUOGICYUOG7M3gfbeM1@B|�Gp© −40 dB
« ¥ dDC=cWd�^`noE}@ZPSR*@BADCSNQPSNHgfA·©~NQADU]NHcWdDTIG9M1@BR
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�����	���
�� �5_ j($ f�e tuj ��	����5_ �5_ t 
6e t f!"5_ t 
�� � � �k_ ���N` 	�� ��a � 	���
���5_��5]dc�
��
egf 	���
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 �
	�f%��	�� � � c�
��Jel_ _ ��� �5_
`
` 
��b`��5_ j fle 
��5_ �
��_
ε0

0
0 dB 2 �

E}@5¿1�IJ*LDG5CSdOR�E}@5¦D|sdOR=G aDzQ®u[a«�nYdOADGxUOTVM3GVADUD@BADJIGxGVA�MOdONHC*C*@BADJIGK[�±fX�@BdOP=gfdOR�UOG
0 dB

U�^qGkj]JVNQP*@BPSNHgfA�zO¹ E3GICSP��ONHGVA
GVAaP=GVADU]d�cadDGoEHG�w_@BNQP7U�^qGkjOJVNQP=GVR7EHGobeNQEQNHGVd�|sR*@BAadOE}@BNQR=G�n�E_^`@BbeMOEQNQPSdDUOG

0 dB
gfd�n�dOADG�@BbeMOEQNQPSdDUOGpCSdOMlTVRSNHGVdOR=G

R=GVbZGVPYGVA#Ju@BdDC=G�EHG9bZgWUO�VEHG�dOPSNQEQNHC=T9NHJVN_z���AtGk��GVPu\�n�JIGICY@BbeMOEQNQPSdDUOGICu\�E}@�CSPSRSdDJVPSdOR=GeU]d#beNQEQNHGVd#|sR*@BAadOE}@BNQR=Gs\�EHGIC
J=L1@µºHADGIC>UOGKwygfR=JIGs\]C=gfAaP>C=dDC=JIGVMOPSNQ�OEHGIC>U�^q¢VPSR=G5bZg-U]N�¦1TIGIC�M1@BR�E_^`@fJVPSNHgfA²UOGKE_^qgfADUOG(@fJIgfdDCSPSNHcWdDGs\OGVP>UD@BADC�JIG5Ju@fCu\-E}@
U]NHCSPSRSNQ�OdOPSNHgfAeUOG�JIgfAaP*@fJVP=C

n(µ)
GIC=P%UOTVM3GVADUD@BAaP=G�UOG�E_^qGkjOJVNQP*@BPSNHgfAZ@fJIgfdDCSPSNHcadDGszs :GIC»R=TIC=dOEQP*@BP=C�cadON]JIgfRSR=GICSM3gfADUOGVAaP

@Bd]j�@BbeMOEQNQPSdDUOGIC/U�^qGkj]JVNQP*@BPSNHgfAiCSdOM3TVRSNHGVdOR=GIC/n
0 dB

C=gfAWPFUOgfADJYneJIgfADCSNHUOTVR=GVR/@ur�GIJYMORSdDUOGVADJIGsz
��AeJIgfbeM1@BR*@BAaP¡JIGVPSP=G�C=NQb(dOE}@BPSNHgfA²© ¦D|sdOR=G aDzQ®u[a«»@Ir�GIJ�EHGIC�R=TICSdOEQP*@BP=C�Gkj]MlTVRSNQbZGVAWP*@Bd]j�©�cWdON-C*gfAaP%PSR*@fJITIC�CSdOR�EHGIC

¦D|sdOR=GIC aDzQ®uÀ�GVP aDzQ®s®xM1@BR>GkjOGVbeMOEHG�«k\]NQE:@BMOM1@BR*@µºHPFcadDGKE}@9PSR*@BADCSNQPSNHgfAhcad1@fU]R*@BPSNHcWdDG → [�±fX�UD@BADC�E}@�UOTVMlGVADUD@BADJIGGVAi@BbeMOEQNQPSdDUOG�UOG7MlgfbeM1@B|�G9U]diC=NQ|sA1@BE�UOTVbZg-U]dOEHTs\1PSR*@BADC=NQPSNHgfA#@fC*C=gWJVNHTIG9@BdiJVE}@BMOM3GVbZGVAaP5UOGICKJIgfAaP*@fJVP=Cu\�@oEQNHGVd
15 − 20 dB

@urf@BAWP�E_^`@BbeMOEQNQPSdDUOGªUOGhMlgfbeM1@B|�Gibo@µj]NQbo@BEHGªGkj-M3TVRSNQbZGVAaP*@BEHG
0 dB
z� �GhADgfb(�OR=G#UOGiJIgfAaP*@fJVP=C

JVE}@BMOM1@BAaP=C�©�JIgfAWP*@fJVP=C(w_@BNQ�OEHGIC­«YA�^qGICSP�UOgfADJoM1@fC9CSd]�oC*@BAWP�UD@BADC7E}@hU]NHCSPSRSNQ�OdOPSNHgfA
n(µ) = cste

EHgfR=C*cadDG
µ < 1MlgfdOR�w_@BNQR=GY@BMOM1@BR*@µºHPSR=GYE}@ZUOTVMlGVADUD@BADJIG7GVA�MOdONHC=C*@BADJIG([�±fX��ONHGVA²@urf@BAWPFdOADG(@BbeMOEQNQPSdDUOG7U�^qGkj]JVNQP*@BPSNHgfAhUOG
0 dB
z

 �G7w_@BNQPKcWdDG(E_^`@BbeMOEQNQPSdDUOGeUOTVbZg-U]dOEHTIGeJVR=gfNHC=C=G9UOG7wy@�wIgfA#cWd1@fU]R*@BPSNHcadDG9bo@BEQ|sR=T9EHG�JVE}@BMOMlGVbZGVAWPYUOG7JIGVRSP*@BNQADC
JIgfAaP*@fJVP=Ctwy@BNQ�OEHGIC·©�JIGVd]j�M3gfdORtcadON

µ < ε̃a/ε0
«hMOR=gur-NHGVAaP�UOG�E_^`@BdO|sbZGVAWP*@BPSNHgfA MOR=gf|sR=GIC*CSNQr�G¨UOGICtJIgfAaP*@fJVP=C

JVE}@BMOM1@BAaP=C#@Ir�GIJ�E_^`@BbeMOEQNQPSdDUOG�UOG�MlgfbeM1@B|�G
ε̃a/ε0

zF :G�CSNQ|sA1@BE9UOTVbZgWU]dOEHT�R=TICSdOEQP*@BAaPu\/bZ¢VbZGtMOR=g�r�GVA1@BAaP#UOG
JIgfAaP*@fJVP=C>JVE}@BMOM1@BAWP=Cu\OJVR=gBºHP>UOgfADJxMOEQdDC�r-NQP=GKcWdDG

ε̃
3/2

a
GVP�R=GICSP=GKMOR*@BPSNHcadDGVbZGVAWPFcWd1@fU]R*@BPSNHcadDG ¥ dDC=cWd�^`n

ε̃a/ε0 = 1©
0 dB
«kz% M1@BRSPSNQR�UOG/JIGVPSP=G/@BbeMOEQNQPSdDUOGKUOG>M3gfbeM1@B|�Gs\aGVAWrWNQR=gfA�E}@xbZgfNQPSNHTKUOGIC¯JIgfAaP*@fJVP=C�MOR=TIC=GVAWP=C�UD@BADC�EHG�beNQEQNHGVd

@Bd�R=GVMlgsCFJVE}@BMOMlGYGVP�EHG(CSNQ|sA1@BE�rs@BRSNHG5JIgfbebZG
ε̃

3/2
a
z

 F¦DAZUOG>JIgfbeMOR=GVADU]R=G>E_^ NQA]¿DdDGVADJIG/UOGIC�w_@BNQ�OEHGIC¡JIgfAaP*@fJVP=C�CSdOR�E_^`@BbeMOEQNQPSdDUOGKU]dZCSNQ|sA1@BE1UOTVbZg-U]dOEHTs\�dOADG�M3gfRSPSNHgfA
UOG7JIGICxJIgfAWP*@fJVP=CYGICSP5@ ¥ gfdOP=TIG7wygfRSbZGVEQEHGVbZGVAaP(nmE}@oU]NHC=PSRSNQ�OdOPSNHgfA

n(µ)
zl��A#Gk�3GVPu\lM3gfdORKgf�OP=GVAONQRxdOADG9PSR*@BADCSNQPSNHgfA

2 → 3/2
M3gfdOR(UOGoMOEQdDCYw_@BNQ�OEHGIC7@BbeMOEQNQPSdDUOGIC�UOGZM3gfbeM1@B|�Gs\»E}@�U]NHCSPSRSNQ�OdOPSNHgfA

n(µ)
UOgfNQP7JIgfbeM3gfRSP=GVR7dOADGoMOEQdDC

|sR*@BADUOG�MOR=gfMlgfRSPSNHgfA¨UOG�JIgfAaP*@fJVP=C�w_@BNQ�OEHGICu\�GVP9CSd]�oC­@BbebZGVAaPeEHg-Ju@BEQNHC=TIGor�GVR=C9EHGIC7w_@BNQ�OEHGIC7rs@BEHGVdOR=C�UOG
µ
z�¾WdOR9E}@

¦D|sdOR=G aDzQ®PaD\WdOADG>M3gfRSPSNHgfApUOG>w_@BNQ�OEHGIC�JIgfAWP*@fJVP=C>@YTVP=Tx@ ¥ gfdOP=TIGKGVAmUOGIC*C=gfdDC�UOG
µ = 0.1

zW :@7U]NHCSPSRSNQ�OdOPSNHgfApdOPSNQEQNHC=TIG
MlgfdOR�EHG(Ju@BEHJVdOE»@9E}@7w�gfRSbZGo§

n(µ) ∝





10 µ < 0.1
1 0.1 < µ < 1

e−1,4(µ−1)3/2
µ ≥ 1

©�aDzQ®�¬s«



����� �����
	��
������������������	�������� �!��"#�%$�&��('*)
� &��('+&��,�-)
�.����/0�!&��!$(��'����21�1��
�.�%�
	

−40 −30 −20 −10 0 10
−100

−80

−60

−40

−20

0

20

40

� �
�� 	 

�� 

� �
�	 �
���
� � �
�� �
� ��
� ��

���
�� 	 

�� 

� 
�
�� 	
�
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� � n

(µ
)

� � �
�

� O��/�
��P=
%��' �
	U� ��
%��' � ���  ����!���
	 ��
������ �  !�$� O2���
��P=
%��')�J	E
����=��� ��' � ���  �� �6�JP���
 �
� �  !�$

+-,."

"

+-,/.�021�,�354602,/7"8F96;=<%7�8�0�>"<%0�.

SUT�VEW � X��
�!Y &^e tuj ��	����5_ ���l`�� "��uf j �5]Je 
���� j ] _ �Ec�
�����	���
�� �5_ j�$ f6e t�j ��	�� �b_ �5_ t 
�e t f!"b_ t 
�� ��� ��_ � � ` 	�����a � 	���
���b_ �b]dc 
 �
egf 	���
��[`��5_ � 
���	�f%��	 3 � � t �%]
`�_ ��	�_ � �k_ t 
�� 	���
�� `�� tHtuj ]Jel_ �
	�f � �%_ �5_ � 
��
	�f ��	d` c�f���a j _
` � t f � 	���� �5_
µ = 0.1

�

?5@BADC9JIGoJu@fCu\»EHGZADgfb7�OR=GpUOGoJIgfAaP*@fJVP=CeJIgfbeMORSNHC�GVAWPSR=G
0 < µ < 0.1

GICSP9C=GVADCSNQ�OEHGVbZGVAWP�TV|a@BE�@Bd�ADgfb7�OR=GpUOG
JIgfAWP*@fJVPmJIgfbeMORSNHC�GVAaPSR=G

0.1 < µ < 1
GVPoGVAaPSR=G

1 < µ < +∞ z�{�GIJVN/NQADU]NHcadDGhcadDG�M3gfdORodOADGi@BbeMOEQNQPSdDUOGU�^qGkjOJVNQP*@BPSNHgfAtUOG eεa
ε0

' 0.1
GVAWrWNQR=gfA#dOA#PSNHGVR=C5UOGIC5JIgfAWP*@fJVP=CYJVE}@BMOMlGs\�GVP5cWdDG9MlgfdOR eεa

ε0
' 0.5 ' −14 dB

\3Js^qGICSP
E}@mbZgfNQPSNHT�UOGIC5JIgfAaP*@fJVP=C(cadON�JVE}@BMOM3GVAaPuz� ¡^`@BbeMOEQNQPSdDUOGoUOG7M3gfbeM1@B|�G eεa

ε0

noE}@fcWdDGVEQEHGeC=G9MOR=g-U]dONQPKE}@mPSR*@BADCSNQPSNHgfA�X
→ [�±fXpCSdOR5E}@m¦D|sdOR=G*aDzQ®Pa�C=GeCSNQPSdDGeGVAar-NQR=gfA�n −12 dB

\3JIGecadON¡JIgfRSR=GIC=MlgfADUtn�dOADG�MOR=gfM3gfRSPSNHgfA�UOGeJIgfAaP*@fJVP=C
JVE}@BMOM1@BAWP=C¡C=G�CSNQPSd1@BAWP¯@BdOP=gfdOR¡UOG�E}@KbZgfNQPSNHT�U]d�ADgfb7�OR=G�P=gfP*@BEDUOG�JIgfAaP*@fJVP=Cuza¾WNOE}@/M3gfRSPSNHgfAZUOG�JIgfAWP*@fJVP=C¡JIgfbeMORSNHC=G
GVAWPSR=G

0 < µ < 0.1
GICSP>@BdO|sbZGVAaP=TIGs\1E}@9PSR*@BADCSNQPSNHgfA²X → [�±fX9rf@e@ur�gfNQR�EQNHGVd�MlgfdOR>UOGIC/@BbeMOEQNQPSdDUOGIC>UOGxMlgfbeM1@B|�GMOEQdDC5wy@BNQ�OEHGIC7cadDG −12 dB

z:{K^qGICSPYEHGZJu@fC7CSdORYE}@�¦D|sdOR=G aDzQ®u��gfv�E}@pPSR*@BADCSNQPSNHgfA
2 → 3/2

@�EQNHGVd�UO�IC −17 dBU�^`@BbeMOEQNQPSdDUOG�UOG�M3gfbeM1@B|�Gsz� E_^ NQAWr�GVR=C=Gs\sCSN]E}@/MlgfRSPSNHgfAeUOG�JIgfAaP*@fJVP=C¯JIgfbeMORSNHC=G�GVAaPSR=G
0 < µ < 0.1

GICSP�U]NQbeNQAadDTIGs\
JIgfbebZGxJs^qGICSP�EHGKJu@fC�UD@BADC�E}@7CSNQb(dOE}@BPSNHgfA�PSR*@fJITIGxCSdOR�E}@(¦D|sdOR=G aDzQ®�`O\WE}@(PSR*@BADCSNQPSNHgfA�@YEQNHGVdpM3gfdOR�UOGIC�@BbeMOEQNQPSdDUOGIC
UOGxM3gfbeM1@B|�GYCSdOM3TVRSNHGVdOR=GIC7©~P °WMONHcWdDGVbZGVAaP −5 dB

«kz
 �GIC»UOTVP*@BNQEHC»¦DADC�UOG¡E}@/U]NHCSPSRSNQ�OdOPSNHgfA

n(µ)
MlgfdOR

µ � 1
C=gfAWP�U]N��oJVNQEHGIC�n>R=GIJIgfADCSPSRSdONQR=G�M1@BR=JIG�cWdDG¡EHGIC�JIgfAaP*@fJVP=C

w_@BNQ�OEHGICFC*GYbo@BAON�wyGICSP=GVAaP5nePSR*@ur�GVR=CFdOADG7NQAaP=TV|sR*@BEHG9UOGYE}@oU]NHCSPSRSNQ�OdOPSNHgfAiUOG7JIgfAaP*@fJVPe©~r�gfNQR/E_^qTIcWd1@BPSNHgfA¨©�aDzQ®Pa-«S«kz1 �G
MOR=gf�OEH�VbZGmNQAar�GVR=C*GmcWdON¯JIgfADCSNHCSP=G�n�PSR=gfdOr�GVR9E}@pwygfRSbZGoUOGoE}@�U]NHCSPSRSNQ�OdOPSNHgfA�UOGoJIgfAWP*@fJVP=Cp©~ADgfP*@BbebZGVAWP�r�GVR=C(EHGIC
w_@BNQ�OEHGICKJIgfAaP*@fJVP=C­«KneM1@BRSPSNQRxUOG7E}@ZU]°-A1@BbeNHcadDG9UOG7JVR=gfNHC*C*@BADJIG7U]diCSNQ|sA1@BE%UOTVbZgWU]dOEHT9GICSP/UOgfADJ�@oMORSNHgfRSN�U]N��oJVNQEHG
n9R=Tu@BEQNHC*GVRFUOGKwy@�wIgfA²MOR=TIJVNHC=G(@Ir�GIJYEHGIC�R=TICSdOEQP*@BP=CFGkj]M3TVRSNQbZGVAaP*@Bd]j²gf�OP=GVAadDCFNHJVN_z
?9^`@BdOPSR=GICew�gfRSbZGIC�MOEQdDC�R=Tu@BEQNHCSP=GICoUOGmE}@ªU]NHC=PSRSNQ�OdOPSNHgfA·UOGpJIgfAaP*@fJVP=CZM3GVdOr�GVAaPZ¢VPSR=GpNQbeMOEHTVbZGVAWP=TIGICoUD@BADCZJIG

Ju@BEHJVdOE_z]��A�M1@BRSPSNHJVdOEQNHGVRu\OJIGVRSP*@BNQADGIC�U]NHCSPSRSNQ�OdOPSNHgfADC�ADG/wygfAaP�@BMOM1@BR*@µºHPSR=GY@BdDJVdOADGKTIJ*LDGVEQEHGxM1@BRSPSNHJVdOEQNH�VR=GY@fC=C=g-JVNHTIGK@Bd
beNQEQNHGVd�\lJIgfAaPSR*@BNQR=GVbZGVAWP7noE}@ewygfRSbZG7UOG9U]NHCSPSRSNQ�OdOPSNHgfA#UOT ¥ nZdOPSNQEQNHC=TIG7NHJVN_\lgfvhdOADG7MlgfRSPSNHgfAªUOG9JIgfAaP*@fJVP=CKw_@BNQ�OEHGICx@
TVP=T�@ ¥ gfdOP=TIG9GVA#UOGIC=C*gfdDCKUOG

µ = 0.1
z:{K^qGICSP/EHG�Ju@fCxUOGIC/w�gfADJVPSNHgfADCxMOdONHC*C*@BADJIGs\3UOG7E}@ZwygfRSbZG

n(µ) = µκ ©~MlgfdOR
µ < 1

«�gfv
κ
M3GVdOP�MOR=GVADU]R=G5UOGIC�rf@BEHGVdOR=C�M3gsCSNQPSNQr�GICY© wygfADJVPSNHgfA�JVR=gfNHC=C*@BAaP=G�«�gfdpUOGIC�rs@BEHGVdOR=C�ADTV|a@BPSNQr�GIC(© wygfADJVPSNHgfA

UOTIJVR=gfNHC*C*@BAaP=Gs\�U]NQr�GVRS|�GVAWP=GeGVA
µ = 0

«kz�{�gfbebZG�EHG�Ju@fC
κ = 0

@mTVP=T7PSR*@fJIT�CSdORxE}@Z¦D|sdOR=G aDzQ®u[O\3GVPKADG9MOR=TIC=GVAaP=G
M1@fCxdOADGZEHgWJu@BEQNHC*@BPSNHgfA�CSd]�oC*@BAaP=GZr�GVR=C5EHGICxw_@BNQ�OEHGICYJIgfAaP*@fJVP=C(MlgfdOR5M3GVRSbZGVPSPSR=GedOADGePSR*@BADCSNQPSNHgfA�X → [�±fX²@Irs@BAaPdOADG5@BbeMOEQNQPSdDUOGYUOGKM3gfbeM1@B|�G5UOG

0 dB
\-C=GVdOEHGIC�EHGIC�rs@BEHGVdOR=C�ADTV|a@BPSNQr�GIC>UOG

κ
\]cWdON3bZ�VADGVAaP/n7dOADGxU]NQr�GVRS|�GVADJIGYUOG

n(µ)
EHgfR=C=cWdDG

µ → 0
\DC=gfAaPFR=Tu@BEQNHCSP=GIC�M3gfdORF¢VPSR=GYGVA²@fJIJIgfR=Uh@ur�GIJ5EHGIC>Gkj]MlTVRSNHGVADJIGICFR=Tu@BEQNHC=TIGICuzQz
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� � n

(µ
)

� � �
�

� O�������P=
���')�J	^� ��
���'�� ���  "���!���J	���

�2��� �  �!�$� O�������P=
���')�J	U

��� ��� ��'�� ���  "� �6�JP���
 �J� �  �!�$
"

+-,$"

+A,�.�0�12,/3H460�,�7�8:96;=<%7�8�0�>"<%0�.

SUT2VEW �!X2� ��Y &^e t�j ��	�� �b_ ���g` � "���f j �5] e 
 ��� j ] _ �Ec�
�����	���
�� �5_ j($ f�e tuj ��	����5_ �5_ t 
6e t f!"5_ t 
�� � � �k_ ���N` 	�� ��a � 	���
���5_ �5]dc�
��Je:f%	���
�� ` �b_ � 
��
	�f%��	 3 � � t �%]
` _ �
	�_ � ��_ t 
�� 	���
 � ` � t5tuj ] eg_ �
	�f����?_ �5_ � 
 �
	�f%��	d` c�f���a j _
` � t f�� 	�� � �b_
µ = 0.1
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� � n

(µ
)

� � �
�

� O�������P=
���')�J	^� ��
���'�� ���  "���!���J	���

�2��� �  �!�$� O�������P=
���')�J	U

��� ��� ��'�� ���  "� �6�JP���
 �J� �  �!�$

+-,."

"

+-,�.�0�12,/3H460�,�7�8F9H; <�7"8�0�>�<?0�.

SUT2VEW �!X2� �!Y &^e t�j ��	�� �b_ ���g` � "���f j �5] e 
 ��� j ] _ �Ec�
�����	���
�� �5_ j($ f�e tuj ��	����5_ �5_ t 
6e t f!"5_ t 
�� � � �k_ ���N` 	�� ��a � 	���
���5_ �5]dc�
��Je:f%	���
�� ` �b_ � 
��
	�f%��	 3 � � t �%]
` _ �
	�_ � ��_ t 
�� 	���
 � ` � t5tuj ] eg_ �
	�f����?_ �5_ � 
 �
	�f%��	d` c�f���a j _
` � t f�� 	�� � �b_
µ = 0.1
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� � n

(µ
)

� � �
�

� O��/�
��P=
%��' �
	U� ��
%��' � ���  ����!���
	 ��
������ �  !�$� O2���
��P=
%��')�J	E
����=��� ��' � ���  �� �6�JP���
 �
� �  !�$

+-,$"

"

+A,�.�0�12,/3H460�,�7�8:96;=<%7�8�0�>"<%0�.

SUT�VEW �!X2� ��Y Z �N` 	�� ��a � 	���
�� �5_ �5] c 
��Jegf 	���
��[` �5_ � 
 �
	�f%��	d` �5_ 	 � t _ t � � `
` f����
_ n(µ) ∝ µκ t 
 � � µ < 1
f�q�_��

κ = −0.5
_ 	 �����uf�e �53 � _ _ � f�e tuj ��	�� �5_ ��� `�� "��uf j �5] e 
 ��� j ] 3 � � j � � _J` 	-f�`�` 
 � ��]�_��

¾WdOR�E}@9¦D|sdOR=G aDzQ®�¬]\]E}@�U]NHCSPSRSNQ�OdOPSNHgfAiCSdONQrs@BAaP=G(@eTVP=TxdOPSNQEQNHC*TIGZ§

n(µ) ∝
{

µ−0.5 µ < 1

e−1,4(µ−1)1/2
µ ≥ 1

©�aDzQ®u´�«

{�gfbebZG#E}@�w�gfR=JIG�GICSP�R=GVEQNHTIG�n�E}@¨UOTkwygfRSbo@BPSNHgfA U]d JIgfAWP*@fJVP²M1@BR�E}@�R=GVE}@BPSNHgfA UOG�£/GVRSPed
f ∝ µ3/2 \�E}@U]NHC=PSRSNQ�OdOPSNHgfApUOGFwygfR=JIGIC�UOGKJIgfAaP*@fJVP=C�JIgfRSR=GICSM3gfADUD@BAaPFn7JIGVPSP=GKU]NHCSPSRSNQ�OdOPSNHgfA�UOG/UOTkwygfRSbo@BPSNHgfA�UOG/JIgfAWP*@fJVP=C�GICSP�UOG

E}@ZwygfRSbZG
fκ−1/3 MlgfdOR µ < 1

z
b»gfdOR
κ = −1/2

\3E}@mU]NHCSPSRSNQ�OdOPSNHgfAtUOG(w�gfR=JIG�GICSPxUOgfADJ�GVA
f−1/3−1/2 = f−5/6 z�¡EQEHG²R=GICSP=GiNQAWP=TV|sR*@B�OEHGs\�JIGicWdONxGICSPmADTIJIGIC*C*@BNQR=GiMlgfdOR�@fC=CSdOR=GVR�dOA�ADgfb(�OR=G#UOGiJIgfAaP*@fJVPp¦DAONxUD@BADCpEHG²beNQEQNHGVd�z

 ¯^`@BbeMOEQNQPSdDUOG7UOG5M3gfbeM1@B|�G7neE}@fcadDGVEQEHGYC*G5MOR=gWU]dONQP/E}@�PSR*@BADCSNQPSNHgfAiGICSPFGVAar-NQR=gfAhUOG −12 dB
\OJIG(cWdON�JIgfRSR=GICSM3gfADU

@Bd]j�Gkj]MlTVRSNHGVADJIGIC�bZGVADTIGICFADgfP*@BbebZGVAaPKMlgfdOR
8 kPa

GVP
24 kPa

© ¦D|sdOR=GIC aDzQ®uÀeGVP aDzQ®s®µ«kz
?x@BADCmEHGiJu@fCmUOT ¥ ntTVPSdDU]NHT

n(µ) = cste
M3gfdOR

µ < 1
©
κ = 0

«k\�E}@�U]NHCSPSRSNQ�OdOPSNHgfA½UOG�wygfR=JIGi@tE}@#wygfRSbZG
n(f) ∝ f−1/3 z3{�GVPSP=G(U]NHCSPSRSNQ�OdOPSNHgfA�\3U]NQr�GVRS|�GVAWP=G7EHgfR=C*cadDG f → 0

ADGYMOR=TIC=GVAWP=G7JIGVM3GVADUD@BAaPKM1@fCKUOGYEHg-Ju@BEQNHC*@BPSNHgfA
C=d]�oC*@BAaP=G9r�GVR=CKEHGIC/wy@BNQ�OEHGIC5JIgfAWP*@fJVP=CxMlgfdOR5cWdDG(EHG9JVE}@BMOMlGVbZGVAWP5NQADU]dONHC=G9dOADG9PSR*@BADCSNQPSNHgfAtX → [�±fX�@Irs@BAaP 0dBU�^`@BbeMOEQNQPSdDUOG7U�^qgfADUOGYUOG5M3gfbeM1@B|�Go© ¦D|sdOR=G aDzQ®u[a«kz

 �E_^ NQAar�GVR=C=Gs\3CSN»E}@oU]NHCSPSRSNQ�OdOPSNHgfA#UOG9JIgfAaP*@fJVP=C5GICSP/PSR=gfMh�ONHGVAªEHg-Ju@BEQNHC=TIG7r�GVR=C
µ = 0

\1E}@oPSR*@BADCSNQPSNHgfAtX → [�±fX@BMOM1@BR*@µºHP5M3gfdORYUOGICY@BbeMOEQNQPSdDUOGICYUOG�M3gfbeM1@B|�G�PSR=�ICKwy@BNQ�OEHGIC�z:{K^qGICSPxEHGeJu@fCxEHgfR=C=cadDG
κ = −1

M1@BRYGkjOGVbeMOEHGs\�CSdOR
E}@�¦D|sdOR=G aDzQ®u´O\�gfv�E}@²PSR*@BADCSNQPSNHgfA·@BMOM1@BR*@µºHP�r�GVR=C −35 dB

z�?xGoP=gfdOP=GIC9w_@�wIgfADCu\�JIGVPSP=GowygfRSbZG�UOG�U]NHC=PSRSNQ�OdOPSNHgfA
GVAWPSR*@µºHADG�dOADG�U]NQr�GVRS|�GVADJIGiU]d ADgfb7�OR=GhUOG�JIgfAWP*@fJVP=CmUD@BADCoEHG�beNQEQNHGVd·MOdONHC*cadDG�E}@tU]NHCSPSRSNQ�OdOPSNHgfA�UOGpwygfR=JIGICoUOG
JIgfAWP*@fJVP=C

n(f)
GICSP�MOR=gfM3gfRSPSNHgfAOADGVEQEHG7n

f−4/3 z¼FADG�U]NHCSPSRSNQ�OdOPSNHgfAtMOEQdDCYR=Tu@BEQNHCSP=G�©
κ = −1/3

«k\�cWdON�UOG�MOEQdDCxw�gfdORSAONQPYUOGICYR=TICSdOEQP*@BP=CYGVAt@fJIJIgfR=UtcWd1@BAaPSNQP*@BPSN�w
@ur�GIJ�EHGICoGkj]M3TVRSNHGVADJIGICZbZGVADTIGICu\�GICSPedOPSNQEQNHC=TIG�M3gfdORZEHG�Ju@BEHJVdOE/GVPZPSR*@fJITIG²CSdORoE}@i¦D|sdOR=GRaDzQ®u�Oz¡ »@ªPSR*@BADCSNQPSNHgfA X
→ [�±fX�GICSP�@BEHgfR=C�CSNQPSdDTIG�n −7 dB

U�^`@BbeMOEQNQPSdDUOG�UOGmM3gfbeM1@B|�Gsz%{K^qGICSP9E_^`@BbeMOEQNQPSdDUOGpUOGZM3gfbeM1@B|�G�bo@µj-NQb7dOb
@fC*C=gWJVNHTIG�n/dOADG�PSR*@BADCSNQPSNHgfAoX → [�±fX]\sgf�DC=GVRSr�TIG>MlgfdOR%dOADG�JIgfAaPSR*@BNQAWP=G/C=P*@BPSNHcadDG�TVEHGVr�TIG>UOG 64 kPa

© ¦D|sdOR=G aDzQ®uXa«kz
{�GVE}@7CSNQ|sAON�¦1GKcadDG/E}@7U]NHCSPSRSNQ�OdOPSNHgfA�UOG/JIgfAWP*@fJVP�MlGVdOP�U]N��oJVNQEHGVbZGVAaPu\DUD@BADC�ADgsC�JIgfADU]NQPSNHgfADC�Gkj-M3TVRSNQbZGVAaP*@BEHGICu\O¢VPSR=G
bZgfNQADCF�ONHGVA�EHg-Ju@BEQNHC=TIG5r�GVR=C>EHGIC>wy@BNQ�OEHGIC/JIgfAaP*@fJVP=Cuz< :@�MOdONHC=C­@BADJIG

κ = −1/3
R=GVMOR=TIC=GVAWP=GYdOADGYU]NHCSPSRSNQ�OdOPSNHgfA

n(f)MOR=gfM3gfRSPSNHgfAOADGVEQEHG7n
f−2/3 z?x@BADC�E}@9C=GIJVPSNHgfA�CSdONQrs@BAaP=Gs\]EHGIC�R=TIC=dOEQP*@BP=C�Gkj-M3TVRSNQbZGVAaP*@Bd]j�C=gfAaP>U]NHC*JVdOP=TIC�U]d�M3gfNQAaP>UOGKr-dDGxUOGIC�TVr�GVAWPSdDGVEQEHGIC
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κ = −1
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	�f%��	d` �5_ 	 � t _ t � �N`�` f ����_ n(µ) ∝ µκ t 
�� � µ < 1
f�q�_��

κ = −0.3
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@BMOMOEQNHJu@BPSNHgfADC�\DUOGIC>MOR=gf�OEH�VbZGICFR=GVADJIgfAaPSR=TICKgfd�UOGIC/@BbZTVEQNHgfR*@BPSNHgfADCxne@BMOMlgfRSP=GVRuz
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&('_& �¸;��18�6 ���1;*2>,
 :@·bZTVPSLDgWUOG�UOG�MOR=TVM1@BR*@BPSNHgfA¸U]d beNQEQNHGVd�|sR*@BAWdOE}@BNQR=G�ADgfA]��JIgfADC=gfEQNHUOT ¥ gfdDG�dOA R[ZfEHG�NQbeM3gfRSP*@BAaP#CSdORiE}@

R=TVMlTVP*@B�ONQEQNQP=TpUOGIC9R=TICSdOEQP*@BP=CeGkj]MlTVRSNQbZGVAWP*@Bd]j3z%¼/A�UOGIC9NQADU]NHJu@BP=GVdOR=CZUOGmE}@iCSP*@B�ONQEQNQP=TpU]d�beNQEQNHGVd�|sR*@BAWdOE}@BNQR=G�GICSP
E}@�MOR=GIC=CSNHgfA�C=P*@BPSNHcadDGZJu@BMOP=TIGZM1@BRYE_^ NQAaP=GVRSbZTIU]N}@BNQR=GpU]d�Ju@BMOP=GVdOR(UOGew�gfR=JIGsz� »@�UOTVRSNQr�GoUOG�E}@pMOR=GIC*CSNHgfA�CSP*@BPSNHcWdDG
bZGICSdOR=TIG GVA¶wygfADJVPSNHgfA U]d P=GVbeMDC�CSdONQPtdOADG EHgfNZEHgf|a@BRSNQPSLObeNHcadDGsz9 �gfR=C=cWdDG¨E}@�MOR=GIC*CSNHgfA CSP*@BPSNHcWdDG¨ADG¨rs@BRSNHG
MOR*@BPSNHcadDGVbZGVAWPZMOEQdDC�GVA�w�gfADJVPSNHgfA U]d�P=GVbeMDC�©y@Bd��lgfdOPeUOG�MOEQdDCSNHGVdOR=C�LDGVdOR=GIC�P °WMONHcWdDGVbZGVAaP­«k\¯EHGobeNQEQNHGVd¨M3GVdOP
¢VPSR=G²JIgfADCSNHUOTVR=TiJIgfbebZGiCSP*@B�ONQEQNHC=Tsz \i@BEQ|sR=TiJIGVE}@]\¯dOADG²MlGVPSNQP=GhM3GVRSPSdORS�1@BPSNHgfA Gkj]P=TVRSNHGVdOR=Gs\�JIgfbebZG²dOA�NQbeM1@fJVP
bZTIJu@BAONHcadDG9CSdOR/EHGYR=TIJVNQMONHGVAaPxM1@BRKGkj]GVbeMOEHGs\<R=GVE}@BADJIG(EHG(beNQEQNHGVdiUD@BADC/dOADG7MOL1@fC=G(UOG(R=GVE}@µjO@BPSNHgfAiEHgf|a@BRSNQPSLObeNHcadDG
rWNHC=NQ�OEHG�C=dOR�E}@KMOR=GIC*CSNHgfAZCSP*@BPSNHcWdDG�Ju@BMOP=TIGsz  FMOR=�IC%dOAeADgfb7�OR=G>UOgfAOADT>U�^ NQbeM1@fJVP=Cu\sJIGVd]j-��JVNOA�^qgfAaP¡MOEQdDC�U�^ NQA]¿DdDGVADJIG
CSdOR9E_^qTVP*@BP�U]d�beNQEQNHGVd�\�GVP�Js^qGICSP�niJIGmbZgfbZGVAaPZcWdDGoEHGIC�Gkj]MlTVRSNHGVADJIGIC�MOR=TIC*GVAaP=TIGICeUD@BADCeJIG�UOgWJVdObZGVAWPZgfAaPeTVP=T
bZGVADTIGICuz
 ¡^ LONHCSP=gfNQR=GiU]d�J=L1@BRS|�GVbZGVAaP�U]d beNQEQNHGVd½@#dOADGhNQA]¿DdDGVADJIGiC=dORmC*@�CSPSRSdDJVPSdOR=G��yxagsC*ÀsÀO\ DKg��F�s´D\��xAON}�s�B��\�JIG

cadON�M3GVdOPYC=G�PSR*@fU]dONQR=GeM1@BR7UOGICYJIgfAaPSR*@BNQAWP=GIC7R=TIC=NHU]dDGVEQEHGIC5LDgfRSN dugfAaP*@BEHGIC9NQbeM3gfRSP*@BAaP=GIC(UD@BADCYEHGZJu@fCYU�^ dOADG�w_@BNQ�OEHG
JIgfAaPSR*@BNQAWP=GFCSP*@BPSNHcWdDG�MOR=TIJITIUOTIG�M1@BR�dOADG�wygfRSP=G�JIgfAaPSR*@BNQAWP=G/C=P*@BPSNHcadDG�r�GVRSPSNHJu@BEHGszW?x@BADC¯JIG�P�°-MlG�UOG�JIgfA]¦D|sdOR*@BPSNHgfADCu\
gfvtdOADGoU]NQbeNQAWdOPSNHgfA�UOGoMOR=GIC=CSNHgfA�C=P*@BPSNHcadDG�@BMOMOEQNHcadDTIGmGICSPYR=Tu@BEQNHC=TIG ¥ dDCSP=Gm@Irs@BAaP9E_^qGkj-M3TVRSNHGVADJIGoUOGmU]°WA1@BbeNHcWdDG
GVAp@BbeMOEQNQPSdDUOG5U]dpCSNQ|sA1@BE�UOTVbZg-U]dOEHTs\WEHGIC�R=TICSdOEQP*@BP=C�gf�OP=GVAWdDC�C=gfAaP�U]N���TVR=GVAaP=C�UOGxJIGVd]joMOR=TIC=GVAWP=TICuz�b�@BR�GkjOGVbeMOEHGs\
E}@¨PSR*@BADCSNQPSNHgfA

2 → 3/2
MlGVdOPª@Ir�gfNQRªEQNHGVd�U�^`@B�lgfR=U MlgfdORiE}@¨M3gfE}@BRSNHC*@BPSNHgfA�r�GVRSPSNHJu@BEHG�U�^qgfADUOG�UOGtM3gfbeM1@B|�G

UOGªJVNHC*@BNQEQEHGVbZGVAaP²GVP�GVADCSdONQP=GªM3gfdORpE}@�MlgfE}@BRSNHC*@BPSNHgfA½LDgfRSN dugfAWP*@BEHGszK{�gfbebZGt@BdDJVdOA @BdOPSR=GªbZg�°�GVA�UOGªbZGICSdOR=G
Gkj-M3TVRSNQbZGVAaP*@BE9UOGIC�JIgfAaPSR*@BNQAWP=GICªUD@BADC�EHG#beNQEQNHGVd�|sR*@BAWdOE}@BNQR=G�A�^qGIC=P²U]NHCSM3gfAONQ�OEHGs\�NQEYA�^`@�M1@fChTVP=T#MlgsC*CSNQ�OEHG#UOG
JIgfA]w~R=gfAWP=GVR%EHGIC»R=TIC=dOEQP*@BP=C�gf�OP=GVAWdDC¯@Ir�GIJ�dOADG�CSPSRSdDJVPSdOR=G�JIgfAOAadDG�U]d�beNQEQNHGVd�\fGVP%@BNQADCSN_\BUOG�rf@BEQNHUOGVR%EHGIC%gf�DC=GVRSrs@BPSNHgfADC
Gk�3GIJVPSdDTIGIC�z»{�GVMlGVADUD@BAWPu\:E}@�R=gf�OdDCSP=GIC=C=GZUOGoJIGVPSP=GZP=GIJ=LOAONHcWdDGZM3GVRSbZGVP(UOGoMlGVADC=GVRYcWdDGZUD@BADC7JIGZJu@fCYMOR=TIJVNHCu\�EHGIC
JIgfAaPSR*@BNQAWP=GIC9C=P*@BPSNHcadDGIC5R=TIC=NHU]dDGVEQEHGICm©�GVP(GVAtM1@BRSPSNHJVdOEQNHGVR9EHGICYJ*L1@µºHADGIC7UOG�wygfR=JIGeLDgfRSN dugfAWP*@BEHGIC­«YC*gfAaP(CSdDC*JIGVMOPSNQ�OEHGIC
U�^q¢VPSR=GªEHGIC�CSdOMOM3gfRSP=C�UOGªE}@�bZTVbZgfNQR=G#U]d½beNQEQNHGVd cad1@BAWP²n�E_^ LONHCSP=gfNQR=GtUOGªC=gfA�J=L1@BRS|�GVbZGVAWPhGVP�UOgfNQr�GVAWP²¢VPSR=G
MOR=TIC=GVAaP=GIC/UD@BADC�EHG5beNQEQNHGVd�z
 ¡^ NQA]¿DdDGVADJIG�UOG�E}@FMOR=TVM1@BR*@BPSNHgfAZU]d9beNQEQNHGVdeCSdOR�E}@>w�gfRSbZG�UOG�E}@/U]NHC=PSRSNQ�OdOPSNHgfAZUOG�JIgfAWP*@fJVP=C�A�^qGICSP�M1@fC»PSRSNQr-N}@BEHG�n

UOTIJVRSNQR=G�GVP»A�^`@>M1@fC�TVP=T¯TVPSdDU]NHT�GVA7UOTVP*@BNQEOn�ADgfPSR=G�JIgfAOA1@BNHC=C*@BADJIGszf¹ EaGICSP%nFCSdOMOM3gsC=GVR:cWd�^`nFMOR=GIC=CSNHgfA7C=P*@BPSNHcadDG�TV|a@BEHGs\
dOA�GVbeMONQEHGVbZGVAaP�|sR*@BAWdOE}@BNQR=G�JIgfbeM1@fJVP�CSP*@B�ONQEQNHC=TmJIgfbeMlgfRSP=GoMOEQdDC7UOGmJIgfAaP*@fJVP=C9cad�^ dOA�GVbeMONQEHGVbZGVAaP�|sR*@BAadOE}@BNQR=G
ADgfA]��JIgfbeM1@fJVPuz¡{�GVMlGVADUD@BAWPu\»NQE�GICSP9U]N��oJVNQEHG�U�^qGVA�UOTIU]dONQR=GmE}@�MOR=gfM3gfRSPSNHgfA�R=GVE}@BPSNQr�GpUOGmJIgfAaP*@fJVP=C9w_@BNQ�OEHGIC7GVP�UOG
JIgfAaP*@fJVP=C>w�gfRSP=C�M1@BR>GkjOGVbeMOEHGs\Dgfd�GVADJIgfR=G5EHG(JIgfbeMlgfRSP=GVbZGVAWP/UOGxE}@eU]NHCSPSRSNQ�OdOPSNHgfA²r�GVR=C�EHGIC�w_@BNQ�OEHGIC>UOTkw�gfRSbo@BPSNHgfADC
UOG>JIgfAaP*@fJVP=C�z-{�G�PSR*@urf@BNQE<ADTIJIGIC=CSNQP=G�dOADG�|sR*@BADUOGFRSNQ|sdDGVdOR�UD@BADC¯EHG�MOR=gfP=gWJIgfEHG/Gkj-M3TVRSNQbZGVAaP*@BE3nxbZGVPSPSR=GFGVAmgWGVdOr-R=Gsz
 �G�MOR=gf�OEH�VbZG�NQAWr�GVR=C=G�cadON�JIgfADCSNHCSP=G�n UOTIU]dONQR=G¨n¨M1@BRSPSNQRªUOG�E}@·U]°WA1@BbeNHcWdDG�UOG�JVR=gfNHC=C*@BADJIG�U]d�CSNQ|sA1@BE

UOTVbZgWU]dOEHTs\9E}@�U]NHCSPSRSNQ�OdOPSNHgfA UOG JIgfAaP*@fJVP=C UD@BADC�EHG�beNQEQNHGVd GICSP�TVr�GVAaPSdDGVEQEHGVbZGVAWP�GVAar-NHC*@B|�Gu@B�OEHGsze :@ wygfRSbZG
cad1@BEQNQP*@BPSNQr�GpUOGmE}@iU]NHCSPSRSNQ�OdOPSNHgfA�MlGVdOP���¢VPSR=GpUOTIU]dONQP=G�UOGmE_^`@BbeMOEQNQPSdDUOG�UOGoM3gfbeM1@B|�G�n�E}@hPSR*@BADCSNQPSNHgfA

2 → 3/2GVP#E}@ rf@BEHGVdOR�bZgu°�GVAOADG·UOG¨UOTkwygfRSbo@BPSNHgfA C=P*@BPSNHcadDG¨UD@BADC#EHG beNQEQNHGVd UOTIU]dONQP=G UOG�E_^`@BbeMOEQNQPSdDUOG�@B�DC*gfEQdDG U]d
CSNQ|sA1@BE(UOTVbZg-U]dOEHTszK{�GVM3GVADUD@BAaPiE}@¨CSPSRSdDJVPSdOR=Gt¦DADGtUOG#E}@¨U]NHCSPSRSNQ�OdOPSNHgfA�GICSP�U]N��oJVNQEHG�n�R=GVPSR=gfdOr�GVRiGVA R*@BNHC=gfA
UOG�E_^ NQAaP=TV|sR*@BPSNHgfA C=M1@BPSN}@BEHG�C=dORiEHG�beNQEQNHGVd¸GVP#UOgfADJ¨CSdORªE}@ U]NHCSPSRSNQ�OdOPSNHgfA�\YGk��GIJVPSdDTIG�EHgfR=C#U]d�MOR=gWJIGIC*CSdDC#UOG
UOTVbZgWU]dOE}@BPSNHgfA�z�{K^qGICSP¡@BEHgfR=C�E_^ NQAaP=TV|sR*@BEHG�UOG�E}@KU]NHCSPSRSNQ�OdOPSNHgfAeCSdOR�EHGIC�UOTkwygfRSbo@BPSNHgfADC�CSP*@BPSNHcWdDGIC%cadON]GICSP:NQbeM3gfRSP*@BAaP=G
npdOADGp@BbeMOEQNQPSdDUOGmUOGoMlgfbeM1@B|�G�UOgfAOADTIGs\»JIGmcadON�@�MORSNHgfRSN�ADGZM3GVRSbZGVP(M1@fC�@Ir�GIJoJIGVPSP=G�C=GVdOEHGoNQA]w�gfRSbo@BPSNHgfA�UOG
UOTVP=GVRSbeNQADGVRpEHGICmU]N���TVR=GVAaP=GICpCSPSRSdDJVPSdOR=GIC�EHg-Ju@BEHGICmUOGiJIGVPSP=GhU]NHC=PSRSNQ�OdOPSNHgfA�z� »@#bZGICSdOR=GiJIgfbeMOEHTVbZGVAaP*@BNQR=GtUOG²E}@
MOL1@fC=GoU]d�CSNQ|sA1@BE�UOTVbZgWU]dOEHT�GICSPYdOADGmNQA]w�gfRSbo@BPSNHgfA�NQbeM3gfRSP*@BAaP=GpcadON�GICSP(M3GVdOP���¢VPSR=Gpn�bZ¢VbZG�U�^`@BMOMlgfRSP=GVR9dOADG
C=gfEQdOPSNHgfAhn�JIG5MOR=gf�OEH�VbZG(NQAar�GVR=C=GYM1@BR>E_^ NQAaP=GVRSbZTIU]N}@BNQR=G�U]d�wygfRSbo@BEQNHCSbZGYUOG5¤DgfdORSNHGVRuz<?xGIC�wygfRSb(dOEHGIC/@BA1@BEQ°-PSNHcWdDGIC
U�^ NQAar�GVR=CSNHgfAigfAaPFTVP=T(gf�OP=GVAadDGIC>bo@BNHCFADG5C=gfAaPFM1@fC�MOR=TIC=GVAaP=TIGICKUD@BADC>JIGYUOg-JVdObZGVAaPuz
 ¡^ NQA]¿DdDGVADJIG5UOGKE}@9U]NHCSP*@BADJIGxJu@BR*@fJVP=TVRSNHCSPSNHcWdDG5U�^`@BPSP=TVAad1@BPSNHgfAhUOGKE_^ NQAWP=GVADCSNQP=T5UOGKMlgfbeM1@B|�G

`a
CSdOR�E_^qGVbeMOE}@fJIGk�

bZGVAaP5UOG7E}@oPSR*@BADC=NQPSNHgfA
2 → 3/2

@mTVP=T9TVrs@BEQdDTIG7AadObZTVRSNHcWdDGVbZGVAaP7GVAidOPSNQEQNHC*@BAWPKE}@owygfRSb(dOEHG�©2aDzQ®u�a«>U]dªbZg-UO�VEHG
UOTVr�GVEHgfMOMlTsz-¾WdOR�E}@K¦D|sdOR=G aDz`XsÀO\fPSR=gfNHC¡UOTVM3GVADUD@BADJIGIC¯UOG�E_^`@BbeMOEQNQPSdDUOGFU]doCSNQ|sA1@BEDUOTVbZg-U]dOEHT>GVA�w�gfADJVPSNHgfAmUOG�E_^`@Bb��
MOEQNQPSdDUOGeUOG9MlgfbeM1@B|�G�C=gfAWP5PSR*@fJITIGICxMlgfdORxPSR=gfNHCxrs@BEHGVdOR=C5UOG7E}@mEHgfAO|sdDGVdOR

`a
z3 ¡^ NQA]¿DdDGVADJIGeUOG�E_^`@BPSP=TVAWd1@BPSNHgfA�UOG
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SUT�VEW �!X����!Y ��� 6 � _ ����_ �5_ j f j 
��*"�� _ � ���%f��?f%��	�] ���N` 	��53 � _ �
$
f%	�	�] � �[f 	���
 �

`a
�b_ j�$ ���
	�_ � `���	�] �5_ t 
�e t f!"5_���� `�� �

j _ ` � " �uf j �5]Je 
���� j ] )�� �
+ _
`Fq�f j _ � �
` `a = 0.01, 0.05, 0.1
` 
 �
	 � 	�� j � ` ]%_
` �Hf��[` j f c 
 �
e � j _ 0������ � 2 t 
�� � � ��_

� � ` 	�����a � 	���
�� �5_ � 
���	�f%��	d` 0 �%
�� ��]�_E` � � ��_ 	�	�_  #" � �%_ 2 � 
 �
	�_ �uf���	 � ��_ t 
�� 	���
 � �b_�� 
��
	�f%��	d`-c f���a j _
` _ � �5_
`
` 
��b`
�b_

µ = 0.1
�

E_^qgfADUOG5UOGKM3gfbeM1@B|�G5GICSP�UOgfADJxPSR=�IC�wy@BNQ�OEHG5C=dOR�E_^qGVbeMOE}@fJIGVbZGVAWP/UOGxE}@7PSR*@BADCSNQPSNHgfA
2 → 3/2

\OdOADGKrs@BRSN}@BPSNHgfA²U�^ dOA
w_@fJVP=GVdORF®uÀZ©�GVAWPSR=G

0.01m
GVP

0.1m
«�UOG

`a
GVAaPSR*@µºHA1@BAWP�dOAoUOTVMOE}@fJIGVbZGVAWP�UOG�bZgfNQADC¯UOG

1 dB
CSdOR¡E_^qGVbeMOE}@fJIGVbZGVAaP

UOGZE}@�PSR*@BADCSNQPSNHgfA
2 → 3/2

z%{�GVM3GVADUD@BAaPu\�E_^ NQA]¿DdDGVADJIG�UOGZE_^`@BPSP=TVAWd1@BPSNHgfA�£K¤�CSdOR(EHGZAONQr�Gu@Bd¨@B�DC=gfEQd�U]d�CSNQ|sA1@BE
UOTVbZg-U]dOEHT5A�^qGICSP�M1@fCFADTV|sEQNQ|�Gu@B�OEHGs\DEHGxMOLDTVADgfbZ�VADG7UOGYUOTVbZgWU]dOE}@BPSNHgfAiTVP*@BAaPFJVdOb7dOE}@BPSN�w�z
 �GIC�Gkj]M3TVRSNHGVADJIGIC·MOR=TIC=GVAWP=TIGIC�gfAaP�TVP=T�Gk��GIJVPSdDTIGIC·M3gfdOR�UOGIC·w~R=TIcWdDGVADJIGIC·UOG M3gfbeM1@B|�G JIGVAaPSR=TIGIC�CSdOR

80.192 kHz
\3JIG9cadON�JIgfRSR=GICSM3gfADU#nZdOADG9EHgfAO|sdDGVdOR5Ju@BR*@fJVP=TVRSNHCSPSNHcWdDGeU�^`@BPSP=TVAad1@BPSNHgfAtM3gfdOR/E_^ NQAWP=GVADCSNQP=TeUOG9Mlgfb��

M1@B|�GhGICSPSNQbZTIGhn
2 − 4 cm

z�{�GICmJIgfADU]NQPSNHgfADC�\�GVA·JIgfA ¥ gfADJVPSNHgfA½@Ir�GIJhEHG�U]N}@BbZ�VPSR=GhGk��GIJVPSN�w(U]d·PSR*@BADC*U]dDJVP=GVdOR
@fC*CSdOR=GVAaP7dOAtwygfADJVPSNHgfAOADGVbZGVAaPeUOGZE_^`@BAWP=GVAOADGmM1@BR*@BbZTVPSRSNHcWdDG�UD@BADC(dOA�R=TV|sNQbZGmUOG BtGICSP=GVRSr�GVEQPuz%{�GoR=TV|sNQbZGmUOG
wygfADJVPSNHgfAOADGVbZGVAaPu\-M1@BR�gfMOMlgsCSNQPSNHgfAp@BdZR=TV|sNQbZGKUOG c�GVRe^WP*@u°²©~r�gfNQR¯EHG>UOTV�OdOP�U]dmJ*L1@BMONQPSR=GKX�«¡GICSP¡�ONHGVAp@fUD@BMOP=T/n5E}@
UOTVP=GIJVPSNHgfA<±BcWd1@BAaPSN�¦1Ju@BPSNHgfAiUOGFE_^`@BAONHC*gfPSR=gfMONHGKU]d�beNQEQNHGVd�\-EHG>w_@BNHC=JIGu@Bd�dOEQPSR*@fC=gfADgfR=G5UOG/MlgfbeM1@B|�GxTVP*@BAaP�JIgfEQEQNQbo@BP=T
©�U]NQr�GVRS|�GVADJIG/w_@BNQ�OEHGFU]dmwy@BNHC*JIGu@Bd<«kz%b%@BR�JIgfADC*TIcadDGVAWPu\WEHGIC�ADgfb(�OR=GIC�U�^qgfADUOGKUOGFM3gfbeM1@B|�G�©�GVP�M1@BR�E}@YbZ¢VbZGKgWJIJu@µ�
C=NHgfAeE}@xMlgfE}@BRSNHC­@BPSNHgfAmUOGIC¡gfADUOGIC�UOG>JVNHC*@BNQEQEHGVbZGVAaP­«¯gfAaP�dOADG>U]NQR=GIJVPSNHgfAo�ONHGVAmUOTk¦DAONHGsz  �E_^ NQAar�GVR=C=Gs\WUD@BADC¡EHG�R=TV|sNQbZG
UOG c�GVRe^-P*@I°�gfv�EHGxCSNQ|sA1@BE�UOTVbZgWU]dOEHT(GICSP�|�TVADTVR=T5UD@BADC�dOA�J=L1@BbeMhU]N��lR*@fJVP=TYU�^qgfADUOG5UOGxM3gfbeM1@B|�Gs\OE}@�U]NQR=GIJVPSNHgfA
UOGKM3gfE}@BRSNHC*@BPSNHgfA�UOGIC�gfADUOGIC�UOGxM3gfbeM1@B|�GKUOG5JVNHC­@BNQEQEHGVbZGVAaPFGICSP�bo@BE�UOTk¦DAONHGs\OJIG5cWdON3GIC=P�bZgfNQADC�w_@Ir�gfR*@B�OEHG7n(dOADG
UOTVP=GIJVPSNHgfAhUOG5E_^`@BAONHC=gfPSR=gfMONHG(UD@BADC>EHG5beNQEQNHGVd�z



��� � � 
���� j �b`���
�� � �(�

&(' � � 2>,78 �=6 �1;=2F,
 �GIC�R=TICSdOEQP*@BP=C�gf�OP=GVAWdDCpbZgfAaPSR=GVAaPhcadDGhE_^qGk�3GVPpU�^`@BdOP=gB��UOTVbZg-U]dOE}@BPSNHgfA�ADgfA�EQNQADTu@BNQR=GiGIC=P�Ju@BM1@B�OEHGªUOGªJu@µ�

R*@fJVP=TVRSNHC=GVR5C=TVEHGIJVPSNQr�GVbZGVAaP(EHGICFw_@BNQ�OEHGICxJIgfAaP*@fJVP=C5MOR=TIC*GVAaP=C5UD@BADCxEHGICKbeNQEQNHGVd]jh|sR*@BAWdOE}@BNQR=GIC5ADgfA]��JIgfADC=gfEQNHUOTICuz  F¦DA
U�^qGkj-MOEQNHcWdDGVR5EHGICYU]N���TVR=GVADJIGICYU�^`@BbeMOEQNQPSdDUOGIC9U]dtCSNQ|sA1@BE¡UOTVbZgWU]dOEHT�M3gfdORYU]N���TVR=GVAaP=GICYM3gfE}@BRSNHC*@BPSNHgfADC7U�^qgfADUOGICYUOG
MlgfbeM1@B|�Gs\lGVPFE}@ZPSR*@BADCSNQPSNHgfAªJVE}@BNQR=G

2 → 3/2
\3gf�DC=GVRSr�TIG(UD@BADC/E}@mUOTVMlGVADUD@BADJIG9GVAi@BbeMOEQNQPSdDUOG�U]dhC=NQ|sA1@BE»UOTVbZgB�

U]dOEHTeGVAªw�gfADJVPSNHgfA�UOG�E}@pUOTkw�gfRSbo@BPSNHgfA�UOG�M3gfbeM1@B|�Gs\�GVPYcWdON%NQAaP=GVRSr-NHGVAaP(�ONHGVA�@Irs@BAaPYE}@pUOTkwygfRSbo@BPSNHgfA�CSP*@BPSNHcWdDG
bZgu°�GVAOADGs\-EHG>beNQEQNHGVdpUOgfNQP�JIgfbeMlgfRSP=GVR�dOAm|sR*@BADUmADgfb(�OR=GxUOG/JIgfAaP*@fJVP=C�w_@BNQ�OEHGICK©y@BdOP=gfdOR�UOG `sÀ $¸UOGIC�JIgfAaP*@fJVP=Ck«kz
?xGYMOEQdDCu\<JIGIC/JIgfAWP*@fJVP=CFw_@BNQ�OEHGICKUOgfNQr�GVAaP5¢VPSR=G7C=d]�oC*@BbebZGVAaPKEHgWJu@BEQNHC*TICFr�GVR=C/EHGICFPSR=�ICFw_@BNQ�OEHGIC/UOTkwygfRSbo@BPSNHgfADCxCSP*@µ�
PSNHcadDGIC�z1��AiM1@BRSPSNHJVdOEQNHGVRu\3UD@BADCFADgsCKJIgfADU]NQPSNHgfADC5Gkj-M3TVRSNQbZGVAaP*@BEHGIC�\<dOADG(EHgfN»dOAON�wygfRSbZG9GVAiUOTkwygfRSbo@BPSNHgfADCKMlgfdOR/EHGIC
wy@BNQ�OEHGICFJIgfAaP*@fJVP=C�©�JIgfRSR=GICSMlgfADUD@BAWPKn�dOADG(U]NQr�GVRS|�GVADJIG(GVA�MOdONHC=C­@BADJIG −1/3

MlgfdORFE}@eU]NHCSPSRSNQ�OdOPSNHgfAhUOGKwygfR=JIGIC­«�ADG
MlGVRSbZGVP¯M1@fC¯UOG>UOTIJVRSNQR=GFEHGIC¡JIgfbeMlgfRSP=GVbZGVAWP=C�gf�DC=GVRSr�TICuz�?5@BADC¡EHGIC¡beNQEQNHGVd]jZ|sR*@BAadOE}@BNQR=GIC�bZgfNQADC¯R=TV|sdOEQNHGVR=C�JIgfbebZG
EHG�C­@B�OEHG�A1@BPSdOR=GVEDgfd�dOA9beNQEQNHGVde|sR*@BAadOE}@BNQR=G�M3gfEQ°W��U]NHCSMlGVR=C*Gs\�EHG�ADgfb(�OR=G�UOG�JIgfAaP*@fJVP=C�wy@BNQ�OEHGIC�GICSP%GVADJIgfR=G�CSdOM3TVRSNHGVdOR
GVP�E}@�EHg-Ju@BEQNHC*@BPSNHgfA�MOEQdDC�bo@BR=cWdDTIGs\OEHGYJIgfbeM3gfRSP=GVbZGVAaPKcad1@fU]R*@BPSNHcWdDGYA�^`@u°a@BAaPFMOdh¢VPSR=G5gf�DC=GVRSr�TZ���3@BN}�s�B�D��z
 :@hUOTVP=GIJVPSNHgfA GVP7E}@hcWd1@BAaPSN�¦1Ju@BPSNHgfA UOGmE_^`@BAONHC=gfPSR=gfMONHGpADgfA�EQNQADTu@BNQR=G�MOR=TIC=GVAWP=GpUD@BADC7EHG�beNQEQNHGVd�GICSP9R=GVADU]dDG

MlgsC*CSNQ�OEHG¯|sR*�fJIG>nKUOGVd]j�gf�DC=GVRSrf@BPSNHgfADC�U]NHC=PSNQADJVP=GICuzs :@/MOR=GVbeNH�VR=G�GICSP%E}@KU]N��3TVR=GVADJIG�GVAWPSR=G�EHGIC%AONQr�Gu@Bd]j9UOGIC�CSNQ|sA1@Bd]j
UOTVbZgWU]dOEHTICmNHC=CSdDC�UOG²UOGVd]j M3gfE}@BRSNHC*@BPSNHgfADCpU�^qgfADUOGICpUOG�M3gfbeM1@B|�GhUOGhJVNHC*@BNQEQEHGVbZGVAaP�U]N���TVR=GVAaP=GIC#©~M1@BR*@BEQEH�VEHGªGVP
gfRSPSLDgf|�gfA1@BEHG9@Bd]j�J*L1@µºHADGIC/UOGYw�gfR=JIG�«kzD »@ZC=GIJIgfADUOG7GICSP>E}@eU]N���TVR=GVADJIG7GVAWPSR=GYEHGIC/GVbeMOE}@fJIGVbZGVAaP=CxUOGIC>PSR*@BADCSNQPSNHgfADC
MOdONHC=C*@BADJIG

2 → 3/2
UD@BADCiEHG�JIgfbeM3gfRSP=GVbZGVAaPtUOG�E_^`@BbeMOEQNQPSdDUOG¨UOGIChC=NQ|sA1@Bd]j UOTVbZgWU]dOEHTIC#GVA wygfADJVPSNHgfA�UOG

E_^`@BbeMOEQNQPSdDUOG�UOG MlgfbeM1@B|�Gsz�{�GIC�UOGVd]j¸NQADU]NHJu@BP=GVdOR=Cu\7JIgfLDTVR=GVAaP=C�GVAaPSR=G�GVd]j¶UD@BADC�EHGICtbZGICSdOR=GIC�Gk��GIJVPSdDTIGICu\
MlGVRSbZGVPSP=GVAWPiU�^`@fJIJITIUOGVRiR=GVE}@BPSNQr�GVbZGVAaPªMOR=TIJVNHC=TVbZGVAWPt@Bd�AONQr�Gu@Bd�U�^`@BAONHC*gfPSR=gfMONHG�U]d M1@BR*@BbZ�VPSR=G�ADgfA EQNQADTu@BNQR=G
Gk�3GIJVPSN�w¯U]dhbeNQEQNHGVd�\<GVPxUOgfADJYNQADU]NQR=GIJVP=GVbZGVAWP(@BdhAONQr�Gu@BdªU�^`@BAONHC=gfPSR=gfMONHG7EQNQADTu@BNQR=Gsz3 �GICFrs@BEHGVdOR=CKUOGICK@BAONHC=gfPSR=gfMONHGIC
gf�DC=GVRSr�TIGIC>Gkj]MlTVRSNQbZGVAWP*@BEHGVbZGVAaP5C=gfAWPFJIgfEQEHGIJVP=TIGICFUD@BADC�EHGYP*@B�OEHGu@Bd,aDzQ®sz

b�R=GIC=CSNHgfAhCSP*@BPSNHcadDG
8 kPa 24 kPa 64 kPa?KN��3TVR=GVADJIGZUOG�AONQr�Gu@Bd]j�n�E_^`@BMOM1@BRSNQPSNHgfA�UOG�E}@�PSR*@BA]�

CSNQPSNHgfAhX → [�±fX�©~R*@BMOM3gfRSP ε̃ (h)
a /ε̃

(v)
a
«

´eU�c ∼ ¬9U�c ®u��U�c
?KN��3TVR=GVADJIG�GVAaPSR=G¡EHGIC�AONQr�Gu@Bd]j(UOGIC:CSNQ|sA1@Bd]jYUOTVbZg-U]d]�
EHTIC�NHC=CSdDC�UOGIC�UOGVd]jmM3gfE}@BRSNHC*@BPSNHgfADC>U�^qgfADUOGIC�UOGKM3gfb��
M1@B|�GªUD@BADCpE}@�R=TV|sNHgfA�UOGiJVR=gfNHC=C*@BADJIG#cWd1@fU]R*@BPSNHcWdDG
©�C*@BADC>JVE}@BMOM3GVbZGVAaP­«

®uXµ�*®PaoU�c ∼ ��U�c ®u´µ�*®u�eU�c

?KN��3TVR=GVADJIG�GVAaPSR=G¡EHGIC�AONQr�Gu@Bd]j(UOGIC:CSNQ|sA1@Bd]jYUOTVbZg-U]d]�
EHTIC�NHC=CSdDC�UOGIC�UOGVd]jmM3gfE}@BRSNHC*@BPSNHgfADC>U�^qgfADUOGIC�UOGKM3gfb��
M1@B|�GYn9E_^`@BbeMOEQNQPSdDUOG(UOGxM3gfbeM1@B|�Gxbo@µj-NQb7dOb ©y@Ir�GIJ
JVE}@BMOMlGVbZGVAWP­«

´eU�c `eU�c ®s®5U�c

DFNQr�Gu@Bd¨UOGpUOTkwygfRSbo@BPSNHgfA UOGoM3gfbeM1@B|�G�n�E_^`@BMOM1@BRSN��
PSNHgfAiUOG7E}@oPSR*@BADCSNQPSNHgfAªX → [�±fXoM3gfdOR/EHG7CSNQ|sA1@BE�UOTk�bZgWU]dOEHT�NHC=C=d7U�^qgfADUOGIC�UOG�MlgfbeM1@B|�G�MlgfE}@BRSNHC*TIGIC�C*GVEHgfA
EHGIC>J=L1@µºHADGICKUOGKwygfR=JIG

�*®u��U�c ∼ �*®u�eU�c � ´eU�c
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5a 	�_ � ��� ���������?_ ��	�_Jel_ �
	 j fpq�f j _ � � �b_ j($ f�� �N` 
 	���
 t ��_ j � ��]%f�� �%_��+ _
` q�f j _ � ��`�
5a 	�_ � �[_J` t 
�� � � ��_ t �?_J`�`���
��v` 	�f 	��53 �[_ �5_

24 kPa
`�
��
	Qe 
����[` t �%]�� �N`�_J`C3��[_ t 
�� � j _
` f�� 	��?_J`

t �%_
`�` ��
�� `U` 	�f 	��53 �[_J` _ � ��f��N` 
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��Jel_ t f � 	���� � j ��8 �%_ �5_ j f 	��?f��[`���	���
�� � → : <�� 
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`�_ �
q�]�_��
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¼FADGxbZg-UOTVEQNHC*@BPSNHgfA²U]d�MOR=g-JIGIC=CSdDC>UOG5UOTVbZg-U]dOE}@BPSNHgfA�\DMOR=GVA1@BAWP/GVA²JIgfbeMOP=GYEHGxMOLDTVADgfbZ�VADG(UOG5JVE}@BMOM3GVbZGVAaP
GVP�E}@²wygfRSbZG�UOGpE}@hU]NHC=PSRSNQ�OdOPSNHgfA·UOGpJIgfAaP*@fJVP=CoUD@BADC�EHGpbeNQEQNHGVd·@iTVP=T�UOTVr�GVEHgfMOM3Tsz� �GICZJIgfADJVEQdDCSNHgfADCogf�OP=GVAadDGIC
C=dOR�EHGIC�wygfRSbZGIChcWd1@BEQNQP*@BPSNQr�GICiUOGIChU]NHCSPSRSNQ�OdOPSNHgfADCªUOGtw�gfR=JIGIChUD@BADC²EHG#beNQEQNHGVd�\KGVP²M1@BRSPSNHJVdOEQNH�VR=GVbZGVAWP#r�GVR=C�EHGIC
w_@BNQ�OEHGIC�JIgfAaP*@fJVP=Cu\-C=gfAaP�GVA�@fJIJIgfR=Up@Ir�GIJKEHGIC�R=TICSdOEQP*@BP=C�R=TIJIGVAaP=C�NHC=CSdDC�UOGFCSNQb7dOE}@BPSNHgfADC�AadObZTVRSNHcWdDGICx��¾WNQE}ÀsXB��z-{�GVPSP=G
bZTVPSLDg-UOGxUOGKbZGICSdOR=Gxcad1@BEQNQP*@BPSNQr�G5UOGKE}@9U]NHCSPSRSNQ�OdOPSNHgfA�UOGxJIgfAaP*@fJVP=C>GIC=P�E}@7MOR=GVbeNH�VR=GxbZTVPSLDg-UOGY@fJIgfdDCSPSNHcadDGKbeNHC=G
GVAZg-GVdOr-R=Gs\�GVP¯GICSP�E}@xMOEQdDC¯MOR=TIJVNHC=G�r�GVR=C�EHGIC¡wy@BNQ�OEHGIC¯JIgfAaP*@fJVP=CuzW��EQEHGFGICSP¡C=dDC=JIGVMOPSNQ�OEHGFUOG�PSR=gfdOr�GVR�UOGIC�@BMOMOEQNHJu@BPSNHgfADC
NQAWP=TVR=GIC=C*@BAWP=GIC7UD@BADC7EHGZJIgfAaPSR[ZfEHG�GVA�P=GVbeMDC(R=TIGVE�UOGIC9@fC=C=GVb(�OE}@B|�GIC7|sR*@BAadOE}@BNQR=GICe[µ��? ©�C=NQEHgsCYM1@BR7GkjOGVbeMOEHG�«k\:U]d
M3gfNQAaP/UOGxrWdDG5UOG5E_^`@BAONHC*gfPSR=gfMONHG(gfd�UOG5E}@�JIgfbeM1@fJVPSNHgfA�z

b»gfdORKE}@eMOR=GVbeNH�VR=G(w�gfNHC�\DdOADG(U]NQE}@BP*@BADJIG7ADgfA²EQNQADTu@BNQR=G9U]°-A1@BbeNHcadDGs\<MlgfdORKUOGYR=GVE}@BPSNQr�GVbZGVAWPxwy@BNQ�OEHGICFAONQr�Gu@Bd]j
U�^qGkjOJVNQP*@BPSNHgfA�\KGVP²MOR=gfM3gfRSPSNHgfAOADGVEQEHG�n·E}@¨MOdONHC­@BADJIG

3/2
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Abstract. – Excitation of longitudinal acoustic wave at the 2nd harmonic by sinusoidal
shear acoustic wave in a granular material is reported. The amplitude of the 2nd harmonic
exhibits beatings (typical to nonlinear processes in dispersive media), which is observed not as
a function of the distance from emitter, but with increasing amplitude of the primary (pump)
shear wave. The effect is attributed to varying contribution of clapping intergrain contacts
to the total nonlinearity of the medium with increasing pump amplitude, which modifies the
effective length of the nonlinear interaction. This is consistent with the idea that in granular
assemblages there is an important amount of contacts loaded much weaker than in average.

Introduction. – Second harmonic excitation is a classical nonlinear effect which is useful,
for example, for frequency-up conversion in optics [1,2] and material characterization in acous-
tics [3–5]. The efficiency of the transformation of the pump wave at fundamental frequency
ω into its 2nd harmonic at frequency 2ω is determined not only by the local nonlinearity of
a medium, but also depends on the possibility to synchronously accumulate locally excited
2ω-waves. The synchronism conditions are closely related to the wave velocity dispersion in
the medium. In the case of collinear wave interaction, the nonlinear sources at 2ω (produced
by the pump wave) propagate with the phase velocity of the pump wave c(ω) = ω/k(ω), while
the excited second harmonic propagates with velocity c(2ω) = 2ω/k(2ω). Here k denotes the
wavenumber. If c(ω) 6= c(2ω) (i.e. ∆k ≡ k(2ω)−2k(ω) 6= 0) the beating of the forced and free
waves occurs. Such beating is a hallmark of dispersive nonlinear interactions [1, 2, 6, 7]. This
leads to periodic spatial modulation of the 2ω amplitude along the interaction length, and the
beating spatial period limits the accumulation (coherence) length of the second harmonic by
Lc = π/∆k. In optics, where the attenuation of the pump wave in negligible, the length of
the nonlinear crystal should be optimized correspondingly.

In acoustics, the dispersion is usually much less than in optics, and the process of the
2ω excitation in a homogeneous medium is commonly considered as a quasi-synchronous one
with 2ω-wave accumulation limited by the pump wave absorption or diffraction. Dispersion is
characteristic of acoustic modes in waveguides, where the periodic spatial modulation of sum-
and difference-frequency sound amplitude was experimentally observed [6]. A similar effect

c© EDP Sciences
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was reported for Rayleigh surface waves for which the dispersion was introduced by loading
the substrate with a thin film [7, 8]. It was demonstrated experimentally that dispersion
suppresses higher harmonics generation in surface acoustic waves [9].

In the present letter we describe observations of beatings in the amplitude of the second
harmonic excited in a granular medium. There are two important differences between the
references cited above and our experiments.

First, the asynchronism between the nonlinear force and the second harmonic wave in
our experiments is not due to velocity dispersion for a particular acoustic mode, but due
to the mode conversion in the nonlinear process. It is well known that the excitation of the
longitudinal acoustic wave at 2ω by the shear acoustic pump wave at ω is theoretically allowed
in solids [3]. However, to the best of our knowledge, this process has never been experimentally
observed because of weak nonlinearity of homogeneous solids and large difference between
the velocities cL and cS of longitudinal (L) and shear (S) waves [3]. The first of these two
factors (limiting 2ω-wave amplitude) was overcome in our experiment by choosing the granular
material in which the nonlinear parameter exceeds those typical to consolidated homogeneous
materials by two to four orders in magnitude (depending on the level of external static pre-
loading) [10, 11].

Second, the beatings in 2ω amplitude are found not when the observation distance is
varying, but when the amplitude of the pump shear wave is increased. Theoretical estimates
presented below attribute this effect to the nonlinear transformation of the wave interaction
region, which is due to the change in the mechanism of the 2ω excitation with the increasing
pump amplitude.

Experiment. – The scheme of the experiment is shown in fig. 1. The emitter excited shear
waves at frequency f = 5.12kHz with vertical (V) or horizontal (H) polarization. For the
transducer of a radius a ' 2cm and the estimated length of the shear pump wave λω ' 4.4cm,
the diffraction length Ld ∼ πa2/λω ∼ 3cm is comparable to the transducer dimensions and
is much less than 2ω -signal observation distance R ' 16cm (see fig. 1). Consequently, the
excitation of the second harmonic takes place in the essentially spherically-diverging pump-
wave rather than in the plane-wave geometry. Variation of the external stress by an order of
magnitude 7.2 kPa ≤ P0 ≤ 72 kPa changed the average static strain from ε0 ' 7 10−5 to
ε0 ' 3.3 10−4. Here and in the following, the compression corresponds to positive strain. The
glass beads were of 2mm diameter. The receiver was created for the longitudinal polarization,
so that its residual sensitivity to laterally polarized waves was significantly reduced. It was
verified that the received signal at 2ω corresponded to L-wave, for which the signal propagation
time and its polarization were checked. The observed mode conversion between the pump S-
wave and the longitudinal 2nd harmonic is allowed by the symmetry considerations, whereas
excitation of the shear 2nd harmonic in isotropic homogeneous materials is forbidden [3].

In fig. 1 parts (a) and (b), the dependence of the 2ω amplitude on the amplitude of the
vertically polarized shear pump is presented. The beatings are clearly visible and reproducible.
On the x-axis, 0dB corresponds to the maximal used pump strain amplitude about ε̃ max

a '

1.4 10−5. It is more than an order of magnitude less than the average static strains in the
medium (2.3 10−4 and 2.9 10−4 for the applied static stresses 41kPa and 60kPa respectively).
Thus on the x-axis the average static strain of the medium is located around ∼ 20dB and
higher. In fig. 1(b) the measurements correspond to larger static preloading than in fig. 1(a).
Comparison of the figures indicates the shift of the first local minimum (marked by vertical
arrows) to higher pump amplitude for higher static strain.

In fig. 1(c) the dependence of 2ω longitudinal amplitude on the amplitude of the hori-
zontally polarized shear pump wave is shown for the same static loading as in the case of
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Fig. 1 – Scheme of the experiment and longitudinal second harmonic level as a function of the shear
pump strain level. Vertically polarized pump (V-shear), plots (a) and (b). Horizontally polarized
pump (H-shear), plot (c). Insert in plot (b) is for longitudinal pump.

vertical polarization in fig. 1(a). Comparison of the figures demonstrates that the first mini-
mum appears for the horizontally polarized pump at smaller amplitudes than for the vertically
polarized.

Discussion. – Our theoretical analysis attributes the beating in the 2nd harmonic ampli-
tude to the unproportional modification of the spatial distribution of the nonlinear 2ω sources
with increasing pump amplitude. Both nonlinear acoustic experiments in granular media and
their theoretical interpretations indicate that, at sufficiently strong excitation, the weak clap-
ping inter-grain contacts can provide competitive [12, 13] or even dominant [11] contribution
to the nonlinear part of the stress-strain relation σ(ε) if compared with the contribution from
contacts which remain closed during the whole period of acoustic loading. Indeed, in real
granular materials, there is a significant portion of contacts with loading much weaker than
in average [11, 12], which essentially contribute to the resultant non-linearity of σ(ε). Let us
model for simplicity the distribution of weak contacts by a single fraction statically pre-loaded
by the strain µε0 (which for µ � 1 is significantly lower than the average loading ε0). Sep-
arating out explicitly the static (σ0, ε0) and oscillatory (σ̃, ε̃) parts of the stress and strain,
the stress-strain relation may be rewritten as:

σ0 + σ̃ = bn0(ε0 + ε̃)3/2H(ε0 + ε̃) + bn1(µε0 + ε̃)3/2H(µε0 + ε̃) (1)

Here H(. . .) is the Heaviside function; n0 and n1 are the mean numbers of average loaded and
weak contacts per grain, and factor b depends on elastic moduli of individual grains and the
porosity of the packing. Estimates based on wave velocities data in grainy materials indicate
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that n0,1 may be comparable (n0 ∼ n1) [13]. Nondimensional coefficient |µ| � 1 characterizes
the extent of unloading of the softer fraction. The power 3/2 in eq. 1 corresponds to the
classical Hertzian nonlinearity. Below, we consider only positive 0 < µ � 1 corresponding to
initially weakly compressed contacts. Then for |ε̃| � µε0 the first and higher derivatives of
eq. (1) with respect to ε̃ characterize the linear and nonlinear elastic moduli of the material,
respectively:

∂mσ̃(ε0)

∂ε̃m
∼ bn0(1 +

n1

n0
µ3/2−m)ε

3/2−m
0 (2)

Thus for the linear modulus (m = 1) the relative contribution of the weak contacts is ∼
µ1/2 � 1 and may be negligible. In contrast, for the quadratic (m = 2) nonlinear modulus
responsible for 2ω excitation, the contribution of the weak fraction is ∼ µ−1/2 � 1 and thus
may strongly dominate over the nonlinearity of the average-loaded contacts.

For a propagating wave beam containing initially one or several sinusoidal waves, the afore-
mentioned material nonlinearity results in the creation of running virtual nonlinear sources.
These sources radiate combination frequencies, for example, higher harmonics nω of a sinu-
soidal pump. In underwater acoustics, this effect is known as parametric sound radiation, and
is mostly used for the frequency down-conversion via difference frequency ω1 − ω2 generation
(|ω1 − ω2| � ω1, ω2, when ω1 ∼ ω2). In liquids, where shear waves do not propagate, the
nonlinearity of the state equation is almost perfectly quadratic in the acoustic strain, and the
effect allows for a relatively simple but quite rigorous description. Using the perturbation
approach, the stress in the nonlinearly radiated wave may be expressed in the integral form:

σnl(~r) = <e
1

4π

∫
Q(~r′)

eikrad|~r−~r′|

|~r − ~r′|
d3~r′ (3)

where the integration is performed over the volume of the nonlinear sources Q(~r′) ≡ Q(x′, y′, z′)
created in the medium by the primary (pump) beam; ~r is the position of the observation point,
krad is the wave number of the nonlinearly radiated signal (for example of the second har-
monic). For liquids, the nonlinear source Q is proportional to the square of the primary wave

amplitude: Q ∼
[
ε̃ae−iωt+ikr′

]2

. In liquids both the primary and the nonlinearly radiated

waves are of L-type and due to the absence of dispersion the co-propagating interacting waves
are synchronous. This formally means that the oscillating exponential factors in the nonlinear
source and in the radiated wave can perfectly compensate each other.

For the experiments is granular solids, the situation is more complex because of the non-
linear conversion between L- and S-waves. However, for the qualitative understanding of the
observed beating effect we may omit the detailed discussion of coupling between S- and L-
modes (having different polarizations) and will focus on the phase synchronism between the
running nonlinear sources and the radiated wave. The integral solution in form of eq. (3) is
sufficient for our purpose to discuss the phase properties of the integrand and its functional
amplitude behavior in order to explain the beating effect. Concerning the absolute level of the
radiated harmonic, certainly the coupling between S- and L-modes with different polarizations
may additionally affect the numeric factors compared with those in solution (3).

In the considered case the nonlinear sources propagate with the phase velocity of the S-
wave, so that the nonlinear source for the 2nd harmonic Q ∼ e−i2ωt+i2kS(ω)r′

, where the
wavenumber kS = ω/cS(ω). The radiated second harmonic of the L-wave propagates with
another phase velocity cL and wavenumber krad = kL(2ω) = 2ω/cL(2ω). The oscillating
factors of the source and the radiated harmonic thus do not compensate each other and
produce beating ∼ ei∆kr′

= ei[kL(2ω)−2kS(ω)]r′

under the integral. The half spatial period of
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the beatings limits the distance over which the contributions of the nonlinear sources can be
synchronously accumulated. Another important difference from liquids is that, in the granular
material, the nonlinear source remains quadratic only for small enough amplitudes ε̃a of the
pump-strain, ε̃a/ε0 � µ. In this case the expansion of eq. 1 leads to the nonlinear source of the
form Q = Q2 ∼ (3/16)(µε0)

−1/2ε̃ 2
a . For stronger ε̃a > µε0 the nonlinearity is progressively

becoming of the clapping type (see the Heaviside function in eq. (1)). Thus, after singling
out the 2ω Fourier harmonic, the nonlinear source corresponding to the essentially clapping

regime of the weak contacts takes the form: Q = Q3/2 ∼ (3/4π)ε̃
3/2

a . The magnitudes of the
nonlinear source in the two regimes coincide at ε̃ cr

a ' 16µε0/π2, which we shall consider as
the characteristic transition amplitude between the quadratic and clapping regimes. In this
approximation, the interaction region in eq. (3) is subdivided into two parts corresponding to
the quadratic/clapping regions of the nonlinear sources:

ε̃ 2ω
a (~r) ' <e

const.

4π





∫

r′<Lcr

Q3/2(~r
′)

eikrad|~r−~r′|

|~r − ~r′| d3~r′ +

∫

r′>Lcr

Q2(~r
′)

eikrad|~r−~r′|

|~r − ~r′| d3~r′



 (4)

Schematically these regions are shown in fig. 2. At small-amplitude excitation, the clapping
region does not exist at all. With increase of the pump amplitude the clapping region appears
near the radiator and extends in the bulk, the transition distance Lcr being determined by
condition ε̃a(r = Lcr) = 16µε0/π2. The pump wave (see the previous section) is spherically
diverging, so that ε̃a(r) ' ε̃a(r = Ld)Ld/r. Note that ε̃a(r = Ld) is approximately equal to
the pump wave amplitude at the radiator ε̃a(0). Performing the integration over the cross
section of the pump beam and approximating |~r − ~r′| ' r in the denominators in eq. (4), the
latter is reduced to:

ε̃2ω
a (R) ' const.<e





ε̃

3/2
a (0)

π
√

Ld

Lcr∫

Ld

ei∆kz′

(z′)1/2
dz′ +

ε̃ 2
a (0)

4(µε0)1/2

R∫

Lcr

ei∆kz′

z′
dz′




 (5)

where Lcr = π2Ldε̃a(0)/(16µε0). Thus at small amplitudes for which there is no clapping yet
(and formally Lcr < Ld) the first integral vanishes and only the second quadratic in ε̃a term
remains. Integral (5) is readily expressed via the Fresnel, Sine and Cosine integrals. In fig.2,
expression (5) is plotted for three values of the unloading parameter µ and other parameters
close to those under the experimental conditions (observation length R = 16cm, ∆k = 95 m−1

corresponding to pump at 5.12 kHz, and cS = 225 m/s, cL = 335 m/s). The pump strain
maximum ε̃ max

a (0) (0 dB) is chosen an order of magnitude smaller than the static pre-strain
ε0. The resultant behavior of the harmonic in fig. 2 essentially depends on µ. For example,
for µ = 10−2 (in fig. 2) the initially quadratic and then oscillating dependence for the 2nd
harmonic at higher pump amplitudes is qualitatively similar to the experimental curves shown
in fig. 1 for the same pump-amplitude range.

In accordance with the proposed physical model, the nonlinear force (exciting 2ω) grows
proportionally to ε̃ 2

a everywhere in space unless ε̃a near the emitting transducer exceeds ε̃ cr
a .

After that, with increasing amplitude of pump wave in a larger and larger space region near the

emitting transducer “clapping” nonlinearity dominates, and the force will grow ∼ ε̃
3/2

a (while
the dependence ∼ ε̃ 2

a will persist outside of this region). Due to slowing of the force growth
near the emitter, the effective length Leff of the nonlinear antenna emitting 2ω increases
with pump wave amplitude. In fig 3, the distribution of the nonlinear force is presented for
different ratios of ε̃a(0)/ε̃ cr

a in the case of spherical pump wave. Clearly, there is an increase
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Fig. 2 – Insert (a), plots of result (5) for three values of the parameter µ; insert (b), qualitative scheme
of the nonlinear antenna.

in antenna length with increasing pump amplitude L
(1)
eff < L

(2)
eff < L

(3)
eff . The characteristic

length of the force distribution plays here the role of the length of the frequency doubling
crystal in nonlinear optics. Due to asynchronism between the 2ω longitudinal wave and the
force created by shear waves the variation of this length leads to beatings in received second
harmonic amplitude. In accordance with fig. 3, in a granular medium, the variation of the
length of the nonlinear emitting antenna can be achieved by increasing pump wave amplitude.

Distance ∆z between neighboring positions of Lcr corresponding to the successive extrema
of the harmonic can be roughly estimated from the phasing condition ∆z ∼ π/∆k ∼ 3.3cm.
This means that, when the position Lcr of the clapping boundary gradually moves through
the whole interaction length (following the increase in the pump amplitude), then, for the
observation distance R ∼ 16 cm, there could be not more than ∼ R/∆z ∼ 4− 5 intermediate
extrema. Further increase in the pump amplitude does not produce additional extrema, but
should lead to the appearance of the smooth dependence with slope 3/2, which indicates that
the nonlinear sources are in the essentially clapping regime over the whole interaction length.
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In fig. 2, the plot for µ = 10−3 demonstrates such a curve with completely developed beatings
and slopes 2 and 3/2 before and after this region. When parameter µ is too large (insignificant
unloading), the intermediate extrema may not appear at all for the amplitudes used (see fig.
2, curve µ = 10−1 with the quadratic slope over the whole amplitude range).

These examples demonstrate that the nonlinear beatings are rather sensitive to presence of
weak contacts in granular packings. Thus the 2nd harmonic generation in shear waves provides
a sensitive tool for evaluation of the weak inter-grain forces. The estimate µ = 10−2 obtained
for the best agreement with the experimental observations, correlates well with data inferred
from the experiments on the high-frequency pump demodulation in granular media [11].

The experimental observations that pump amplitude corresponding to the first minimum
increases with external loading and is higher for vertical polarization of the shear pump than
for the horizontal one are consistent with the ideas that increased loading makes it more
difficult to initiate contact clapping (ε̃ cr

a
increases because ε0 increases) and that due to

preferential direction of loading (forced chains [14]) ε̃
cr

a
for vertically oriented contacts is

larger than for the horizontal because ε0 is larger for the former. The latter statement means
that vertical loading induces anisotropy in the nonlinearity of the granular assemblage. The
nonlinearity depends on the direction of particle displacement in the acoustic wave.

Conclusion. – Experimentally observed beatings in the second harmonic amplitude with
increasing amplitude of the pump wave are attributed to asynchronous character of the process
of 2ω excitation and the pump-induced variation of the 2ω effective excitation length. The
variation of the effective length of the emitting antenna is attributed to increasing contribution
of the clapping contacts to the nonlinear process.
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Subharmonics and noise excitation in

transmission of acoustic wave through

unconsolidated granular medium

V. Tournat , V. E. Gusev , B. Castagnède

Université du Maine, Av. Olivier Messiaen, 72085 Le Mans Cedex 09, France.

Abstract

First laboratory-scale experimental observation of both subharmonics excitation
and significant increase in noise level caused by propagation of the acoustic wave in
unconsolidated granular material is reported. The bifurcation phenomenon, taking
place above a critical level of acoustic excitation (and opening the subharmonics
route to chaos) is attributed to the interaction of acoustic wave with distributed
system of highly nonlinear inter-grain contacts. The estimates demonstrated that
these are weak contacts (loaded at least two orders of magnitude weaker than in
average) that might be responsible for the observed nonlinear effects. The additional
intermittent contacts created by the acoustic wave (which are open in the absence
of acoustic loading) can also contribute. In the clapping (tapping) regime, each of
these contacts individually is similar to an impact oscillator, for which the scenario
of period doubling cascade and the transition to chaotic behavior has been predicted
theoretically and observed experimentally earlier. The experiments confirm that the
nonlinear interactions of acoustic waves in granular assemblages are highly sensitive
to the fraction of weakly loaded (and unloaded) contacts, information on which is
difficult to access by any other experimental methods.

Key words: Granular solids, Nonlinear acoustics, Nonlinear dynamics and
nonlinear dynamical systems
PACS: 83.80.Fg, 43.25.+y, 05.45.-a.

1 Introduction

It had been already 25 years ago that theoretical discovery by Feigenbaum

of certain universal properties in period-doubling bifurcations of iterated one-
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dimensional maps had catalyzed an experimental search for analogous behav-
iors in various nonlinear systems [1]. In acoustics, subharmonic sound emission
connected with period doubling bifurcations has been found in some musi-
cal instruments [2,3]. Bifurcations properties and routes to chaos in thermo-
acoustic system has been studied [4,5]. A review on nonlinear dynamics in
acoustics can be found in [6].

For the current communication, it is important that subharmonic route to
chaos has been observed in acoustic wave propagation through a medium [7].
Acoustic turbulence (acoustic cavitation noise) in insonified fluids has been at-
tributed to complex nonlinear oscillations dynamics of individual gaz bubbles
forced by the external sound field [7,8] (in superfluid helium-4 vortex line gen-
eration leads to quantum turbulence [9]). Only later, the theories based on the
analysis of gas bubbles nonlinear oscillations have got experimental support
from the observations of period doubling and chaos in the sonoluminescence
from a single bubble [10].

The sequence of advances in acoustic evaluation of nonlinear dynamics of un-
consolidated granular medium (where an individual intergrain contact may
be expected to play the role of a bubble in fluid) is just the opposite one.
First, the period doubling bifurcations [11,12] and transitions to chaos [13]
have been observed experimentally in the dynamics of a single nonlinear con-
tact. It should be noted that references [11,12] given here, have a tight relation
with a whole body of publications on bouncing ball phenomenon and impact
oscillations, respectively. It is also interesting that the vibration of an individ-
ual nanocontact in [11] has been forced by an incident acoustic wave. Earlier,
sub-harmonics excitation and different regimes of transition to chaos has been
reported for acoustically induced vibrations of a contact interface between
solids [14–16]. The quasi-chaotic behavior has been observed in the interac-
tion of an ultrasonics welding horn with the surface of a sample [17]. Finally,
quite recently the excitation of the subharmonics has been observed in the
interaction of both surface [18] and bulk [19] acoustic waves with individual
cracks in the material. Thus, the period-doubling bifurcation and chaotic be-
havior is a well documented phenomenon in the interaction of the acoustic
waves with individual contacts.

Experimental results reported below are believed to be the first laboratory-
scale experimental observation of the interaction of acoustic wave with the
distributed system of highly nonlinear contacts (which is a basic feature of
unconsolidated granular materials). Both excitation of the subharmonics and
significant increase in noise level with increasing amplitude of acoustic wave
propagating through granular medium are observed. The influence of external
loading on the bifurcation phenomenon is documented. It is expected that
the laboratory scale nonlinear acoustic experiments of the type presented here
and in [19] will be useful in the future for modeling of full-scale geophysical

2



�
� � � ��������� �

experiments. For example, the excitation of subharmonics has been observed
in full-scale geophysical experiments performed in natural environment (dy-
namic surface loading of fissile rock in active earthquake zones and in large
underground excavations at 20-80 Hz with signal detection at distances of 400
m from loading source) [20]. In these experiments, the subsequent increase
of dynamic loading above the threshold of subharmonic excitation has led to
fast increase of the wide-band noise in the up-expanding frequency range. The
observations have been attributed [20] to nonlinear dynamics of cracks.

2 Experiments
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Fig. 1. Experimental setup.

The experiment is conducted in a cylindrical reservoir filled with glass beads
of 2 mm in diameter (fig 1). It is possible to load this granular assemblage
vertically with static pressure P0 in the range 32kPa ≤ P0 ≤ 320kPa providing
estimated average static pre-loading strain ε0 of Hertzian contacts in the range
1.8 10−4 ≤ ε0 ≤ 8.5 10−4. Acoustic waves (longitudinal or shear) are emitted
by transducers of 4 cm in diameter at fundamental (pump) frequencies f0 of
12kHz or 10kHz. The transmitted signal is received at a distance of 14 cm
by a transducer predominantly sensitive to longitudinal acoustic waves. The
maximum strain (for both longitudinal and shear) in the emitted acoustic wave
is estimated to be about ε̃ max

a
' 1.4 10−5. For the typical values of velocities

of acoustic waves (propagating in the granular skeleton) of the order of c '

450m/s, this corresponds to maximum accelerations of 75m/s2 significantly
exceeding one related to gravity.

In Fig. 2, the spectrum of the received signal is presented at different levels
of acoustic excitation (acoustic wave amplitude is a control parameter). At
low excitation level (ε̃

a
' 4.4 10−9, Fig. 2(a)) only the higher harmonics of

the pump wave nω0 (n = 2, 4, . . .) are visible in addition to fundamental fre-
quency (ω0 = 2πf0). At higher level of excitation (ε̃

a
' 4.4 10−7, Fig. 2(b))

subharmonic ω0/2 appears in the spectrum. In addition, it is possible to iden-
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Fig. 2. Observed spectra for different strain amplitudes of fundamental pump wave
at f0 = 12kHz. The static pressure applied on the granular assemblage is ' 300kPa.

tify 3ω0/4, 3ω0/2 and 5ω0/2. It seems that ω0/4 and higher order subhar-
monics (ω0/8, ω0/16, etc...) are not observed because of low sensitivity of
receiver below ≤ 3kHz and because these subharmonics peaks fall on a low
frequency noise shoulder. From Fig. 2(c,d) it is clear that subsequent increase
in pump amplitude leads to preferential rise of this noise shoulder in compari-
son with the amplitudes of the subharmonics and only ω0/2 and (2n + 1)ω0/2
(n = 1, 2, 3, . . . ), are clearly visible.
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Fig. 3. Levels of received subharmonics 1/2 (in squares) and 3/2 (in circles) as
a function of the fundamental (12 kHz) wave level. The fundamental level 0dB

corresponds to ε̃ max

a
' 1.4 10−5. The applied static pressure ' 200kPa corresponds

to average static pre-strain ε0 ' 6.2 10−4.

In Fig. 3, the measurements of subharmonic amplitude and that of 3ω0/2
are presented as a function of pump wave amplitude. It is clear that the
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' 1.4 10−5 and the pump wave frequency is f0 = 10kHz.

appearance of 3ω0/2 in the spectrum follows the period-doubling bifurcation.

In Fig. 4 the spectrum of the received signal is presented for the fixed ampli-
tude of the insonification (ε̃ max

a
' 1.4 10−5) when another control parameter

(average static loading) is varied. The broadening of the noise spectrum with
increased static force is observed.

There are several other features in our data which show systematic behaviors.
For example, monotonic increase in the amplitudes of harmonics and of the
subharmonics as well as of noise with increase of either dynamic or static
loading correlates with data presented in Fig. 2 and Fig. 4.

3 Discussion

It might be clear from the introduction that we attribute the observed period-
doubling phenomena (in frequency response of the acoustic energy transport
through granular medium) to nonlinear dynamics of inter-bead contacts. Sev-
eral less or more plausible scenarios could be imagined at a qualitative level
(Fig. 5). The first of them is possible for the individual beads, which are con-
tacting with surrounding skeleton only due to gravity (Fig. 5(a), bead (1)).

This bead does not carry any load transmitted through the assemblage and
might be called the “spectator” [21]. The accelerations in the acoustic field
(estimated to be significantly higher than acceleration of gravity at the max-
imum level of excitation) will definitely cause bouncing of this “spectator”
between the neighboring beads of the skeleton. Then the scenario of period-
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doubling bifurcation may follow that of the bouncing ball phenomenon [11,22–
24], through the restoring force on the bead flight might be provided not only
by the gravitational acceleration g but also by the interaction of the flying
“spectators” with the neighboring beads. More than one cycle of the acoustic
motion may occur between the impacts of the “spectator” with the surround-
ing beads, and so the motion of the “spectator” can exhibit subharmonics of
the exciting frequency. However, this scenario is less probable in comparison
with some others because the number of beads, which are completely free of
external loading is expected to be significantly lower than the number of beads
that are carrying at least some load.

(a)

(b)

(c)

(1)

(1)

(1)

(2)

(1)

(2)(2)

(1)

(2)

(1)

Fig. 5. Illustration of plausible scenarios responsible for the period-doubling bifur-

cation in the medium.

In Fig 5(b), the bead marked by (1) misses a single contact with the sur-
rounding skeleton (with the bead marked by (2)). The acoustic loading may
cause closing of the gap between the beads (1) and (2) at least during a
part of the acoustic period (Fig. 2(b)). This contact might be called “weakly
unloaded”. In this case, the scenario of period doubling cascade and the tran-
sition to chaotic behavior may follow those predicted theoretically [24–29] and
observed experimentally [12,13] for the impact oscillations. The mathematical
formalism of the theory of grazing bifurcations [12,30,31] could be useful for
the understanding of the nonlinear dynamics at those levels of acoustic excita-
tion when the tapping of one bead by another is just starting. It is important
that the theory of the impact oscillations is sufficiently developed not only
for absolutely rigid constraints but also for the impacting Hertzian contacts
[29]. The period-doubling bifurcation in the dynamics of the impact oscillators
leads to such dynamics that the contacts (1) and (2) are colliding only once
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in two periods of forcing acoustic wave. Both theoretical investigations and
experiments are usually limited to forcing frequencies that are of the order
of the resonance frequency ωres of the oscillators or higher [25–29]. The theo-
retical prediction of subharmonic oscillations for ω0/ωres & 1 correlates with
the expected relation of period-doubling bifurcation with subharmonic reso-
nances [25] (similar to the situation in nonlinear vibrations of gas bubbles [8]).
From this point of view, for the subharmonic excitation, the granular system
should contain local oscillators with resonance frequencies ωres of the order
of or less than the acoustic loading frequency ω0. Using the measured value
for sound velocity (c ∼ 450m/s) and the value of bead diameter (a = 2mm)
the resonance frequency of an element containing a contact and a bead sup-
porting the average static deformation ε0 is estimated by a cut-off frequency
fcut for a chain of beads as fres = fcut = c/(πa) ∼ 70kHz. This value sig-
nificantly exceeds the frequency of acoustic excitation f0 ∼ 12kHz. It can be
concluded that these are the beads with contacts that are weakly loaded (in
comparison with average) who contributes to subharmonic cascade leading to
chaos. In particular, the contacts with the neighbors of the bead numbered
(1) in Fig. 5(b) should be weak in comparison with average contacts. To esti-
mate the preloading of the weak contacts providing the resonance frequency
fµ′ ∼ µ′fres ≤ f0 (where µ′ ' 2 10−1) it should be taken into account that the
resonance frequency is proportional to the square root of the rigidity. Then
the rigidity of these contacts Kµ can be estimated as Kµ ∼ µ′2K0 ∼ 4 10−2K0,
where K0 is the rigidity of contacts subjected to average loading. Because for
the nonlinear Hertzian contacts the rigidity is proportional to the square root
of the preloading strain, then the preloading εµ′ of these weak contacts can
be estimated as εµ′ ∼ µ′4ε0 . 1.6 10−3ε0. Consequently, the individual beads
interacting with the neighbors through these weak contacts are the most plau-
sible candidates for realization of the impact oscillations scenario for period
doubling cascade in granular medium. However, it is worth mentioning that
the resonance frequency of an oscillator is inverse proportional to the square
root of its mass. Consequently, the diminishing of the resonance frequency in
comparison with one of a single bead in a linear chain (subjected to average
loading) might be due not only to weakened contacts but also due to increased
mass of an oscillator if it is composed of several beads (of a cluster). This is
another opportunity to explain the existence in a granular assemblage of the
oscillators with low resonance frequencies to be subjected to deeper theoretical
analysis in the future.

Currently, it seems more plausible that low frequency resonances are due
rather to weak contacts than to clustering of the beads. The recent experi-
ments [32] on the demodulation of the acoustic waves in granular assemblages
demonstrated that nearly half of the contacts are subjected to strains that
are less than 10% of the average strain ε0. The transition in the amplitude of
the demodulated signal from ∼ ε̃ 2

a to ∼ ε̃ 3/2

a related to the initiation of con-
tacts clapping provides the estimate (ε̃a ∼ 0.1ε0) for the characteristic strain

7
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under which the weak contacts are localized. The experimental results on the
excitation of the subharmonic and the theoretical estimates presented above
demonstrate that these new nonlinear acoustic experiments are sensitive even
to significantly weaker loaded contacts (with εµ′ ∼ 10−3ε0).

An interesting point is that a significant part of the weakly loaded contacts
with estimated preloading εµ′ . 1.6 10−3ε0 is expected to start clapping them-
self before the experimentally observed threshold ε̃ exp

a for the subharmonic
excitation (ε̃ exp

a ∼ 1.3 10−3ε0). This observation leads to the hypothesis that
the existence of the initial gap between the contacts (Fig. 5(b)) is maybe
not necessary. Another initial configuration of beads different from that in
Fig. 5(b) is presented in Fig. 5(c). In comparison with the previous case, there
is initial contact between the beads (1) and (2) but it can be easily opened
by acoustic loading during a part of the acoustic loading period. This contact
might be called “weakly loaded”. The difference between the clapping con-
tacts in the configurations depictured in Fig. 5(b) and in Fig. 5(c) is that in
the former clapping starts with increasing acoustic wave via a short period
impact (grazing impact) while in the latter via a short period opening of the
gap. The experiment on the interaction of the acoustic wave with the plane
interface between two solids [14] indicate that this can lead to completely
different scenarios of nonlinear dynamics when the amplitude of loading is
further increased. It is expected that the scenarios in Fig. 5(b) and Fig. 5(c)
are more probable than Fig. 5(a).

All of the proposed mechanisms of pronounced nonlinear dynamics (Fig. 5)
are expected to be suppressed when the static loading increases (because the
latter should induce diminishing in the number of weakly loaded contacts).
That is why, the observed (Fig. 4) increase in the amplitude of the received
signal (at fundamental frequency, at its superharmonics and subharmonics,
and of the noise level) is believed to be due to even faster diminishing of the
sound absorption and scattering with increasing compaction (consolidation)
of the granular assemblage.

Another question worth discussing is whether the processes of synchronous
amplification of the subharmonic are effective in the system under considera-
tion or not? In other words if the subharmonic signal emitted by the clapping
contacts might be significantly amplified in the field of the fundamental wave
or not? It is well known that for the longitudinal waves the process of difference
frequency generation is allowed in collinear geometry of ω and ω/2 propagation
ωLA − (ω/2)LA → (ω/2)LA [33]. The amplitude of the scattered subharmonic
wave (in the right-hand-side) is proportional to the product of the amplitudes
of the interacting pump wave (ωLA-wave) and the initial subharmonic wave (in
the left-hand-side). Because of this, it should be admitted that the number of
subharmonic phonons can increase due to the interaction with the pump wave
and that actually the (ω/2)LA phonons can stimulate the following process of
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spontaneous decay of the pump wave ωLA → (ω/2)LA + (ω/2)LA. The latter
process results in a net stimulated amplification of the subharmonic if the am-
plification in the nonlinear process over-compensates attenuation of (ω/2)LA.
In the case of the shear pump wave, the process ωSA − (ω/2)LA → (ω/2)LA

(and correspondingly, ωSA → (ω/2)LA + (ω/2)LA) are forbidden in isotropic
materials by the laws of momentum and energy conservation (not only in
collinear wave interactions but also in non-collinear interactions as well [34]).
Importantly, even if the considered processes are allowed, they do not seem
to be relevant to our experiments. In fact, the shortest possible amplifica-
tion length of the subharmonic can be estimated (by neglecting wave atten-
uation) as the distance of shock formation in the initially sinusoidal plane
pump wave `nl ' λω/(2πΓ2ε̃a) [34]. Here, ε̃a is the strain amplitude in the
pump wave and Γ2 is the parameter of quadratic acoustic nonlinearity. The
latter can be estimated for our system from the experiments [32] on the self-
demodulation of high-frequency acoustic bursts to be Γ2 . 2.5 103 for the
static pre-strain ε0 ∼ 10−4. In the experiments presented above, the pre-strain
is higher 6 10−4 . ε0 . 8.5 10−4 (corresponding to 200kPa . P0 . 300kPa).
Taking into account that the parameter of quadratic nonlinearity for non-
clapping Hertzian contacts varies inverse proportionally to the square root of
the pre-strain, we estimate Γ2 . 10−3. Consequently, the amplification length
of the subharmonic is estimated as `nl & 50cm for the maximum acoustic
deformation ε̃ max

a ' 1.4 10−5 achieved in our experiments.

This length significantly exceeds not only the effective interaction length (con-
trolled by the diffraction length of the pump wave ∼ 4cm) but even the ob-
servation distance (L ∼ 14cm). It is well known that the process of clapping,
which is not taken into account here in the estimates of Γ2 and `nl, tends
to saturate the quadratic non-linearity [32], i.e. to produce a lower Γ2 and a
higher `nl compared to the non-clapping regime for the same applied dynamic
strain. Moreover, if the 3-D geometry of the pump beam would be taken into
account, i.e. the diminishing of the pump wave amplitude at the scale of the
diffraction length, this would lead to even longer amplification lengths [34].
Consequently, the process of subharmonic amplification is estimated to be
negligible in our experiment.

To finish the discussion it is worth mentioning that the goal and the results of
the experiment describe above are completely different from well-known exper-
iments [35,36] where the acoustic loading of the granular media at frequency
f0 ∼ 10kHz has been used to study the slow dynamics of granular assemblages
through the measurements of low frequency (below 10Hz) fluctuations in the
transmitted acoustic signals. In our experiments this slow dynamics can also
manifest itself as slow (at the time scale ≥ 2s) fluctuations in the amplitudes
of harmonics, subharmonics and noise level. It might be caused by structural
relaxation of the bead assemblage under the acoustic activation [35]. Loosely
packed glass beads are metastable and acoustic action might play the role of
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an effective temperature [37] (i.e. of a source of thermal fluctuations) initi-
ating the system rearrangment towards a stable state. The other mechanism
of slow dynamics might be thermoelastic expansion of contacts (which are
natural regions of strain concentration and acoustic energy absorption) [38].
However, more detailed discussion of our preliminary experimental results and
estimates of the characteristic slow time scales are beyond the scope of the
present communication.

4 Conclusions

The first experimental observation of the excitation of subharmonics above the
critical amplitude of sinusoidal acoustic wave propagating in unconsolidated
assemblage of beads is reported. With the increasing amplitude of the pump
wave, the number of the detectable combination frequencies grows. The broad-
ening of the frequency range, where combination frequencies are observed, is
accompanied by broadening of the noise spectrum as well. Significant increase
of the noise level with increasing pump amplitude is documented. The bifur-
cation phenomenon, opening the subharmonic route to chaos, is attributed to
highly nonlinear forced oscillations of intermittent (clapping) contacts. These
intermittent contacts appear or by opening (during part of the acoustic period)
of the statically weakly loaded contacts (clapping) or by closing (during part
of the acoustic period) of the tiny gaps between the neighbor grains (tapping).
The bifurcation sequence for the tapping scenario is expected to qualitatively
follow the one predicted theoretically and observed experimentally earlier for
an individual impact oscillator. Both clapping and tapping has been observed
before in the interaction of the acoustic wave with a single plane contact
interface between two solids. However, the observations described above are
believed to be the first where the acoustic wave interaction with a distributed

system of nonlinear contacts leads to excitation of subharmonics and noise.

The conducted experiments confirm a predominant sensitivity of the nonlin-
ear acoustic phenomenon to weakly loaded (and weakly “unloaded”) contacts,
which might be forced to clapping (tapping) by the acoustic wave with an
amplitude which is significantly less than the average loading. Further devel-
opment of the nonlinear acoustic methods could provide a unique tool for the
diagnostics of the contacts that are several orders of magnitude weaker than
those carrying the average (static) load.
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